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ABSTRACT
Adverse pressure gradient turbulent boundary layer ve-

locity spectra at high Reynolds number (7100≤ Reτ ≤ 8600)
are compared to a zero pressure gradient case from Zimmer-
man (2019); Zimmermanet al. (2019) at matching Reynolds
number. Wall-distance scaling observed in the zero pressure
gradient spectra is also observed in the adverse pressure gra-
dient spectra. Effects of varyingReτ on the velocity variances
and Reynolds shear stress are studied by comparing the present
data with the data of Montyet al. (2011) at lowerReτ (≈ 1900)
and varying Clauser pressure gradient parameterβ . Cases at
similarβ and Reynolds number, but with varying flow history
are also studied. Increases are observed in the outer peak of

u2+, v2+, and−uv+. Under a scaling that uses a hybrid veloc-
ity uhyb there is similarity between the outer region profiles of
spectrally-decomposed variances and Reynolds shear stress.

INTRODUCTION
The behavior of the streamwise varianceu2, wall-normal

variancev2, and Reynolds shear stress−uv as well as their
premultiplied (co)spectrakxE are analyzed to see how the en-
ergy distributions are affected by an increasing pressure gradi-
ent. Here,kx = 2π f /U is the streamwise wavenumber, where
f is the frequency andU is the mean streamwise velocity at
a particular wall-normal locationy. E is the spectral den-
sity of the velocity fluctuations. The integration ofE at a
wall-normal location across all wave numbers results in the
(co)variance at that wall-location. To study the relationship
between the premultiplied (co)spectra, wavelength, and wall-
distance, in the present study the premultiplied (co)spectra are
plotted as contour-maps that are a function of wavelength and
wall-distance.

In the present study two velocity scales are studied: the
friction velocity scaleuτ and a velocity scaleuhyb introduced
in Romeroet al. (2022a). This velocity scale,u2

hyb ≡ u2
τ +

y
ρ

dP
dx

(with ρ the fluid density) exhibited reasonable success in scal-
ing the Reynolds stress over a range ofβ and Reynolds number
relative to they-independent velocity scales studied. A degree

of the success of this velocity scale is in some sense guaran-
teed by its construction, which is based on the dominant terms
in the mean stress balance most responsible for balancing the
turbulent momentum flux.

The premultiplied (co)spectra normalized by viscous
scales (kxu−2

τ E) are compared to the premultiplied (co)spectra
normalized by uhyb (i.e., kxu−2

hybE). The premultiplied
(co)spectra are presented in terms of streamwise wavelength
λx normalized by viscous scalesν/uτ (to obtain λ+

x ) and
outer scalesδ (to obtainλx/δ ), whereν is the kinematic vis-
cosity and the boundary layer thickness isδ . The effects of
uτ normalization anduhyb normalization on the magnitude of
the premultiplied streamwise, wall-normal, and (co)spectra of
an adverse pressure gradient turbulent boundary layer (APG
TBL) are compared to a zero pressure gradient (ZPG) case
from Zimmerman (2019); Zimmermanet al. (2019) at match-
ing Reτ = δuτ/ν. The spectra are not shown in Zimmerman
et al. (2019), but the dataset is qualified and described.

The two-dimensionalx-momentum Reynolds-averaged
Navier-Stokes (RANS) equation for a statistically stationary
APG TBL is

∂ 2U+

∂y2+
+

∂ (−uv+)
∂y+

+

[

−U+ ∂U+

∂x+
−V+ ∂U+

∂y+

]

+U+
∞

∂U+
∞

∂x+
=0.

(1)
This is also called the mean momentum equation. Here a su-
perscript plus denotes normalization byν, anduτ . Note that
∂ (−uv+)/∂y+, also known as the turbulent inertia (TI) term
in the RANS equation in (1), is related to the differentiated
cospectra of−uv as follows:

∂ (−uv)
∂y

=

∫ ∞

0

(

∂Euv

∂y

)

dkx. (2)

The differentiated cospectra are also analyzed in this paper
as this facilitates consideration of the length scales associated
with net momentum increase (sources) versus loss (sinks) and
their variations with distance from the wall. Furthermore,the
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zero-crossing of the TI term corresponds to the peak location
of the Reynolds shear stress. This location is of particularim-
portance since the zero-crossing of the TI term marks the mean
transition from momentum source to momentum sink for the
flow as a whole.

