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ABSTRACT
We study, using direct numerical simulation (DNS), the

properties of a steady jet heated externally in a heat-injection
zone, the rate of heat addition being proportional to the local
concentration of a scalar. We examine the turbulent diffusivi-
ties of the scalar concentration, the temperature and the axial
momentum, and compare their values with those for unheated
jets and plumes. We also include results from the available lit-
erature and compare them with our results where possible. We
find that external heat addition decreases the turbulent scalar
diffusivity, leading to a decrease in the ratio of scalar to ve-
locity flow widths relative to the unheated jet to a value that is
largely insensitive to the precise details of heat addition, expect
for one study. We also find that while the turbulent thermal
diffusivity also decreases, the ratio of temperature to velocity
flow widths is similar to those for unheated plumes. Our re-
sults suggest that further studies of off-source heated jets are
warranted.

INTRODUCTION
Cumulus clouds play a key role in the transport of heat

and water vapour in the Earth’s atmosphere. Yet, the current
understanding of cumulus convection, and in particular the dy-
namics of entrainment, remains incomplete. The release of
latent heat by the condensation of water vapour in cumulus
clouds makes them qualitatively different from jets and plumes
(e.g. Narasimha et al., 2011). Previous studies have examined
the role of such ‘off-source’ heat addition in modifying the dy-
namics of plumes (e.g. Venkatakrishnan, 1997) and jets (e.g.
Bhat & Narasimha, 1996), finding that external heating fun-
damentally alters the dilution and diffusion characteristics of
the flow. Previous experimental, direct numerical simulation
(DNS) and Large eddy simulation (LES) studies of steady jet
with off-source heat addition are listed in Table 1.

These studies, and in particular that of Bhat & Narasimha
(1996), attempted to characterise the anomalous entrainment
in externally heated flows, and hence focused on the turbulent
diffusion of momentum. They also found that the scalar dis-
tribution attains a Gaussian radial profile even with external

Table 1. Experimental (Exp) and numerical (DNS/LES)
studies of off-source heated jet with their respective locations
of heat injection zone (zb-zt ) and heating numbers G (see text
for definition).

Study Type zb-zt G

Present DNS 15d-35d 0.37

Bhat & Narasimha (1996) Exp 133d-213d 0.007-0.16

Venkatakrishnan (1997) Exp 53d-83d 0.06

Agrawal & Prasad (2004) Exp 200d-265d 0.2

Agrawal et al. (2005) DNS 23d-31d 12

Aspden et al. (2017) LES 10d-14d 0.075-0.8

Kewalramani et al. (2022) LES 30d-42d 0.075-0.8

heat addition (as is the case with velocity distribution), and
that the growth rate of the scalar-profile width reduces upon
heat addition. The scalar concentration here is analogous to
the water vapour concentration in clouds, which controls the
rate of condensation-heating.

In this study, we aim to better understand the diffusion of
the scalar concentration and temperature in externally heated
jets. To this end, we perform DNS of an off-source heated jet
and find, in agreement with earlier observations, that the ratio
of scalar- to velocity-profile widths reduces upon heat addi-
tion. We find, interestingly, that this ratio falls in a narrow
range beyond the heating zone for most of the reported cases,
largely independent of the details of heat addition. Our results
show that the turbulent diffusivity of the scalar (defined below)
decreases upon heat addition, leading to a greater turbulent
Schmidt number, especially within the core of the heated jet.
The turbulent Prandtl number also increases in the core, but is
associated with a qualitatively different radial profile of tem-
perature with peaks away from the jet axis. Lastly, we show
that the acceleration of the flow by off-source heat addition re-
sults in the total scalar content (scalar concentration integrated
over the horizontal plane) remaining nearly constant with axial
distance.
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Figure 1. A contour plot showing the pas-
sive scalar concentration on a vertical plane
through the centreline of an off-source
heated jet. Heat is added to the flow in the
region zb = 15d < z < zt = 35d.

Figure 2. Axial variation of (a) the centerline velocity Uc, (b) centerline passive scalar
concentration Cc (c) the 1/e width of velocity profile bUe, and (d) the ratio of scalar
to velocity flow widths ξC = bCe/bUe for heated and unheated jets. The dashed lines
represent the extent of the HIZ.

