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ABSTRACT
In a recent publication Oberlack et al. (2022) by the

last two authors, they showed that velocity moments
of arbitrary order can be derived as invariant solutions
of the multi-point moment equations by means of the
symmetry-based turbulence theory. They applied it to
the log-region as well as to the deficit region in the cen-
tre of a channel flow. The results were validated with
a new channel flow DNS at Reτ = 104 with high accu-
racy and up to moment order 6. Presently we have
significantly extended it by computing a invariant solu-
tions for the probability density function (PDF), which
is formally the next higher-level statistical description
of turbulence. This new solution is believed to be the
first exact solution to Lundgren’s PDF equation, and
in the sequel we show that the above moments can be
generated from it.

INTRODUCTION
To treat the complex flow behaviour of turbulent

fluids mathematically, a statistical approach has been
the most successful so far. For a complete mathemati-
cal description, however, an infinite number of coupled
equations is usually required, a fact that was already
known to Reynolds. For practical applications it is
therefore necessary to reduce this set of equations to
a finite set by some form of closure procedure, This,
however, considerably limits the prediction accuracy of
such an approach. Quite early on, it was observed that
for canonical flows, certain distinguished regions can be
identified in which a universal behaviour is exhibited
and corresponding simplified equations can be derived
heuristically. Nowadays, these results are usually sub-
sumed under the term scaling law and are essentially
based on similarity arguments, which in turn often ex-
ploit, at least indirectly underlying symmetries of the
physical process. Probably one of the first examples
of such a result is the well-known logarithmic law of
the wall due to von Kármán (1930). A downside of
von Kármán’s reasoning, however, is that it is not based
on the Navier-Stokes equations, and therefore are not
derived from “first principles” in this sense. This aspect

was not remedied in the following decades of research
in modified versions of the log-law, see e.g. Barenblatt
(1993). One of the first works that derived a scaling
law as a self-similar solution is the work of von Kármán
& Howarth (1938) on the decay of isotropic turbulence.
Subsequently, this approach was applied very success-
fully to a large number of flows.

The idea of applying the methods of symmetry
theory for a systematic derivation of “scaling laws”
via self-similar solutions was probably first proposed
by Oberlack (2001). Further work followed even for
more complex flows with rotation, wall transpiration,
and many more, see Avsarkisov et al. (2014); Oberlack
et al. (2015); Sadeghi et al. (2018). However, all these
approaches were limited to low order moments. For all
these scaling laws statistical symmetries played an es-
sential role. These were first observed by Oberlack &
Rosteck (2010) in the infinite sequence of the multipoint
moment equations (MPME). Furthermore, it was shown
by Wac lawczyk et al. (2014) that these symmetries are
related to the phenomena of intermittency and of non-
Gaussian behaviour in turbulence - both of which il-
lustrate well-known, central characteristics of turbulent
flows and which, with the latter, offer a unique quan-
tification in terms of symmetries. The infinite sequence
of the multipoint moment equations is formed from the
Navier-Stokes equations,

∂Ui

∂t
+Uk

∂Ui

∂xk
+ ∂P
∂xi
−ν ∂2Ui

∂xk∂xk
= 0 i = 1,2,3 (1)

∂Ui

∂xi
= 0 (2)

where t ∈R+, x ∈R3, U =U (x , t), P = P (x , t) and ν re-
spectively represent time, position vector, instantaneous
velocity vector, pressure, and kinematic viscosity. When
dealing with statistical properties, typically, Reynolds’s
decomposition is used, i.e., Uk = Uk +uk, where ( .) de-
notes averaging and uk is the turbulent fluctuation. We
depart here from the usual approach to analyse moment
equations based on the fluctuations and use instead sta-
tistical moments that are composed of the full instan-
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taneous velocities. The main ideas and steps of this
approach are briefly illustrated in the following section.

HIGH-ORDER MOMENT SCALING LAWS
For the subsequent new findings on the PDF, the

central results for the high velocity moments in turbu-
lent shear flows close to the wall will be outlined first.

