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ABSTRACT
We present a frequency-domain nonlinear reduced-

order modelling technique to find approximate periodic or-
bits (APOs) in turbulent flow problems and predict physical
quantities and dynamical features. Although finding Unsta-
ble Periodic Orbits (UPOs) is feasible in low-dimensional dy-
namic systems or low-Re turbulent flows, computing costs be-
come expensive for high-Re turbulent flows. Rather than find-
ing UPOs in full-state space, we propose to build a Reduced-
Order Model (ROM) to circumvent such impediment while
the benefit of periodicity is maintained by considering the
ROM in the frequency domain, which naturally accommodates
time-periodic velocity fields. To this end, the space-time ba-
sis functions of the low-order space are extracted using Spec-
tral Proper Orthogonal Decomposition (SPOD). The Navier-
Stokes equations are converted into a low-order algebraic sys-
tem via Galerkin projection onto selected SPOD modes. Nu-
merical solutions of the ROM are achieved using gradient-
based optimization of the amplitude coefficients, letting the
solutions in the ROM satisfy conservation laws. The pro-
posed approach is demonstrated in chaotic flows in a 2D lid-
driven cavity at Re=20,000. Numerical results show that the
frequency-domain ROM admits multiple solutions that capture
dominant dynamical flow features, such as vorticity structures,
and predicts well statistical quantities, such as mean turbulent
kinetic energy.

INTRODUCTION
Sensitivity analysis of turbulent flows is essential to find

gradients for optimization or control problems. It is, how-
ever, challenging to compute the gradient of a time-averaged
quantity due to the chaotic nature of turbulence (Wang, 2013).
Recent advances have relied on shadowing theory (Wang,
2013; Shawki & Papadakis, 2019) to obtain such gradients.
Still, the application of shadowing methods to high-Reynolds-
number (high-Re) turbulent flows has proven to be expensive
because of the rapid growth of computational costs (Ni &
Wang, 2017; Blonigan, 2017; Lasagna et al., 2019).

Unstable Periodic Orbits (UPOs), also known as Exact
Coherent States (ECS), have been widely exploited to describe
the dynamics and the statistics of turbulent flows, as they ef-
fectively represent nonlinear flow features, coherent structures
and bursting events (Kawahara & Kida, 2001; Graham & Flo-
ryan, 2021). In previous work, Lasagna (2020) proposed to
obtain the sensitivity of time-averaged quantities using long-
period UPOs. He found that the expectation of period averages
over thousands of long UPOs converges to statistical quanti-
ties computed from chaotic trajectories, and their sensitivity

analysis performs similarly to shadowing algorithms. The pe-
riodicity constraint prevents the exponential growth of small
perturbations, and the long period ensures that key statistical
quantities are well described. Crowley et al. (2022) observed
that the three-dimensional Taylor–Couette flow tracks the co-
herent structure of UPOs, which convincingly supports the ex-
istence of periodic orbits for turbulent flows. The Newton-
Raphson method is commonly employed to find UPOs in low-
dimensional chaotic systems, 2D Kolmogorov flow and low-
Re turbulent flows. Despite recent work in methods to find
such solutions (Parker & Schneider, 2022), finding UPOs is
still difficult and computationally expensive for high-Re flow
problems since UPOs proliferate dramatically with increasing
their time periods and become increasingly unstable with in-
creasing the Reynolds number (Page et al., 2022). Therefore,
using UPOs for sensitivity analysis for fluid systems described
by Navier–Stokes (NS) equations is challenging. Reduced-
order modelling techniques exhibit great potential to circum-
vent such roadblocks. For instance, the dynamic mode de-
composition (DMD) was found to generate robust guesses for
finding more UPOs than the conventional method with recur-
rent analysis (Page & Kerswell, 2020).

In this paper, we will exploit frequency-domain dimen-
sionality reduction techniques to search for what we define as
approximate periodic orbits (APOs). These solutions are close
to exact UPOs of the NS equations but are cheaper to obtain
numerically as they are solutions of a ROM. Our methodol-
ogy consists of formulating the search of APOs using a low-
dimensional subspace formed by space-time divergence-free
basis functions that satisfy the time-periodic constraint and
capture relevant structures. In this subspace, the dynamics
of the NS equations are captured by a nonlinear Galerkin
model in the frequency domain. Solutions of this ROM,
i.e. the APOs, are found by optimizing amplitude coefficients
to minimize the residual of the relevant conservation laws.
This approach drastically reduces the computational burden
associated with the search of full-order space-time velocity
fields (Parker & Schneider, 2022). The proposed approach dif-
fers from recent research using frequency-domain ROMs (Chu
& Schmidt, 2021; Lin, 2019) in that we consider fully nonlin-
ear Galerkin models that display self-sustaining inter-modal
energy transfers. When a reliable ROM is available, reduced-
order sensitivity analysis via time-periodic adjoint methods
can then be easily formulated and solved based on this peri-
odic velocity field to drive the adjoint equations.

