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ABSTRACT
The relevance of quantifying heat release and compress-

ibility effects in turbulent compressible spatially developing
shear flows using detailed kinetics as well as detailed multi-
component transport description is of important relevance in
the operation of supersonic air-breathing engines, whose effi-
ciency closely depends on the molecular mixing between ox-
idizer and fuel. The present study is devoted to investigated
how the variation of a single parameter applied at the inlet,
namely the sweeping (or skewness) angle, affects the turbu-
lence structure and the evolution of the flow in a compressible
and multi-component inert and reacting mixing layers using
detailed chemistry and multicomponent transport. The prelim-
inary computations indicate that the transitional region and the
fully developed turbulence region depends strongly on the de-
gree of flow sweeping at the inlet. The qualitative inspection of
the results indicates the sweeping angle tends to increase more
quickly the growth of the inlet structures, leading therefore to
an enhancement the development of the mixing region. This
is confirmed with the time-averaged statistics that character-
ize the mixing layer development. One possible perspective of
the present work concerns flow control of mixing layer setup
and reliable comparison between experiment, simulations and
turbulence modelling.

INTRODUCTION
A significant amount of research has been done studying

various aspects of reactive compressible turbulent shear flows
in which the two mixing layers emerged between the injected
fuel and the surrounding supersonic airflow within the com-
bustion chamber are assumed to be parallel. However, sweep-
ing effects due to controllable or uncontrollable lack of perfect
alignment in practical applications or even experiments, which
can affect the development of turbulence, have been addressed
much more rarely, even though the the concept of enhancing
mixing through the introduction of a swirl effect is quite old.
Swithebank & Chigier (1969) considered several skew angles
and concluded that the sweeping effect is responsible for in-
creased mixing in the incompressible turbulent round jet flow
and might cause similar results in compressible flows as well.
Kaltenbach (2003) performed a series of direct numerical sim-

ulation (DNS) of flow over a swept rearward-facing step and
explored the changes in the statistical turbulence structure due
to a variation of a sweep angle from to 0◦ up to 60◦. More re-
cently, Meldi et al. (2020) carried out a parametric variations
applied both on the sweeping angles and the shear intensity pa-
rameter applied at the inlet of an incompressible mixing layer.
Despite previous interest in supersonic combustion, few com-
pressible reacting shear flows have been investigated recently.
On the one hand, a few experiments based on a configuration
close to a mixing layer with convective Mach numbers below
0.4 have been conducted (Cheng et al., 1994). On the other
hand, few compressible reacting shear flows have been inves-
tigated recently To address the above issues in the flow tran-
sition and self-similarity regions and address some of the in-
consistent conclusions in comparison with experiments about
the Reynolds stress tensor evolution in the self-similar region,
a comprehensive DNS study of a compressible mixing layer at
Mac = 0.48 is conducted with the objective to extend the pre-
vious works of Boukharfane et al. (2021a) and Boukharfane
et al. (2021b) by assessing the relative impact of the inlet skew
angle on the turbulence structure and the flow evolution while
considering heat release effects, multicomponent mixtures and
detailed transport models.

1 NUMERICAL SOLVER
The unsteady, three-dimensional, compressible Navier-

Stokes equations are considered for a multi-species reactive
gas mixture:
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This system of conservative equations is based on the follow-
ing set of variables. The letter t represents the time and the
symbols ∂t and ∂i denote the partial differential operators ∂/∂t
and ∂/∂xi, respectively. The velocity component in direction
i is denoted by ui, the density by ρ , the pressure by p, the total
energy (the sum of the internal specific energy, e, and the ki-
netic energy) by et = e+ uiui/2, and the mass fraction of the
α th species by Yα (with α = 1, · · · ,Nsp, where the integer Nsp
denotes the number of species). Herein, the density, pressure,
and temperature, T , are interrelated through the ideal gas law,
p = ρRT /W , where W −1 = ∑

N
α=1 Yα/Wα and Wα is the

molecular mass of of the α th species. The stress tensor is eval-
uated as τi j = µ

(
∂ jui +∂iu j

)
+ (κ−2µ/3)∂kukδi j , where

µ refers to the dynamic viscosity and κ to the bulk viscosity.
λ stands for the thermal conductivity and hα for the sensible
enthalpy of the chemical specie α . ν ′′

α,i and k f
i stand, respec-

tively, the forward stoichiometric coefficient and the forward
rate constant of the i-elementary reaction (Nre being the num-
ber of reactions), whereas ν ′

α,i and kr
i are their reverse coun-

terparts. The rate constants are assumed to obey an Arrhenius
law and [Xα ] are the molar concentrations of species α .