In the present study we will also show the effects of
uτ normalization anduhyb normalization on the spectrally
decomposed streamwise variance, wall-normal variance, and
Reynolds shear stress profiles of an APG TBL as compared to
a ZPG case. The behavior ofu2 is also compared using cases
from Monty et al. (2011). From observing the viscous-scaled
mean statistics, it has been previously noted by Bobkeet al.
(2017) and Sanmiguel Vilaet al. (2017) that flows with in-
creasingβ exhibit behavior of an upstream smallerβ , while
flows with decreasingβ exhibit behaviors of an upstream
largerβ . To further analyze this behavior, cases at similarβ
and Reynolds numbers, but with varying flow history are also
compared.

EXPERIMENTS
Facility and ramp

Ramp Structure

Uoh [m]

x [m]

−10 −5 0 5 10
0

2

Figure 1. Current flow geometry and measurement locations.
Area shaded in green is along APG ramp. Arrow points in flow
direction. Measurement locations given in table 1.

The present measurements were collected in the Flow
Physics Facility (FPF) at the University of New Hampshire.
The FPF test section features a 2.8m× 6m inlet cross-section
and a downstream development fetch of 72m. Streamwise
pressure gradients for the present measurements were gener-
ated via ceiling panels installed≈31m downstream of the wind
tunnel inlet, cf. figure 1. This≈15m long ceiling insert con-
sisted of an initial 3.1m favorable pressure gradient (FPG)re-
gion, followed by a 7.0m ZPG region (where the flow relaxes
back to a nearly canonical state), and finally a 5.3m APG re-
gion. The flow was then allowed to develop downstream under
ZPG conditions for the remaining 20m of tunnel fetch. Pres-
sure distribution measurements support that the ZPG ramp is
sufficiently long since the streamwise pressure gradientdP/dx
versusx equilibrates along the ZPG section. The relatively
long ZPG ramp ensures approximately ZPG flow (or at worst
a very mild FPG) before the APG ramp. Measurements along
the APG ramp whereβ is increasing are compared to mea-
surements taken downstream of the ramp insert whereβ is de-
creasing. The data in the present paper is a subset of a larger
data set. Part of this data set has been previously publishedin
Romeroet al. (2021, 2022b). The present data locations are
given in figure 1.

Measurement Probe and Parameters
Hot-wire measurements were obtained along the APG

section and downstream of the ramp insert using a three-wire

Table 1. Summary of present experiments. The distancex
[m] is the distance downstream from the start of the APG ramp
section. The APG ramp ends atx=5.3m. Arrows indicate
whetherβ is increasing or decreasing with distancex. Z19
refers to Zimmerman (2019) and M11 to Montyet al. (2011).

Source x [m] β U∞ [m/s] uτ [m/s] δ [m] Reτ ∆t+s

present

0.80 0.9↑ 7.91 0.26 0.42 7100 0.30

5.13 1.8↑ 7.11 0.22 0.57 7770 0.20

6.86 0.8↓ 7.05 0.23 0.59 8600 0.22

Z19 - 0 6.47 0.23 0.50 7880 0.24

- 0 - - - 1820 -

M11 - 0.8↑ - - - 1860 -

- 1.8↑ - - - 1940 -

hot-wire probe based on the design of Kawallet al. (1983).
This probe consists of a single wire orthogonal to the mean
flow direction and two wires arranged as an×-array, with
the single wire located between two×-array wires. The non-
dimensional wire length of the single wire isl+ = luτ/ν =
17.6, while the length of the×-array wires projected onto the
y− z plane isl+/

√
2.

The effects of pressure gradients on TBLs are often pa-
rameterized in terms of the Clauser pressure-gradient parame-
ter β = (δ ∗/τw)(dP/dx), whereδ ∗ is the displacement thick-
ness andτw is the wall shear stress. Positive and negative val-
ues ofβ respectively reflect APG and FPG conditions, while
β = 0 reflects ZPG conditions. Self-preserving APG TBLs
are characterized by nominally constantβ and Reτ , (e.g.,
Townsend, 1956; Tennekes & Lumley, 1972). In the present
studyβ increases mildly to about 2 whileReτ grows slowly. A
summary of the experiments is given in table 1.U∞ =U(y =
δ )/0.99 is the freestream velocity, and∆t+s = (1/ fs)u2

τ/ν is
the non-dimensionalised sample interval, wherefs is the sam-
pling frequency.

