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ABSTRACT
We investigate the specific flow transient process in the

atmospheric turbulence causing aircraft shaking. On Dec. 30,
2020 over Japan, Kelvin-Helmholtz (KH) waves that occurred
in a 3D shear layer, whose momentum thickness was approxi-
mately 1-2 [km], broke into three-dimensional vortices smaller
than 100 [m] that was responsible for aircraft turbulence. A 3D
Euler solver simulates the KH vortices bifurcating at a specific
wavelength, and tiny streamwise vortices appearing between
bifurcation points trigger turbulence transition. In the analysis,
we consider the flow sensitivity on KH vortices by computing
a small disturbance growth using the original compressible Eu-
ler equations. We set the KH vortices as the initial flow con-
dition, and see the growth of a sinusoidal disturbance. Depen-
dency of the initial amplitude of the disturbance on the growth
is also investigated to confirm the nonlinear effects were small.
As a result, disturbances do not grow exponentially. The en-
ergy growth of the lower frequency disturbances tends to fluc-
tuate in time and relatively stay small, while the others grow
monotonically. And we find that the optimal wavelength of the
disturbance seems to be closer to the interval at which the KH
vortices bifurcate.

INTRODUCTION
According to statistics by Japan Transport and Safety

Board (JTSB), more than half of airborne accidents in recent
10 years are due to atmospheric turbulence. In winter Japan,
especially Kanto (around Tokyo) region has a lot of air traf-
fic, leading to a lot of encounters with turbulence (pilot re-
port, PIREP) from the free shear layer instability that is in-
duced between north wind near the surface and westerly wind
around 4km altitude. There are some studies on turbulence
over the Kanto region in winter (Shibata (1968) and Tomine
et al. (1987)).

Turbulence caused by the free shear instability is not lim-
ited to over Japan. The shear instability turbulence can occur
under a jet axis under the condition of tropopause folding (Kim
& Chun (2010)), over a vertical shear above a jet axis enhanced
by convection below (Trier et al. (2012)), and above a jet con-

vectively reinforced near a mid-latitude cyclone (Trier et al.
(2020)).

We need a simple and precise method to forecast the shear
instability (KH instability) turbulence that appears in the sky.
Japanese operational forecast system for significant weather
(FBJP) forecasts the large possibility area of turbulence occur-
rence based on the Richardson number and other indices and
does not forecast information on the precise location and in-
tensity of local turbulence.

It is important to understand processes from shear layer
instability to turbulence to propose and construct a new
method for turbulence estimation. However, there have been
almost no studies that numerically investigated turbulence
transition from KH instability waves in the three-dimensional
atmospheric field. Several studies have discussed that nonlin-
ear and 3D transition occurring in 2D KH waves triggers turbu-
lence transition of KH waves. Vortex core instability (Bernal &
Roshko (1986)) and KH vortices bending due to the rib struc-
ture appearing on the braid region (Pierrehumbert & Widnall
(1982)) are the possible causes leading to turbulence.

In this study, we investigate processes of KH wave break-
ings in 3D space from a view point of sensitivity. The vertical
wind profiles simulated by an atmospheric simulation is uti-
lized to compute the baseflow, growing KH vortices. Exam-
ples of such sensitivity analysis on dynamical systems are an
estimation of error growth in an atmospheric simulation (Toth
& Kalnay (1993), Roberto et al. (2007) and Liu & Kalnay
(2008)) and optimal sensor placement based on observabil-
ity Gramian empirically composed from simulation outputs
(Kang & Xu (2012) and Yoshimura et al. (2020)). We tem-
porally integrate a small disturbance on KH waves using a
three-dimensional Euler solver, to see what wavelength has a
large sensitivity to KH waves. This is different from the con-
ventional methods that treat infinite-time responses based on
eigenvalue analysis of the dynamical system. For related meth-
ods, Mack et al. (2008) performed the global linear stability of
a 3D flow field around a infinite swept wing, approximating
eigenvalues of the field by Krylov subspace composed of out-
puts of direct numerical simulations.
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Figure 1. (a) Histogram of the reported height and (b) Hori-
zontal distribution of reports and turbulence intensity

METHODS
Atmospheric Turbulence Simulation

We used ASUCA (JMA (2019)) to reproduce the atmo-
spheric conditions with turbulence and the baseflow. ASUCA
numerically solves the fully compressible non-hydrostatic
equations, discretizing with the finite-volume method and the
3rd-order RK. The governing equations are solved on a gener-
alized coordinate system to make the grid points be smoothly
along with terrain. Koren’s advection scheme was used to sup-
press unrealistic oscillation. Deardorff SGS model was used
for turbulence mixing. Any artificial diffusivity schemes were
not used in the simulations. We target the event in which nu-
merous PIREPs were reported around 2-4 km altitude over the
south-Kanto region on Dec. 30, 2020. Fig.1 summarizes tur-
bulence encounter reports (PIREPs) reported on the day. Most
PIREPs are concentrated on about 3km over the vicinity of
Tokyo, suggesting that flights from/to Tokyo well encountered
turbulence.

Figure 2 shows the domain configuration. The domain is
centered around 139E, 36N, which resolves the region where
multiple PIREPs were reported (Area A, Fig.2) with a 500 m
horizontal grid spacing. Vertical grid spacing increases lin-
early from 20m to 100m, remaining 100 m from 1-6 km alti-
tude, and increases to 500 m near 17 km altitude. Japan Me-
teorological Agency MSM data are used as initial/boundary
conditions for the simulation. The simulation is integrated for
9 h from 3:00UTC Dec. 30 to cover the event.