The viscous and molecular diffusion flux functions are
computed using an eighth-order centred finite difference
scheme. The temporal integration is performed by using a
third-order total variation diminishing (TVD) Runge–Kutta al-
gorithm (Gottlieb & Shu, 1998). The enthalpies and specific
heat capacities at constant pressure of each species are ex-
pressed as polynomial forms of temperature using a series of
coefficients determined from the JANAF databases (Prophet
et al., 1971). A detailed verification of the solver may be
found in Boukharfane (2018), which assembles five elemen-
tary and verification subsets including the Sod’s shock tube
problem, the ignition sequence of a multi-species mixture in a
shock tube, a one-dimensional laminar premixed flame, isen-
tropic vortex, and shock–vortex interactions.

2 SIMULATION SETUP
The turbulent spatially evolving mixing layers is a flow

originating from the interaction between two homogeneous
streams having different asymptotic, high Uh (or hot oxidizer
stream O2/H2O/N2) and low Ul (or cold fuel stream H2/N2)
speed stream velocities. The sweeping of the spatially mix-
ing layers indicate a lack of perfect alignment between the two
parallel and asymptotic velocities by a constant angle ζ mea-
sured on the x1–x3 planes in such manner that uuuh =

(
Uh,0,0

)
and uuul =

(
Ul cosζ ,0,Ul sinζ

)
. The flow at the inlet (x1 = 0)

is a hyperbolic tangent profile for the streamwise and span-
wise velocities, species mass fractions and density/ All numer-
ical simulations are initialized in the computational domain
using the unperturbed hyperbolic tangent profile for the ve-
locity, species mass fraction and density. The Reynolds num-
ber based on the initial vorticity thickness, the velocity dif-
ference ∆U = Uh −Ul , and the average dynamic viscosity
is 640. Dirichlet boundary conditions are applied at the two
supersonic inlets. Perfectly non–reflecting boundary condi-
tions are set at the outflow and the cross–stream directions,
whereas periodic boundary conditions are settled along the
spanwise directions. For equal densities and specific heats,
the effects of compressibility on the shear-layer growth rate is
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Figure 1: Schematic of the computational arrangement

often identified through the convective Mach Number, Mac =
∆U/(ch + cl). For the present study, it is set to Mac = 0.48.
A schematic of the computational arrangement is shown in
Fig. 1. The size of the computational domain for each case
is set as (Lx1 ×Lx2 ×Lx3)/δ 0

ω = 520× 120× 60 resolved by
Nx1 ×Nx2 ×Nx3 = 2300×400×200 grid points. In addition
to the reference case, corresponding to ζ = 0◦, three numeri-
cal simulations of mixing layers are conducted corresponding
to three angles of sweeping, ζ = 5◦, 10◦ and 15◦.