NUMERICAL SIMULATION DETAILS
The governing equations are the Boussinesq-Navier-

Stokes equations, coupled with transport equations for the
temperature and the scalar concentration through the buoyancy
term, as described in Aspden et al. (2017),

∇ ·u = 0 , Du/Dt =−∇p+(1/Re)∇2u+(gβT d/U2
o )Tez,

DT/Dt = [1/(Re ·Pr)]∇2T +(αCd/Uo)H C,

DC/Dt = [1/(Re ·Sc)]∇2C. (1)

These equations have been nondimensionalised using the
orifice diameter (d), the orifice velocity (Uo) and orifice scalar
concentration (Co) as the scales. The non-dimensional tem-
perature (T ) at the orifice is chosen to be zero, and only be-
comes non-zero when the flow is externally heated; the flow
is thus entirely momentum-driven at the orifice. The source
term (αCd/Uo)H C, where C represent scalar concentration
field and αC is the maximum heating rate, controls the rate of
heat addition. The Heaviside function H = 1 in the heat injec-
tion zone (HIZ, zb = 15d < z < zt = 35d in the present study),
and vanishes elsewhere (see figure 1(a)). The scalar concentra-
tion which controls the rate of heating and thus the buoyancy
gβT d/U2

o of the flow, where g is gravitational acceleration and
βT is thermal expansion coefficient, is itself advected by the
flow. This coupling is responsible for the intricacy of the re-
sulting dynamics.

The flow is governed by the nondimensional Reynolds
number Re = 2400; the Prandtl and Schmidt numbers Pr = 1
and Sc = 1 respectively; and the nondimensional heating rate
which is quantified, as in earlier studies (Bhat & Narasimha,
1996; Aspden et al., 2017), using the “heat-release number”
(or the bulk Richardson number)

G =

[
gβT αcd2

U3
0

][
dU3

o

bbU3
b

]
1
d3

∫ zt

zb

∫
∞

0
2πrC dr dz, (2)

which is the ratio of total buoyancy added in the HIZ to flow
inertia at zb, with the overbar in C(r,z) denoting temporal and
azimuthal averaging. This quantity is an output from the dy-
namics, and must be determined a posteriori. The value for

G= 0.37, is obtained with a pre-set parameter gβT αcd2/U3
o (=

0.0008) for the simulation reported here, is comparable to
those in earlier studies (see Table 1).

The equations (1) are solved using the finite volume
solver Megha-5, which has been extensively used and vali-
dated, including in simulations of unheated jet & plume in
Singhal et al. (2021) and dry & moist thermals in Vybhav
& Ravichandran (2021). The boundary conditions and other
numerical details are similar to those used in Singhal et al.
(2021) for a canonical jet, except that heat is added externally.
We compare the heated jet with the unheated jet obtained by
setting αc = 0 in equations (1). Hereinafter, we refer to the
canonical round turbulent jet as the “unheated jet” (UJ), and
the flows with heat added externally that we study here as “off-
source heated jets” (OSHJ). We report results of the UJ and
OSHJ averaged over 1440 and 1120 flow units respectively,
which are sufficiently long for the statistics to converge (see
figures 2, 8, 9, 10 and 11). Averages are performed over a
smaller time interval in the OSHJ since the local eddy-turnover
times (∝ bue/Uc) are smaller for this case.

The axial variation of the characteristic scales in unheated
and heated jets is shown in figure 2. The decay rate of the
centerline velocity Uc, and the spread rate of the width (bue,
defined as u(z,r = bue) = Uc(z)/e) are found to be 6.18 and
0.114 respectively for UJ and lie within the range observed
in Panchapakesan & Lumley (1993). Similarly, for UJ, the
centerline scalar concentration Cc decays as Cc ∼ 1/z, with
the ratio of scalar to velocity widths ξC = bCe/bue ≈ 1.21, in
agreement with Turner (1986); Kaminski et al. (2005). These
results act as further validation of the numerical methods em-
ployed here. In the OSHJ, we see (i) a slower decay or mild
increase of Uc(z), (ii) jet width undergo an initial increase fol-
lowed by a low spread rate compared to UJ, (iii) a faster de-
cay of Cc(z), and (iv) a smaller value ξC relative to the UJ. In
both the UJ and the OSHJ, we find that the radial profiles of
the temporally and azimuthally averaged velocity and scalar
concentration are Gaussian (see figure 8), in agreement with
earlier studies, whereas the radial profiles of the temperature
are not Gaussian in beginning of HIZ.
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Figure 3. (a) The ratio of scalar to velocity flow widths ξC
(see text for explanation). (b) The ratio of temperature to ve-
locity flow widths, ξT . (c) The deviation ∆ of the temperature
profile from the self-similar Gaussian profile. The horizontal
axis in each graph is the scaled axial length in which 0 < z̃ < 1
is the heat-injection zone.