The essential ingredients for the construction of in-
variant solutions are so-called symmetry transforma-
tions which refer to a variable transformation

x∗ =ϕ(x ,y ;a), y∗ =ψ(x ,y ;a) (3)

which leaves a differential equation form invariant when
it is written in the new ∗-variables, i.e. if the following
holds

F (x ,y ,y(1),y(2), . . . ,y(p)) = 0

⇔ F (x∗,y∗,y∗(1),y∗(2), . . . ,y∗(p)) = 0 (4)

where y(p) denotes the set of all pth derivatives of y .
The basis for the analysis in Oberlack et al. (2022)

are the multi-point moment equations

∂Hi{n}

∂t
+

n

∑
l=1

⎡⎢⎢⎢⎢⎣

∂Hi{n+1}[i(n)↦k(l)]
[x(n) ↦ x(l)]

∂xk(l)

+
∂Ii{n−1}[l]

∂xi(l)

−ν
∂2Hi{n}

∂xk(l)∂xk(l)

⎤⎥⎥⎥⎥⎦
= 0 (5)

with the multi-point velocity moments defined as follows

Hi{n}
=Hi(1)...i(n) =Ui(1)(x(1), t) ⋅ . . . ⋅Ui(n)(x(n), t) (6)

and Ii{n−1}[l]
contains the pressure, with details may be

taken from Oberlack & Rosteck (2010). In the limit of
vanishing viscosity ν→ 0 equation (5) admits the follow-
ing three-parameter scaling groups

T̄Scale ∶ x∗2 = eaSxx2, Ū
∗
1 = eaSx−aSt+aSs Ū1, . . . ,

Un
1
∗ = en(aSx−aSt)+aSsUn

1 (7)

The symmetries associated with aSx and aSt are scal-
ing of time and space that come from the Navier-Stokes
equations. The parameter aSs refers to a scaling sym-
metry that is purely statistical in nature and only occurs
in the statistical equation, which, although infinite di-
mensional, are linear. This is also in clear contrast to
equations that follow from the Reynolds decomposition.
These appear non-linear by expressions like the produc-
tion term. It should be noted, however, that this is
ostensibly the case, for the equations formed from the
Reynolds decomposition as well as the H-formulation
used here as completely equivalent. Even more, in the
H-formulation in equation (5) on sees that this forms
an infinite set of conversation equations. The scaling

referring to aSs denote a measure of intermittency and
the further statistical symmetry

T̄ ′{n} ∶ t
∗ = t , x∗(i) = x(i) ,

Ū ∗ = Ū +a , H∗{n} =H{n}+a
H
{n} (8)

defines non-gaussianty (Wac lawczyk et al., 2014).
For the following comparison with the DNS data, we

only consider one-point statistics, i.e. we apply x =x(1) =
x(2) = . . . = x(n) and further limit ourselves to the mo-
ments of the stream-wise velocity U1. Hence the Hi{n}

reduce to one-point moments Un
1 .

In Oberlack et al. (2022) it is rigorously shown, and
this shall not be repeated here, how from this for the
log region arbitrarily high moment scaling laws are gen-
erated. The key parameter for the log-law is the wall
shear stress velocity uτ =

√
τw/ρ, where τw is the wall

shear stress and ρ is the density. uτ uniquely determines
the only velocity scale in the problem. uτ implies that a
scaling of the mean velocities according to Eq. (7) with
arbitrary aSx, aSt

and aSs is no longer feasible. Hence,
in terms of symmetry theory, uτ is symmetry breaking
for the mean velocity U1 and for the group parameters
in Eq. (7) this implies aSx−aSt+aSs = 0 and it follows

Ū+1 =
1
κ

ln(y+)+B (9)

Un
1
+ =Cn (y+)

ω(n−1)−Bn, for n ≥ 2 (10)

Cn = αeβn, Bn = α̃eβ̃n, for n ≥ 2 (11)

with κ and ω are related to the group parameters from
(8) and the scaling symmetries (7) as follows κ= aSx/aH

1
and ω = 1−aSt/aSx. ω is the exponent of the second
moment and apparently scales all higher moments.