2.1 NUMERICAL RESULTS
2.2 MIXING LAYER FLOW FIELD CHARAC-

TERISTICS
The classical shapes and organization of the large-scale

turbulent structures in the mixing layer is reported in fig. 6a
and section 2.5. Compressibility effects are visible in the
present setup due to absence of spanwise Brown-Roshko
rollers and the presence of the three-dimensional and disorga-
nized turbulent structures with a dominance of small-scale ed-
dies. Heat release has also a noticeable impact in the transition
of the mixing layers. Indeed, complex oblique flow structures
grow and the formation of two-dimensional large structures is
readily observed through the streamwise direction as a conse-
quence of the relaminarizing effect induced by heat release;
see fig. 6a and section 2.5. On the other hand, the sweep-
ing mixing layers featuring a sweeping angle of ζ = 15◦ show
a different flow pattern compared to the case ζ = 0. In the
first part of the mixing process, which features mainly two-
dimensional spanwise vortices, the axis of the coherent struc-
tures in the case ζ = 15◦ is titled with respect to the normal
incoming flow direction. In the unskewed case, the shear lay-
ers roll up into Λ-shaped vortices, which quickly evolve into
hairpin vortices and then sheaths with intense vorticity and
then break up into small slender vortices. The skewed case
exhibits visibly no Λ-shaped vortices, only elongated sheaths
are present near the inlet of the mixing layers that lately break
up. In the second region characterized by the break-down
of two-dimensional primary coherent structures to small-scale
structures, the vortex roll-up process takes place early and the
growth of inlet structures are more magnified in the presence of
sweeping effects. Substantial increase of mixing-layer growth
with the presence of skewness effects is observed. Moreover,
the interactions between large-scale rollers and rib vortices
that trigger the turbulence transition and the break down to
small-scale structures occurs earlier with ζ = 15◦ compared
to ζ = 0◦.
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(a) ζ = 00◦

(b) ζ = 15◦

Figure 2: Q-criterion colored with local Mach number to visualize the development of coherent structures in the mixing
layer for both angles of skewness.

2.3 GROWTH RATES
To have a rough estimation of the local size of the turbu-

lent structures in the mixing layer, in Fig. 3 we show the mo-
mentum and vorticity thicknesses, normalized by ηδ 0

ω , with
η =

∥∥uuuh−uuul
∥∥/∥∥uuuh +uuul

∥∥. Here, the momentum thickness is
defined as follows

δθ =
1
ρ0

∫ +∞

−∞

∫ +∞

−∞

〈ρ〉
〈u1〉 f −Uh∥∥uuuh−uuul

∥∥
(

1−
〈u1〉 f −Uh∥∥uuuh−uuul

∥∥
)

dx2dx3,

(2)
where ρ0 stands for the arithmetic mean value between the
densities of the oxidizer and fuel inlet streams ρ0 = (ρh +
ρ l)/2. The mixing layer evolves to a self-similar state past
x1/δ 0

ω ≈ 200, regardless of the skew angle, whence near lin-
ear growth is observed. The vorticity thickness shows signifi-
cant differences in the transition region, in which skewing pro-
motes faster growth. Heat release has also a noticeable impact
in the transition of the mixing layer since the reacting cases
shows higher growth compared to the inert case as a conse-
quence of the relaminarizing effect induced by heat release.
The slopes of the vorticity thickness regression lines indicate
small but consistent growth with the skew angle is observed
also in the fully developed region, which is likely to be ex-
ploitable in Scramjet engines applications. The momentum
thickness exhibits much less dependence on ζ , with exception
of the the highest value under consideration, ζ = 15◦ and heat
release tend to noticeably reduce the growth rate in the fully
developed region of mixing layers.

2.4 REYNOLDS STRESSES
Further insight into the effects of flow skewing may be

gained from inspection of distribution of the Reynolds stresses,
which are also expected to reach an asymptotic self-similar
regime. The streamwise and spanwise Reynolds stress pro-
files are shown as a function of the self-similar cross-stream
coordinate x2/δω in Fig. 4. Both stresses exhibit tendency
to collapse, and the streamwise stress profiles show moder-
ate asymmetry, peaking in the region occupied by the heavier
oxidizer (lower density region), as noted by Brown & Roshko
(1974) and Pantano & Sarkar (2002). Although the unskewed

(a) ζ = 00◦

Figure 3: Comparison the streamwise evolution of (a)
vorticity thickness and (b) momentum thickness of the
mixing layer. The dashed lines denote fitted linear re-
gression curve.
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(a) ζ = 00◦ (b) ζ = 15◦

(c) ζ = 00◦ (d) ζ = 15◦

Figure 4: Profiles of streamwise (top row) and spanwise
(bottom row) Reynolds stresses at various streamwise
locations for ζ = 0◦ and 15◦. Solid lines corresponds to
natural direction, while dashed lines stands for the mean
convective direction.

case exhibits higher levels of the streamwise Reynolds stress in
the development regime, skewed and unskewed cases achieve
self-similarity at approximately the same streamwise location,
x1/δ 0

ω = 450, and the maximum level in the self-similar state
is similar. The peak value of

√
R11/

∥∥uh−ul
∥∥ in the present

simulation of 0.137 is close to the numerical data of Debiss-
chop et al. (1994), who reported a value 0.141 at convec-
tive Mach number Mac = 0.525. Stronger effect of skewing
is found on the spanwise Reynolds stress

√
R11/

∥∥uh−ul
∥∥,

for which the skewing yields substantially higher peak val-
ues both in the development and in the self-similar region. In
the mean convection direction,

√
R33/

∥∥uh−ul
∥∥ exhibits nat-

urally lower amplitude, whereas
√

R11/
∥∥uh−ul

∥∥ seems to be
nearly independent of the system of coordinate in where it is
computed.