RESULTS AND DISCUSSION
A prominent feature of heated jets is the reduction of the

growth rate of the scalar flow-width bCe. We observe, in agree-
ment with earlier studies, that off-source heat addition leads to
a reduction in the ratio ξC. In figure 3(a), we plot the varia-
tion of ξC with the scaled axial distance z̃ = (z− zb)/(zt − zb).
In agreement with previous studies (except Kewalramani et al.
(2022)), we see that ξC ≈ 1.2 for z̃ < 0, and rapidly drops to
ξC ≈ 0.83 at z̃ ≈ 0.5. We see by comparing the data from Bhat
& Narasimha (1996) and Aspden et al. (2017) with the present
OSHJ (figure 3(a)) that the final value of the width ratio at-
tained is ξC ≈ 0.83. The location zb of the base of the HIZ, its
extent, and the amount of heat added are quite different in these
studies (see Table 1). In view of this, the observation that ap-
proximately the same value of ξC ≈ 0.83 is realised after heat
addition is interesting, although its cause is not immediately
clear. We may also infer that for larger heating rates (larger
G), the scaled distance at which ξC reaches its final value de-
creases. Thus, in Aspden et al. (2017) & Bhat & Narasimha
(1996), the value ξC ≈ 0.83 is attained above the HIZ (z > zt ).
In contrast, in the present OSHJ study, we see that ξC briefly
decreases to a lower value before reaching its final value at
z̃ ≈ 0.5. We also note that the numerical value ξC = 0.83 is
approximately the inverse of the value ξC,UJ ≈ 1.21 in UJs.
For the LES of Kewalramani et al. (2022), for G = 0.075,
ξC ≈ 0.83 is realized for z̃ > 1 but for the higher heating rates
ξC reaches a value less than 0.8 (figure 3(a)). It is worth noting
that for Kewalramani et al. (2022), ξC < 1 for z̃ = 0 which is a
somewhat unexpected behaviour.

The analogous ratio ξT = bTe/bUe for the temperature is
plotted in figure 3(b), and compared against data from Aspden
et al. (2017) and Kewalramani et al. (2022). Again, we see that

the ratio ξT rapidly decreases upon heat addition, attaining a
final value ξT ≈ 0.92 < 1. Note that this value falls within
the range ξT ∈ [0.88,1.07], typically found in the self-similar
region of a (classical) plume (Kaminski et al., 2005). Inter-
estingly, the behaviour of ξT for Kewalramani et al. (2022)
matches well with that for others unlike that of ξC. While
ξC and ξT quantities are available in Agrawal et al. (2005)
(see their figure 8), they are not plotted here in figure 3. This
is due to very large heating number, G = 12 (denoted as Ri∗
in Agrawal et al. (2005)), which makes it difficult to directly
compare their results with those of others.

Figure 4. (a) The turbulent Schmidt number Sct in the UJ,
and (b, c) Sct and the turbulent Prandtl number Prt in the OSHJ
on a vertical plane containing the flow axis.

The profiles of T peak away from the jet cenerline at the
beginning of the HIZ (shown in figure 8(c), and also seen in
Aspden et al. (2017); Kewalramani et al. (2022)). In figure
3(c), we quantify the RMS deviation ∆ from the self-similar
Gaussian profile, showing that the OSHJ becomes self-similar
(in its first-order statistics) for z̃ > z̃ss ≈ 0.5 (subscript “ss”
for self-similar). We again see that z̃ss tends to decrease as
G increases. From figures 3(a-c), we see that the width ratios
ξC,T reach their steady post-HIZ values nearly at the same ax-
ial location where the temperature profiles become Gaussian
and self-similar. Thus z̃ss represents the location of onset of
another regime of self-similar behaviour after heat addition,
especially with regard to the scalar and temperature distribu-
tions. We also see that while some properties of the OSHJ,
such as the ratio ξT (here) and the entrainment coefficient (As-
pden et al., 2017) are similar to those of a classical plume,
other features such as the turbulent Prandtl number Prt are dis-
tinct from those in a classical plume (as discussed below).