The following result on the scaling laws in the centre
of the channel is also taken from Oberlack et al. (2022).
Not imposing any symmetry breaking in the first place
for the centre of the channel, the so-called deficit region,
the following scaling laws were generated

Un
1
(0)−Un

1
un

τ
=C′n(

x2
h
)

n(σ2−σ1)+2σ1−σ2
(12)

with C′n = α′eβ′n (13)

with the scaling exponents of the first and second mo-
ments, σ1 and σ2, are related to the scaling sym-
metries (7) as follows σ1 = 1− aSt/aSx + aSs/aSx and
σ2 = 2(1−aSt/aSx)+aSs/aSx. Further, Un

1
(0) is the n-

th U1-moment at the centre line of the channel.
Data clearly show, that σ1 ≃ σ2 ≃ 1.95 and

hence 2σ1 −σ2 = aSs/aSx remains in the exponent for
all moments, which, as no longer scaling with n, implies
strong anomalous scaling. This is fully in line with the
fact, that aSs is a measure of intermittency which is the
dominating effect in the channel centre.

Verification of the log-region scaling (9) and (10) is
shown in figures 1, while clear evidence of the extended
deficit scaling (12) is shown in 2, where both images are
reproductions from Oberlack et al. (2022).
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(a)

(b)

Figure 1: Symbols from DNS data n = 1: ◯, n = 2:
◻, n = 3: ◇, n = 4: △, n = 5: ▽, and n = 6: ☆; (a):
moments Un

1
+; : Eq. (10) with coefficients fit-

ted to DNS data for n ≥ 2. (b): Left axis: indi-

cator function Γn = y+

Un
1
+

+Bn

dUn
1
+

dy+
for (10); :

Γn = ω(n−1) with ω = 0.10 and n ≥ 2. Right axis:
log-indicator function Γ = y+∂y+Ū+1 = κ−1 according
to (9) with κ = 0.394. Figures are taken from Ober-
lack et al. (2022)

Although in the derivation of the multi-point mo-
ment equations (5) the probability density function
(PDF) has been used only formally, information of the
PDF has not been incorporated. Thus, the basis of the
aforementioned symmetries and resulting scaling laws
are implicitly based on the PDF, which will be exam-
ined in detail in the following chapter.

PDF BASED SCALING LAWS

A similar construction as outlined in the first sec-
tion can be done for the probability density functions
(PDFs), subsequently written in increment form. Thus,

Figure 2: Deficit scaling of Un
1 of order n = 1, ...6

in the channel centre. Solid lines are according to
Eq. (12). Symbols, DNS data as in Fig. 1. Red
dashed lines and symbols: Reτ = 5200 Lee & Moser
(2015). Vertical dotdashed line: Limit for the chan-
nel’s centre region defined by equation (12). Figure
is taken from Oberlack et al. (2022).

the one- and two-point PDF are defined by

f1(v ;x , t) = ⟨δ (v −U (x , t))⟩ ,
f2(v ,w(2);x ,r(2), t) =

⟨δ (v −U (x , t))δ (w(2)−U (x +r(2), t)+U (x , t))⟩ (14)

were w(j) denotes the sample space variable for the ve-
locity difference between points x = x1 and x +r(j),j =
2,3, . . ., i.e. U (x +r(j), t)−U (x , t), and δ denotes Dirac’s
delta function. The analogue definition for the n-point
PDF fn is straight-forward.

The associated equations governing the time-
evolution of the hierarchy of PDFs {fn ∶ n = 1,2,3 . . .}
are the Lundgren-Monin-Novikov (LMN) equations,
first derived by Lundgren (1967) and independently
by Monin (1967). The first equation for the one-point
PDF f1 reads