SPECTRA AND SCALE DECOMPOSITION
Constant Reτ

The ZPG TBL and APG TBLkxu−2
τ E and kxu−2

hybE are
compared in figures 2 and 3, respectively. The ZPG cases are
plotted in figures 2(a-d) and 3(a-c). The APG TBL plots under
uτ scaling are presented in figure 2(e-p), while the plots under
uhyb scaling are shown in figure 3(d-1).

Spectra under uτ scaling: In comparison to the
ZPG case the outer region of the APG case gets energized rel-
ative to the inner region when normalized byuτ . This behav-
ior is observed in the viscous-scaled premultiplied streamwise
spectra (k+x E+

uu), wall-normal spectra (k+x E+
vv), and cospectra

(k+x E+
uv). Similar behavior are reflected in theu2+, v2+, and

−uv+ profiles, plotted in solid green lines, in figure 4(b), figure
5(a), and figure 5(c), respectively, where a distinct outer peak
forms with increasingβ . This reflects the decoupling of the
rate of momentum flux from the wall shear stress (that other-
wise characterizes ZPG BLs) with the addition of the non-zero
pressure gradient term.

For the ZPG TBLk+x E+
uu the inner peak is fixed in viscous

units aty+ ≃ 15 andλ+
x ≃ 1000, (e.g., Hutchins & Marusic,

2007; Harun, 2012). Although the inner peak is not completely
captured in the APG TBLk+x E+

uu, it appears that the inner peak
remains atλ+

x ≃ 1000; see figures 2(e, i, m). For the ZPG TBL
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(m) : β = 0.8 ↓ (n) : β = 0.8 ↓ (o) : β = 0.8 ↓ (p) : β = 0.8 ↓

(i) : β = 1.8 ↑ ( j) : β = 1.8 ↑ (k) : β = 1.8 ↑ (l) : β = 1.8 ↑

(e) : β = 0.9 ↑ ( f ) : β = 0.9 ↑ (g) : β = 0.9 ↑ (h) : β = 0.9 ↑

(a) : β = 0 (b) : β = 0 (c) : β = 0 (d) : β = 0
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Figure 2. Premultiplied energy spectra normalized byuτ . Starting from left, first column: streamwise spectra, second column:
wall-normal spectra, third column: cospectra of−uv, and fourth column: derivative of cospectra. (a-d)β = 0 at Reτ = 7880 from
Zimmerman (2019), (e-h)β = 0.9 atReτ = 7100, (i-l)β = 1.8 atReτ = 7800, and (m-p)β = 0.8 atReτ = 8600. Thick black dashed
line atλx/δ = 1. Grey solid lines atλ+

x = 1000 andλx/δ = 3. Blue solid line atλx = 2y. Blue dashed line atλx = 20y. The circles
denote 20W (y+). Cases given in table 1.

the inner peak ofk+x E+
uv also appears nearλ+

x ≃ 1000. This
trend continues in the APG TBLk+x E+

uv in figures 2(g, k, o).
In the outer region thek+x E+

uu for both the ZPG and APG
cases, the most energetic motions occur nearλx/δ ≈ 3, as seen
in figures 2(a, e, i, m). For the ZPG case, the outer peak of
k+x E+

uv also seems to appear nearλx/δ ≈ 3, but perhaps at a
slightly smallerλx/δ , as seen in figure 2(c). This behavior is
also seen in the APG TBL; see figures 2(g, k, o).

The most energetic motions reflected in the wall-normal
spectrak+x E+

vv follow the λx = 2y trend line for both the ZPG
and APG cases. This wall-distance scaling is also exhibitedin
the cospectra fory/δ / 0.15, where the areas of high magni-
tude follow theλx = 20y trend line. Despite the differences in
energy density relative to the local wall-shear-stress scale, the
presence of the pressure gradient has evidently little effect on
the relative scales of modes that are set by wall-distance orthe
boundary layer thickness.

The derivative of the cospectra are plotted in figures 2(d,
h, l, p). The local peak ink+x E+

uv corresponds to the zero-
crossing of∂ (k+x E+

uv)/∂y+, which also roughly follows the
λx = 20y trend line. This emphasizes the robustness of wall-
distance scaling in the transition from momentum source to
momentum sink like motions as the wavelength changes. It ap-
pears that eddy structures that are approximately smaller than
λx = 20y contribute to a negative momentum flux (or sinks)
whereas largerλx leads to a momentum source. Here the anal-
ogy with viscous stress gradient, which is always a sink, is par-
ticularly useful. At smaller scales turbulence could be assumed
to behave in an almost random manner, which is analogous to
the random molecular motion (leading to viscosity), resulting
in a sink of momentum. On the hand, larger scales are only ca-
pable of bringing momentum to the wall (likely from the outer
region) rather than taking momentum away from the wall (be-
cause the wall will restrict the existence of large structures that
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can carry momentum away from the wall) making them an
overall momentum source.