The spatial evolution of the peak values of turbulent inten-
sity distributions along the normalized streamwise x1-direction
is displayed in Fig. 5. The profile of peak intensities for both

Figure 5: Peak values of turbulent intensity distributions
along the normalized x1-axis in (a) the natural direction
and (b) in the mean convective direction. Solid lines:
ζ = 00◦, and dashed lines: ζ = 15◦.

skewed and unskewed cases has a distribution different from
the classical incompressible mixing layers, in which the peak
intensities are achieved at almost the same normalized stream-

wise location for all the values of the components of Reynold
stress, as in the present compressible mixing layers. The
skewed case exhibits a peak values for streamwise turbulence
intensity that start to rise upstream further compared to the
unskewed case, but a lower peak value is reached. However,
the streamwise intensity relaxes monotonically to an asymp-
totic value similar to the unskewed case, meaning that the peak
value of R11 seems to be unaffected by skewing. However, the
spanwise turbulent intensity experiences a sharp increase and
decays to an asymptotic higher than R11. A possible explana-
tion for these findings is that as the skew angle is increased, the
elongation of large-scale turbulence structures become higher
in the x1-direction relative to x2 and x3 directions, which tends
to be compensated further downstream by the increase of the
fluctuations of R22 and, a mainly of R33. Beyond the max-
imum peaks, the turbulent intensities of R22 and R33 seem
to be suppressed in the absence of skewing effect much faster,
which indicates that skewed mixing layers induce more intense
turbulence and enlarge the the momentum exchange between
the turbulent structures and the inflow mainstream.In the mean
convection direction, the components involving of spanwise
direction x3 present lower turbulent intensity peaks compared
to the natural direction for the most skewed case.

2.5 ANISOTROPY EFFECT

A key tool in the development of advanced turbulence
closures is the consideration of the anisotropy effects (Vre-
man et al., 1996), which can be reformulated using either the
Reynolds stress anisotropy

bK
i j =

Ri j− 2
3 δi jK

2K
, (3)

or the dissipation anisotropy as

bε
i j =

εi j− 2
3 δi jε

2ε
, (4)

where δi j is the Kronecker delta. The streamwise evolution
of anisotropy tensor, where Ri j and K are integrated along
the spatial mixing layer are displayed in Fig. 6 for ζ = 00◦

and ζ = 15◦. The similarity between bK and bε (not shown
here) profiles indicates that the flow organization fairly influ-
ences the small scale turbulence structure, which induces al-
most the same anisotropy in both quantities. The other cases
are not shown since the trends observed tends to amplify as ζ

becomes bigger. The profiles of anisotropies is quite similar
either using the Reynolds stress or dissipation tensors. In the
pre-transitional regime, all the anisotropies increase to reach
a peak value before converging to an almost asymptotic con-
stant value in the self-similar region. Skewing the inlet inflow
strongly affects the initial evolution of the anisotropies and al-
ters their asymptotic values. As ζ increases, the bK

33 and bK
23

profile increase above zero, indicating that a higher level of
skewing induces an increase of the level of anisotropy. The
use of the isotropic assumptions will likely be inaccurate at
higher skew angle ζ .