∂f1
∂t
+v ⋅∇x f1+∇v ⋅∫ ∇r2G(r2)(w2 ⋅∇r2)2 f2 dw2dr2

+ν∇v ⋅∫ w2∆r2f2 δ(r2)dw2dr2 = 0 (15)

where G(r) = (4π)−1 ∣r ∣−1, and ∇x ,∇r(j) , etc., denote
the nabla operator w.r.t. the variable x , r(k), etc.. Sim-
ilarly, ∆r(j) denotes the Laplace operator w.r.t. r(j).
As one can see, equation (15) also contains the two-
point PDF f2 which is tantamount to the well-known
closure problem in turbulence. In fact, the general n-
point evolution equation in difference formulation, de-
rived by Ulinich & Lyubimov (1968), is similar in struc-
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ture and reads

∂fn

∂t
+v ⋅∇x fn+

n

∑
l=2
[w(l) ⋅∇r(l)fn

+∇w(l) ⋅∫ ∇r(n+1)(G(r(n+1)−r(l))−G(r(n+1)))

×(w(n+1) ⋅∇r(n+1))
2fn+1 dw(n+1)dr(n+1)

+ν∇w(l) ⋅∫ (δ(r(n+1)−r(l))−δ(r(n+1)))

×w(n+1)∆r(n+1)fn+1 dw(n+1)dr(n+1)]

+∇v ⋅∫ ∇r(n+1)G(r(n+1))

×(w(n+1) ⋅∇r(n+1))
2fn+1 dw(n+1)dr(n+1)

+ν∇v ⋅∫ w(n+1)∆r(n+1)fn+1

× δ(r(n+1)) dw(n+1)dr(n+1) = 0 (16)

Again one observes that every n-point equation not only
depends on fn but also on the (n+1)-point PDF fn+1.

Not surprisingly, the hierarchy (16) admits the same
symmetries as the underlying Navier-Stokes equations,
also referred to as classical symmetries, see (Wac lawczyk
et al., 2014). In the same work, the authors also trans-
lated the statistical symmetries of the multi-point mo-
ment equations (5), given by aSs in (7) and by (8), to
the LMN-hierarchy (16). In the variables of the PDF
formulation the former (i.e. associated to aSs in (7)) is
of the form

TSs ∶ t∗ = t, x∗ = x , r∗(j) = r(j), v∗ = v , w∗(j) =w(j),
f∗n = eaSsfn+(1−eaSs)δ(v)δ(W ) (17)

which was connected by Wac lawczyk et al. (2014) to
the phenomenon of intermittency. This can be best un-
derstood by noting that the delta distribution in (17)
corresponds to the PDF of a laminar flow. The afore-
mentioned symmetry thus combines laminar and turbu-
lent components. The corresponding turbulent signal
thus has an intermittent form. The second symmetry
related to (8) has the form

Tsh ∶ t∗ = t, x∗ = x , r∗k = rk, v∗ = v , w∗ =w ,
f∗n = fn+ψ(v)δ(W ) (18)

describing non-Gaussian behaviour of turbulence.
Here W = (w2, . . . ,wn) and ψ(v) has to admit the side
condition ∫ ψ(v)dv = 0.

For the construction of invariant PDFs, in addition
to the two statistical symmetries (17) and (18) above,
also the classical symmetries of scaling in space Tsc,x ,
scaling in time Tsc,t, and the three-parameter group
spatial translations Ttr,x are considered. In the PDF
formulation, the associated symmetry transformations

have the form

Tsc,x ∶ t∗ = t, x∗ = eaSxx , r∗(k) = eaSx r(k), v
∗ = eaSxv

w∗(k) = eaSxw(k), f∗n = e−3naSx fn (19)
Tsc,t ∶ t∗ = eaStt, x∗ = x , r∗(k) = r(k), v∗ = e−aStv

w∗(k) = e−aStw(k) , f∗n = e3naStfn (20)
Ttr,x ∶ t∗ = t, x∗ = x +ax r∗(k) = r(k) v∗ = v

w∗(k) =w(k), f∗n = fn (21)

where aSx ,aSt denote two real parameters and ax = ax,1
denotes the three-dimensional parameter for the spatial
translation group.