For the ZPG TBL, a length scale distributionW+ that
allows the mean momentum equation to be written in a self-
similar form is defined (e.g., in Morrill-Winteret al., 2017a)
as:

W+(y+) =

(

∂ 2U+

∂y+2

)−1/2

. (3)

The distribution of 20W+(y+) markers are plotted in figures
2(d, h, l, p) as circles. Due to the difficulty of taking the
second derivative of the experimental mean velocity profiles,
these profiles are not definitive, but do appear to exhibit wall-
distance scaling. In Morrill-Winteret al. (2017b) it is noted
for a ZPG TBL that the distribution of 20W+(y+) roughly co-
incides with the zero-crossing of the differentiated cospectra.
This is also observed in the present APG TBL plots.

Spectra under uhyb scaling: Figure 3 shows
spectra inuhyb scaling, where we observe that fory/δ ' 0.1
thekxu−2

hybEuu, kxu−2
hybEvv, andkxu−2

hybEuv magnitudes decrease
relative to the ZPG case. Similarity is evidenced between the

APG cases in this region. This is also observed for theu2∗ in
figure 4(d),v2∗ in figure 5(b), and−uv∗ for figure 5(d). The
profiles of the APG cases fall below the ZPG case in the outer
region. Here superscript∗ representsuhyb scaling.

Strongerβ trends are observed fory/δ . 0.1. In this
regionkxu−2

hybEuu, kxu−2
hybEvv, andkxu−2

hybEuv increase with in-

creasingβ . Like the k+x E+
uu, the energetic outer region of

kxu−2
hybEuu occurs in the vicinity ofλx/δ ≈ 3, but has moved

inwards towards the wall. Near the wall (y/δ . 10−2), the
spectra underuhyb scaling behave similar to the spectra under
uτ scaling sinceuhyb approachesuτ at the wall by construction.

Fory/δ & 10−2 the areas of high magnitude inkxu−2
hybEvv

exhibit wall-scaling near theλx = 2y line; see figures 3(e, h, k).
Again, wall-distance scaling is also observed in the cospectra,
but alongλx = 20y; see figures 3(f, i, l).

Changes with flow history: The effectiveness of
uhyb for APG cases at similarβ and Reynolds number, but
with varying flow history, are now compared. In this section a
case whereβ is just increasing from 0 (theβ = 0.9 ↑ case), is
compared to a case whereβ is decreasing and the flow has had
longer time to develop (theβ = 0.8 ↓ case).

Now looking atkxu−2
hybEuu, in figure 3(d)β is just increas-

ing from 0, while in figure 3(j)β is decreasing and the flow has
had longer time to develop. The APG case in figure 3(j) where
β is decreasing has a slightly higher outer region than the case
whereβ is increasing in figure 3(d). This is similarly observed

in the outer region of theu2∗ profiles in figure 4(d). In the inner

region (y/δ / 10−2) of theu2∗ profile the decreasingβ profile
shows stronger similarity to the ZPG case than the increasing
β profile, see figure 4(d). This suggests that agreement be-
tween ZPG profiles and APG profiles subjected touhyb scaling
may improve as the development length/time of the APG case
increases.

To quantify the contribution of the small-scale and large-
scale motions, the streamwise variance is decomposed into
small-scale and large-scale components by using a sharp spec-
tral cut-off. The choice of the appropriate cut-off wave-length
λx−cut in the present analysis follows the work of Mathiset al.

(2009), whereλx−cut = δ is used since it appears to separate
the large and small-scale velocity components ofk+x E+

uu of a
ZPG TBL atReτ = 7300. This also seems to be an appropriate
cut-off wave-length of the present data, where a thick dashed
line plotted atλx/δ = 1 separates the inner and outer energy
peaks, as seen in figures 2(a, e, i, m). For completeness, the
wall-normal variance and Reynolds shear stress are also de-
composed using the same cut-off wave-lengthλx−cut = δ to
see where attributes of the streamwise measurements appear
in the wall-normal variance and Reynolds shear stress profiles.