The turbulent transport of scalar concentration and tem-
perature are quantified using the Schmidt and Prandtl numbers,
Sct = νt/Dt , and Prt = νt/αt , where νt , Dt and αt are the tur-
bulent diffusivities of axial momentum, scalar concentration
and temperature:

νt =−
u′

ru′
z

∂uz/∂ r
; Dt =− u′

rC
′

∂C/∂ r
; αt =− u′

rT ′

∂T/∂ r
. (3)

The correlations of fluctuating quantities in equation (3)
are averaged temporally and azimuthally, and their normalized
radial variations plotted later in figure 9, 10 and 11, respec-
tively. The effect of off-source heating on the Sct is shown
in figure 4, where we see that Sct for the OSHJ is larger than
that for the UJ in the core of the jet for z ≳ zt , and decays
more rapidly with the radius for r ≳ bUe. Thus in comparison
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Figure 5. (a) Sct for the UJ and OSHJ. In the OSHJ, the radial
averages are also performed over a smaller radial extent since
we know from figure 4 that the scalar flow-width is smaller (b)
Prt and Sct in the OSHJ.

Figure 6. (a) The radial variation of the turbulent Schmidt
number in the self-similar region of the UJ and the post-HIZ
region (32d−43d) in the OSHJ. (b)The turbulent diffusivity of
axial velocity (νt ) and scalar (Dt ) for the UJ and OSHJ. In both
(a) and (b), azimuthal averages of Dt , νt and Sct are unreliable
in the shaded region (r/bUe < 0.2) near the jet’s axis.

with UJ, heat addition in OSHJ produces two different regions
with a large difference in Sct (see also figure 6(a)). The region
close to axis with higher Sct , the ‘core’, could have qualita-
tively different features with respect to the region near edge
as suggested in the Bhat & Narasimha (1996). They also ob-
served an enhanced mixing within the core of the heated jet.
The implications of our results towards this observation is a
topic of future work.

We plot the axial profiles of the radially and temporally
averaged Sct for the unheated and heated jet in figure 5(a).
For UJ, we find that Sct has an average value of 0.69 over

Figure 7. (a) Total scalar flux and (b) total scalar present at
different locations in unheated and off-source heated jet.

z ∈ (20,40) and r/bUe ∈ (0.42,1.41), comparable with the
value of 0.72 found by Reeuwijk et al. (2016). The radial
range 0.42 < r/bUe < 1.41, however, does not capture the be-
haviour of Sct for z ≳ zt seen in figure 4(b). We therefore
average over a narrower radial range 0.35 < r/bUe < 1.17, ob-
tained by multiplying the earlier range by a factor of ξC = 0.83.
This curve, also shown in figure 5(b), better reflects the be-
haviour seen in figure 4(b). Next, we plot Prt for the OSHJ
in figure 5(b), where we find that Prt takes on large values
for z ≈ zb before reaching a steady value approximately equal
to the value of Sct . This value, Prt > 0.75 near z ≈ zt , is
larger than the range of values Prt,plume ∈ (0.62,0.67) found in
steady turbulent plumes (Wang & Law, 2002; Reeuwijk et al.,
2016), although the ratio ξT of temperature to velocity widths
is similar in OSHJs and plumes, as seen earlier (figure 3b).

The radial profiles of the azimuthally, axially and tem-
porally averaged Sct for the OSHJ are compared with the Sct
for a UJ in figure 6(a). The large deviations close to the axis
(the grey semi-transparent region; r/bUe < 0.2 ) are due to
the smaller number of grid points available and due to the
small numerical values of the radial derivative ∂/∂ r. For
r/bUe > 0.2, the variations are smoother; the small wiggles
observed, which are also seen for the curve of Reeuwijk et al.
(2016), are due to the sensitive dependence of ∂C/∂ r on the
precise radial variation of C and not due to inadequate sta-
tistical averaging. The averages in the OSHJ are performed
over an axial range 32d < z < 43d where the Sct in the core
of OSHJ is largest (see figure 4). We find that, in the interval
0.2 < r/bUe ≲ 0.8, Sct is larger for the OSHJ than for the UJ.
We also see a steeper decrease in Sct in the OSHJ away from
the axis. To examine why Sct is larger in the OSHJ, we have
plotted normalized νt and Dt separately in figure 6(b), show-
ing that heat addition reduces Dt of the scalar in the region
r/bUe ≲ 0.8, while νt is much less affected. The lower value
of Dt is responsible for the reduction of ξC in the OSHJ. Ev-
idently, the larger turbulent radial flux u′

rC
′ in the OSHJ (see

figure 10(b)), is offset by the large gradient ∂C̄/∂ r.
Lastly, we discuss total scalar flux and total scalar mass