Using standard techniques of symmetry analysis,
the condition for a hierarchy of PDFs {fn ∶ n = 1,2,3, . . .}
to be invariant w.r.t. to a one-parameter group T gen-
erated by a combination of TSs, Tsh, Tsc,x , Tsc,t, Ttr,x

for a given set of parameters aSs, ψ, aSx , aSt, ax is ex-
pressed by the condition to solve the following system
of so-called characteristic equations

dt
aStt

= dx
aSxx +ax

= dr(2)
aSxr(2)

= . . . = dr(n)
aSxr(n)

= dv
(aSx −aSt)v

= dw(2)
(aSx −aSt)w(2)

= . . . = dw(n)
(aSx −aSt)w(n)

= dfn

−[3n(aSx −aSt)−aSs]fn+ [ψ(v)−aSsδ(v)]δ(W )
(22)

This is a system of hyperbolic ordinary differential equa-
tions (ODEs) and can therefore be solved by the stan-
dard method of characteristics, see e.g. Cantwell (2002)
for details and a general introduction to symmetry anal-
ysis.

Solving the system (22) for n = 1 and aSx ≠ 0 as an
ODE in the variable x2 yields the following expression
for an invariant one-point PDF

f1(v ;x2) = x̃
−3(aSx−aSt)+aSs

aSx

2 f̃1(x̃
aSt
aSx

−1
2 v)

+
x̃

−3(aSx−aSt)+aSs
aSx

2
aSx−aSt

∫
x̃

1−
aSt
aSx

2

1
s̃

2− aSs
aSx−aSt ×

×ψ(s̃x̃
aSt
aSx

−1
2 v) ds̃+f(i)1 (v ;x2) (23)

where x̃2 = Cx2 + a for some constants C > 0 and a,
f̃1(v) denotes a free PDF in one velocity variable
and f(i)1 (v ,x) = (1− x̃

aSs/aSx

2 )δ(v) is the solution com-
ponent due to the statistical scaling (17). This com-
ponent, however, is usually not visible in data due to
the delta function. Since the expressions in x̃2 appear-
ing in (23) have arbitrary real exponents, the expres-
sion (23) is only defined for x2 > −a/C. Finally, similar
expressions can be derived from (22) for the n-point
PDFs fn by the same methods. The resulting invariant
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expression is

fn(v ,W ;x2) = x̃
−

3n(aSx−aSt)+aSs
aSx

2 ×

× f̃n(x̃
aSt
aSx
−1

2 v , x̃

aSt
aSx
−1

2 W )+(f(i)1 (v ;x2)

+f(s)1 (v ;x2))δ(W ) (24)

where the short-hand notation f
(s)
1 was used for the

term in (23) with the integral over ψ(v), i.e.

f
(s)
1 (v ,x2) =

x̃

−3(aSx−aSt)+aSs
aSx

2
aSx−aSt

∫
x̃

1−
aSt
aSx

2

1
s̃

2− aSs
aSx−aSt ×

×ψ(s̃x̃
aSt
aSx

−1
2 v) ds̃ (25)

and f
(i)
1 the same as in (23).

An important observation is that by using the PDF-
based definition of the moments

Un
1 = ∫ f1(v1;x2)vn

1 dv1 (26)

for the invariant PDF (23), the resulting moment ex-
pressions are in complete agreement with the invari-
ant moment scaling laws (9)-(10) and (12), using the
corresponding scaling parameters κ, ω, σ1 and σ2.
Three cases may be distinguished. More precisely, tak-
ing n(aSx −aSt)+aSs = 0, for a fixed n the expression de-
rived from (23) via (26) for this n-th moment are given
by a log-function

Un
1 (x2) = H̃n+

An

aSx

ln(x̃2) (27)

where the constants H̃n,An are defined as

H̃n = ∫ ṽn
1 f̃1 (ṽ) dṽ , An = ∫ ṽn

1ψ(ṽ)dṽ (28)

All other moments then turn out to be power laws.
Physically relevant seem to be the following cases.