The behavior of the decomposed streamwise variance

profilesu2+ versusu2∗ are compared in figure 4. The decom-

posed wall-normal variance profilesv2+ versusv2∗ and de-
composed Reynolds shear stress−uv+ versus−uv∗ are com-
pared in figure 5. The original APG TBL profiles are plotted in
solid green lines, while the small-scale components are plotted
as blue dashed-dot lines and the large-scale components are
plotted as orange dashed lines. The respective ZPG profiles
are plotted in black.

In the outer region of the large-scale components ofu2∗,

v2∗, and−uv∗ there is stronger similarity between the APG
cases whereβ is increasing (β = 0.9 and 1.8) than to the case
whereβ is decreasing (β = 0.8), see figure 4(d), figure 5(b),
and figure 5(d), respectively. Whether scaled byuτ or uhyb,
in the inner region of the large-scale components, the casesat
similarβ (= 0.8 and 0.9) behave more like one another than the
β = 1.8 case.

Now looking at the small-scale components, there is very
strong similarity between the two increasingβ cases (β = 0.9

and 1.8) throughout theu2∗ profile and in the−uv∗ profile for
y/δ ' 10−2. There is slightly more scatter in thev2∗ profiles.

Overall underuhyb scaling, the decreasingβ measure-
ments have a slight increase towards the ZPG case in the outer
region of the profiles, but still behave similarly to the ramp
measurements.

Changes with Reτ
The present measurements at 7100≤ Reτ ≤ 8600 (in fig-

ures 4(b, d)) are compared to profiles at matchingβ from
Monty et al. (2011) atReτ ≈ 1900 (in figures 4(a, c)).

The results of figures 4(a, c) indicate that at low Reynolds
number there is relatively little change withβ in the small-
scale components near the inner peak for bothuτ anduhyb scal-
ing. While the inner peak is not completely captured in figures
4(b, d), there is a larger increase in the small-scale components
in the near-wall region from the ZPG to the APG cases. The
outer flow appears to have a stronger influence on the inner
flow at these large Reynolds numbers.

Both the small-scale and large-scale components under
uτ scaling have increased from the ZPG case to APG case
but, larger increases are seen in the large-scale components
in the outer region. In the ZPG case, the large-scale compo-
nents exhibit an outer peak that is denoted by a vertical lineat
y/δ ≈ 0.1 in figures 4(a-d). Underuτ scaling the outer region
increases with increasingβ (see figures 4(a-b)), while under
uhyb scaling there is strong similarity between the APG cases
in the outer region (see figures 4(c-d)).

CONCLUSIONS
Increases are seen in the magnitude ofk+x E+

uu, k+x E+
vv,

k+x E+
uv and in the outer peak ofu2+, v2+, and−uv+ as β

increases. Underuhyb scaling, the APG TBL premultiplied
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(l) : β = 0.8 ↓(k) : β = 0.8 ↓( j) : β = 0.8 ↓

(i) : β = 1.8 ↑(h) : β = 1.8 ↑(g) : β = 1.8 ↑

( f ) : β = 0.9 ↑(e) : β = 0.9 ↑(d) : β = 0.9 ↑

(c) : β = 0(b) : β = 0(a) : β = 0
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Figure 3. Premultiplied energy spectra normalized byuhyb. Starting from left, first column: streamwise spectra, second column: wall-
normal spectra, and third column: cospectra of−uv. (a-c)β = 0 atReτ = 7880 from Zimmerman (2019), (d-f)β = 0.9 atReτ = 7100,
(g-i) β = 1.8 atReτ = 7800, and (j-l)β = 0.8 atReτ = 8600. Thick black dashed line atλx/δ = 1. Grey solid lines atλ+

x = 1000 and
λx/δ = 3. Blue solid line atλx = 2y. Blue dashed line atλx = 20y. Cases given in table 1.

(co)spectra and (co)variances behave similarly to one another,
but decrease relative to the ZPG case in the outer region. The
small-scale and large-scale components of the decomposed
u2∗, v2∗, and−uv∗ APG profiles also exhibit similarity in
the outer region over a range ofReτ . Based on the similar-
ity between APG cases, these findings indicate thatuτ scaling
performs well in the inner region, whileuhyb scaling is more
appropriate in the outer region regardless of scale.

Wall-distance scaling observed in the wall-normal spectra
appears to contribute to the wall-distance scaling seen in the
cospectra. Observations of the differentiated cospectra high-
light that the transition from momentum source to sink scales
with wall-distance for both increasing and decreasingβ cases.
The robustness of wall-distance scaling is further emphasized
by the behavior ofW+ profiles for the APG cases studied.
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