We outline the frequency-domain nonlinear reduced-
order modelling method and formulate the APO search al-
gorithm using a gradient-based optimisation approach in a
low-dimensional frequency-domain setting. Spectral Proper
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Orthogonal Decomposition (SPOD) (Towne et al., 2018) is
used to extract the time-periodic space-time coherent struc-
tures. Numerical results on lid-driven cavity flow, which has
been extensively utilized in the literature as a testbed for the
development of modelling techniques, are discussed. The ef-
fectiveness of frequency-domain ROM is investigated qualita-
tively and quantitatively concerning dynamical flow features
and statistical quantities.

METHODOLOGY
Frequency-Domain Reduced-Order Modelling

The velocity field in a statistically stationary flow
state (Lumey, 1970) is expanded using SPOD modes over a
sufficiently long time interval T as

uuu(x; t) = ūuu(x)+ uuu′(x; t)
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where ūuu is the infinite-time-averaged flow, uuu′ is the fluctuation
field, and w = 2p=T . The superscript k denotes the index of
discrete frequencies, and the subscript j represents the index
of SPOD modes. All SPOD modes ({fff
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mogeneous boundary conditions on all boundaries and satisfy
mass conservation, while the mean flow satisfies the inhomo-
geneous boundary conditions of the problem. The amplitude
coefficients are described as {ak
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tion of the ROM is achieved by truncating the number of dis-
crete Fourier frequencies (N) and SPOD modes (M). Using
suitable modes, amplitude coefficients and frequency w , any
UPO can be approximated by Equation (1).

By substituting the velocity expression in Equation (1),
the frequency-domain ROM is formulated with the aid of pro-
jecting the incompressible NS equations onto the space-time
basis functions fff
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for l = −N; · · · ;N and j = 1; · · · ;M. The coefficients
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denote the residuals of the ROM in the low-order
subspace. Model coefficients in the ROM are represented by
the tensors AAA;;;LLL;;;QQQ;;;CCC, defined as
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The tensor AAA represent the linear model coefficients from un-
steady terms, and LLL contains linear model coefficients arising
from the convection and viscous terms. The tensor QQQ denotes
nonlinear model coefficients arising from the convection term,
and this results from the interaction between low and high-
frequency SPOD modes. CCC denotes constant model coeffi-
cients from the mean flow field. dl0 and dmn are the Kronecker
delta. The inner product ( f ;g)W =

R
W

f gdW is defined by the
integration of f and g functions on the computational domain.

Since the information in the temporal direction is stated in
the frequency domain, we refer to it as a frequency-domain
ROM here. This frequency-domain ROM is a nonlinear model,
which differs from linear SPOD-Galerkin models developed
by Chu & Schmidt (2021).

Gradient-based Optimization of Amplitude Co-
efficients

Using the amplitude coefficients obtained from the pro-
jection of DNS data can result in high residuals, violating
momentum conservation in the low-order space. However, if
UPOs governed by the NS equations were to be projected onto
the low-order space, their residuals should be small. In theory,
the solution of the frequency-domain nonlinear ROM could
be obtained numerically by solving Equation (2), i.e. finding
amplitude coefficients such that rl

m = 0 for all l and m us-
ing the Netwon-Raphson method. However, the truncation of
frequencies and SPOD modes implies that Equation (2) might
not have an exact solution. Hence, rather than directly solving
Equation (2), we propose to find the solution to this ROM by
minimizing the squared norm of all residuals {rl

m}
l=−N;··· ;N
m=1;··· ;M .

The minimization problem is formulated as
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New amplitude coefficients {ak
n}

k=−N;··· ;N
n=1;··· ;M are obtained by

solving this optimization problem, which better satisfies the
conservation laws in the low-order space. The proposed tech-
nique is akin to solving a periodic boundary value problem
in a low-dimensional subspace, as opposed to solving initial
value problems used in Galerkin projections, e.g. POD-based
ROM (Balajewicz et al., 2013).

Gradient-based optimization techniques are employed to
efficiently find the optimal solutions of Equation (4). To do
this, the gradient of the objective function with respect to the
amplitude coefficients is found, leading to the analytical ex-
pression
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where () is the conjugate operation. dk;l and dl;−k are the Kro-
necker delta. T l;l

m;n = ilwAl;l
m;n + Ll;l

m;n denotes the linear con-
jugate symmetric component. The indices used here satisfy
k;(l−k);(l +k)∈ {x|x =−N; · · · ;N}, and n = 1;2; · · · ;M. As
the velocity field is real-valued, the amplitude coefficients are
conjugate symmetric in the frequency domain. Therefore, the
independent amplitude coefficients are {ak

n}
k=0;··· ;N
n=1;··· ;M .

Initial guesses for the optimization problem are calcu-
lated from the projection of DNS data onto the selected SPOD
modes. We use L-BFGS to solve the optimization problem,
as it demonstrates faster convergence rates than simpler gradi-
ent descent methods. The optimal amplitude coefficients that
minimize J will then be used to reconstruct APOs for the fluid
flow problem. It is natural to anticipate a sizable inventory of
locally optimal solutions from this optimization since the ob-
jective function J is a quartic polynomial in terms of each am-
plitude coefficient and J is of high dimension (viz. M(2N +1)
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