(mC(z)) per unit axial distance available at different z loca-
tions, quantified using the Gaussian profile parameters∫

∞

0
2πruCdr = 2πCcUc

b2
Ceb2

Ue

b2
Ce +b2

Ue
= 2πCcUcb2

Ue
ξ 2

C
ξ 2

C +1
;

and mc(z) =
∫

∞

0
2πrCdr = πCcb2

Ce = πCcb2
Ueξ

2
C . (4)
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In the fully developed unheated jet, the total scalar flux
is axially invariant and the total scalar mass increases linearly
with axial distance, as expected from the relations Uc,Cc ∝

1/z & be ∝ z, and shown in figure 7. The external addition of
heat changes these profiles. From the radial balance of scalar
concentration, which reads

d
dz

[∫
∞

0
ruCdr

]
+

d
dz

[∫
∞

0
ru′

zC
′dr

]
= 0. (5)

we see that the behaviour of the turbulent scalar flux u′
zC

′ de-
termines the profile of the mean scalar flux. Heat addition
leads to positive values of ∂u′

zC
′
/∂ z in the HIZ (see figure 10),

and thus a reduction in the scalar flux (see figure 7(a)), as well
as ξC (figure 3(b)). The total scalar mass mC(z) in the OSHJ is
constant with axial distance, despite the increase of the mass
flow rate (mu(z) =

∫
∞

0 2πrudr) (see Bhat & Narasimha (1996);
Aspden et al. (2017)); the decaying centreline scalar concen-
tration and increasing bCe (figure 2) evidently offset each other.
The relationship between the entrainment and the scalar dilu-
tion in an OSHJ can have direct implications for cumulus cloud
flows. The connection of the staistical behaviour reported here
with the coherent motions in the off-source heated jet is an-
other fruitful line of investigation worth pursuing.

CONCLUSION
In summary, our DNS results suggest that the OSHJ at-

tains a nearly self-similar state, some distance above zb, in the
core of which the turbulent Schmid number Sct is larger, and
for which the ratio ξC lower, than in an unheated jet. The tur-
bulent Prandtl number Prt in this self-similar heated jet is also
larger, but does not seem to lead to a concomitant decrease in
the ratio ξT beyond the heating zone. The flow thus has a core-
annular structure, with Prt and Sct attaining greater values, and
decaying more rapidly with radius, than in an unheated jet.
We also found that the linear growth in the total passive scalar
content with axial distance is arrested by heat addition. These
differences and their possible implications for cumulus cloud
dynamics make the off-source heated jet a valuable model for
future study.
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Figure 8. Radial profile of first order statistics of field vari-
ables: (a) axial velocity (u), (b) scalar concentration (C), and
(c) Temperature (T ). The arrow sign in (c) represents the evo-
lution of temperature profile with respect to downstream axial
direction.
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Figure 9. (a) Radial profiles of u′2
z (b) axial variation of center-line axial turbulent intensity u′2

z , and (c) radial profiles of u′
zu

′
r in

unheated and off-source heated jet. In OSHJ case, we see decrement in velocity correlations with a later recovery in axial distance;
direction of increment or decrement is shown by arrows.

Figure 10. Radial self-similar profiles of second-order quan-
tities (a) u′

zC
′ , (b) u′

rC
′ and (c) C′2 in unheated and off-source

heated jet. Unheated jet shows collapse of all the profile to a
self-similar curve. In OSHJ case, we can see an increase in
velocity scalar correlation with increase in axial distance after
starting of HIZ; direction of increase is shown by arrow on red
curves.

Figure 11. Radial self-similar profiles of second-order quan-
tities (a) u′

zT
′ , (b) u′

rT ′ and (c) T ′2 in unheated and off-source
heated jet. The arrow sign represents the evolution of profiles
with respect to downstream axial direction. Here, the negative
correlation signifies that low velocity regions undergo a higher
heating (hence, temperature).
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