Given that the tensor bK has zero trace, Lumley & New-
man (1977) showed that all the anisotropy states are described
by the two invariants of bK given by

IIK =−1
2

(
Λ

2
1 +Λ

2
2 +Λ

2
3

)
, (5)
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(a) ζ = 00◦

Figure 6: Longitudinal evolution of the anisotropy ten-
sors bbbK .

and

IIIK =
1
3

(
Λ

3
1 +Λ

3
2 +Λ

3
3

)
, (6)

where Λ1, Λ2, and Λ3 are the eigenvalues of bK . Physi-
cally, IIK is an indicator of anisotropy in the flow, while
IIIK denotes the nature of anisotropy. The different realizable
anisotropic states of the turbulent velocity flowfield are con-
tained within a triangle in the IIK -IIIK plan, the so-called
Lumley triangle Lumley (1979). One should caution that the
topology of of the energy distribution induced from the anal-
ysis of the IIK -IIIK plan should not be interpreted as the
shape of the flow eddies since the characteristic shapes associ-
ated to the stresses and and those to the eddies are not generally
equivalent (Simonsen & Krogstad, 2005). The resulting invari-
ant mappings along the streamwise direction are portrayed in
Fig. 7 for the skewing angles with the Lumley triangle bound-
aries labelled. The limiting states are shown by the three
solid lines. In all the cases, the turbulence is essentially two-
component in the transitional regime and three-component at
the self-similarity state for all the case. The main difference
occurs at the pre-transitional regime. Indeed, for the unskewed
case and as the streamwise coordinate increases, the turbulence
anisotropy is relatively approaching the axisymmetric expan-
sion bound (rod-like shapes) and the isotropic state. How-
ever, as ζ becomes higher, the invariant mapping get closer
to the one-component limit along the axisymmetric bound to
the right. The flow slightly tends to be in close proximity to
the plane-strain condition to the left-side of the Lumley tri-

(a) ζ = 00◦ (b) ζ = 05◦

(c) ζ = 10◦ (d) ζ = 15◦

Figure 7: Reynolds stress anisotropy invariants using
Lumley triangle constraints colored by the streamwise
coordinate.

angle (axisymmetric disk-like state or oblate spheroid shape)
as the skew angle becomes higher. These findings can also
be observed by considering the determinant of the normalized
Reynolds stress tensor F, which is related to IIK and IIIK as
follows

F= 1+9IIK +27IIIK . (7)

with F being one denote a perfectly isotropic and three-
dimensional turbulence, and F being zero denote a pure two
component turbulence and completely anisotropic. As shown
in Fig. 8, all cases almost collapse on the self-similarity re-
gion (giving another statistical tool to measure self-similarity)
and are close to unity, indicating an approach towards isotropy.
None of the cases reach unity, meaning that the present flows
exhibit anisotropy throughout the fields. The main effect of
skewing occurs between the inlet of the computational do-
main and the transition to turbulence. In particular, the level is
isotropy is lower as the skew angle becomes higher.

Figure 8: Longitudinal evolution of the invariant function
F.

3 CONCLUSION
In the present paper, structural evolution and turbulent

statistics of a compressible mixing layer with Mac = 0.48 are
investigated employing direct numerical simulation to identify
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the effect of skewness. Both instantaneous and time-averaged
data are utilized to better understand the flow dynamical be-
haviors in the presence or not of skewness. The instantaneous
visualization results indicate an amplification of the inlet dis-
turbances resulting in a faster increase of the mixing process.
The higher mixing layer growth rate is a direct consequence
increaed velocity fluctuations, i.e., increased turbulent kinetic
energy and increased Reynolds stresses. Their increase with
skewing effect is traced back to a decrease of the pressure-
strain correlations and an increase of the production rate of the
spanwise Reynolds stress. These correlations mainly steer the
redistribution mechanism of turbulent fluctuating energy from
the streamwise Reynolds stress component to the spanwise
component. The peak streamwise normal stress showed little
variation, while the transverse normal, spanwise normal, and
primary shear stresses all increased in peak magnitude with in-
creasing skew angle. In addition, Reynolds stress anisotropy
observations were made. From the similarity profiles, the main
effect of skewing were observed in the transition region. The
invariant mappings of the mixing layers were found to tend to-
ward the one component limit of the Lumley triangle as the
skew angle is increased. A slightly reduction of all main terms
in the Reynolds stress transport equations and the transport
equation of the turbulent kinetic energy with increasing the
skew angle ζ has been noticed, and an analysis of the cor-
responding transversely integrated terms has shown that the
pressure-strain correlation of the streamwise Reynolds stress
is directly connected to the momentum thickness growth rate
and responsible for its increase.
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