For the classical log-law, i.e. for aSx −aSt +aSs = 0,
one obtains (9) from (27) by setting A1 = uτaSx/κ,
H̃1 =uτB and C = 1/(ν

√
ρ/τw), a= 0 in the notation x̃2 =

Cx2 +a introduced above, since then x̃2 = y+ is the dis-
tance to the wall in wall units. Similarly, for n ≥ 2 the
scaling law of higher moments (10) follows from (29) be-
low by setting An = (n−1)aSxωu

n
τBn and H̃n = un

τ (Cn−
Bn). In fact, recalling that ω = (aSx − aSt)/aSx , this
choice reduces (30) to D̃n = −un

τBn and hence Dn =
H̃n−D̃n = un

τCn.
In the case of the deficit power-law, i.e. n(aSx −

aSt)+aSs ≠ 0, the corresponding result for the n-th mo-
ment are

Un
1 (x2) = x̃

n(aSx−aSt)+aSs
aSx

2 Dn+D̃n (29)

where Dn = H̃n−D̃n and D̃n is short-hand notation for

D̃n =
−An

n(aSx −aSt)+aSs

(30)

Now the deficit law (12) can be obtained from (29)
by setting An = −(n(aSx − aSt)+ aSs)Un

1
(0) and H̃n =

Un
1
(0)−un

τC
′
n while setting C = 1/h and a = 0 in the defi-

nition of x̃2. Indeed, the choice for An yields D̃n =Un
1
(0)

in (30) and Dn = −un
τC
′
n.

In view of definition (28) the constants An are es-
sentially the moments of the distribution function ψ(v).
By definition (30) of the D̃n, the relation D̃n = Un

1
(0)

used above to obtain the deficit law (12) from (29) im-
plies that the moments of the function ψ(v) are de-
termined by the moments Un

1
(0) of the PDF f

(0)
1 (v) =

f1(v ;0) at the centre of the channel. Assuming that all
moments Un

1
(0) exist and the corresponding moment

problem can be solved positively for the An, this means
that the function ψ(v) can be expressed in terms of the
PDF f

(0)
1 (v). That suggests the possibility of formu-

lating a deficit law for PDFs similar to (12).
The question whether not only the derived moment

expressions (9), (10) and (12) are in good agreement
with the DNS data but also the proposed invariant PDF
scaling law (23) is an open question and subject of cur-
rent research.

CONCLUSIONS AND OUTLOOK
The central result of the present contribution is

that, on the basis of classical and statistical symmetries,
we are now able to calculate invariant solutions for mo-
ments of arbitrary order as well as for the corresponding
PDF for near-wall shear flows. It is particularly impor-
tant that the moments and the PDFs are based on the
instantaneous velocities and not on the fluctuation ve-
locities resulting from the Reynolds decomposition.

The final step is the determination of the free func-
tion ψ, which characterises non-Gaussian behaviour
in (18), which explicitly appears in the PDF solu-
tion (23), and needs to be determined from DNS data.
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Ávila, F. & Laux, J. 2022 Turbulence Statistics of
Arbitrary Moments of Wall-Bounded Shear Flows:
A Symmetry Approach. Phys. Rev. Lett. 128 (2),
024502, publisher: American Physical Society.

Oberlack, M. & Rosteck, A. 2010 New statistical sym-
metries of the multi-point equations and its impor-

tance for turbulent scaling laws. Discrete Continuous
Dyn. Syst 3, 451–471.

Oberlack, Martin, Wac lawczyk, Marta, Rosteck, An-
dreas & Avsarkisov, Victor 2015 Symmetries and
their importance for statistical turbulence theory.
Mechanical Engineering Reviews 2 (2), 15–00157.

Sadeghi, H., Oberlack, M. & Gauding, M. 2018 On new
scaling laws in a temporally evolving turbulent plane
jet using lie symmetry analysis and direct numerical
simulation. Journal of Fluid Mechanics 854, 233–260.

Ulinich, F. & Lyubimov, B. 1968 The statistical the-
ory of turbulence in an incompressible fluid at high
Reynolds numbers. Journal of Experimental and The-
oretical Physics 55, 44.

Wac lawczyk, M., Staffolani, N., Oberlack, M., Ros-
teck, A., Wilczek, M. & Friedrich, R. 2014 Statistical
symmetries of the lundgren-monin-novikov hierarchy.
Physical Review E 90 (1), 013022.

6