Sensitivity Analysis
A second instability process was investigated by a sen-

sitivity analysis using an in-house Euler solver. This solver
discretizes Euler equations on a generalized coordinate sys-
tem with Compact scheme (Lele (1992)), and time-integrates
with TVD-RK (Shu & Osher (1988)). We prepared three grids
(Ssmall , Ssmall,hires, Slarge) to see grid resolution (67 m and 33

Figure 2. Computational domain for Asuca atmospheric sim-
ulation
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Figure 3. Schematic of Sensitivity Analysis

m) and domain width (40 km and 80 km) influence. All grids
have the same vertical grid distribution where the grid interval
takes the minimum value of 7 m at the region of the strongest
vertical wind shear. We set periodic boundaries in x and y di-
rections and fixed boundaries on top/bottom boundaries.

Figure 3 explains our procedure. As we investigate grow-
ing structures on KH vortices, we consider the baseflow, a set
of growing KH vortices, to be time-varying. Using the Euler
solver, we firstly compute KH vortices u′i(x,y,z, t) induced on
a vertical wind profile with a strong shear Ui(z). We consider
Ui + u′i to be the baseflow in this study. In the right figure of
Fig.3, we add a sinusoidal wave u′′i on the baseflow Ui + u′i
and see its growth. We focus on the energy of the disturbance,
which is difference between the the blue plot Ui +u′i +u′′i and
the baseflow Ui +u′i (the orange plot).

Table 1. Computational Conditions

Nx,Ny,Nz[pts] Dx,Dy,Dz(min,max)[m]

Ssmall 601, 601, 253 67, 67, (7, 1200)

Ssmall,hires 1202, 1202, 253 33, 33, (7, 1200)

Slarge 1202, 1202, 253 67, 67, (7, 1200)
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RESULTS AND DISCUSSIONS
Atmospheric Turbulence Simulation

Figure 4 suggests that the turbulence over Tokyo on Dec.
30, 2020, was from Kelvin-Helmholtz instability. Fig.4a is the
3 km altitude cross-section of the vertical wind component at
10:00 UTC on Dec. 30, 2020. Wave trains of vertical wind
(red/blue stripes) and the shear vectors, vector difference be-
tween wind vectors at 4 km and 2.5 km altitudes, are almost
perpendicular to each other. These wave trains were moving
northeast at the speed of 30 m/s, the speed of wind at 3 km
altitude. Fig.4b is the vertical cross-section XX’. Richardson
number, which is used as one of the indices of turbulence oc-
currence, takes its local minimum at around 3km where a large
part of PIREPs was reported (Fig.1a). Where PIREPs are lo-
cated and where KH waves are located are well correlated,
suggesting that KH instability caused by the small Richard-
son number mainly contributed to inducing aircraft turbulence
at 3 km altitude. KH waves are visualized on the right side of
the figure as the regular waves of potential temperature. Local
Richardson number can be estimated by Eq.(1). θ , g, u, and v
are potential temperature, acceleration of gravity, and horizon-
tal wind components respectively.

Ri =
g
θ

dθ

dz
/

((
du
dz

)2
+

(
dv
dz

)2
)

(1)

Sensitivity Analysis
Area A in Fig.4a is the region where we obtained the av-

eraged vertical wind profile. Fig.5a shows the averaged pro-
file and Fig.5b is the profile Ui(z) for the sensitivity analysis.
We shifted the height of shear and removed the profiles near-
surface and upper air to obtain Ui.

Fig.6(a)-(c) are snapshots of KH waves induced on the
profile Ui that the Euler solver simulated on Ssmall grid.
KH waves are visualized as iso-surfaces of the vertical wind
component colored by pressure. KH waves are induced at
the frequency between 3 and 4 [waves/Domain width] and
the bifurcation frequency of about 2 [bifurcations/Domain
width] (Fig.6a), KH waves break around the bifurcation points
(Fig.6b) and turbulence transition occurs (Fig.6c). Lines (a) in
Fig.7 are the energy of u′i and its growth rate. From t = 800
to 1000 [s], the energy increases linearly until when saturation
occurs due to turbulence transition. The initial wind profile
Ui was disturbed with white noise, which has a uniform spec-
trum, to facilitate inducing KH instability. The amplitude of
the perturbation was ε = 10−5 [×330 m/s].

Based on the above simulation, we prepare simplified
KH vortices, the baseflow, for the sensitivity analysis. Fig.6d
shows the baseflow at t = 1500 [s] and the direction of the
shear, showing that KH waves are almost perpendicular to the
shear vector (45 degrees from the x and y axes). The ini-
tial condition is the same as the above simulation, except for
adding the following sinusoidal waves instead of the white
noise to facilitate inducing the almost same wave frequency.
To satisfy the periodic boundary conditions, we set exactly 4
[waves/Domain width], 10 km period in the x and y directions,
for the initial disturbance.

u(z,y,z, t = 0) =U(z)+ ε sin(2π(x+ y)/(L/4)) (2)

The (b) plots in Fig.7 are the energy and the growth rate of
the KH vortices, the baseflow. We conducted the sensitivity
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Figure 4. (a) Simulated vertical wind field and shear vectors,
and (b) Vertical cross-section X-X’ showing potential temper-
ature and Richardson number.

analysis during the period t = 800−1000 s when KH vortices
grow linearly.

We see the wavenumber sensitivity to the baseflow to in-
vestigate the KH waves transition. Following Goto & Kawa-
hara (2017), we assume the secondary vortices whose di-
rection is perpendicular to KH vortices have larger growth
rates, setting the direction of the disturbance to be per-
pendicular to the KH waves as shown in Eq.(3). x, y,
z [km] are coordinates and λ [km] is the wavelength of
the disturbance. λ = 20,10,6.7,5,4,2,1.3,1,0.8,0.67,0.33
km were investigated on Ssmall and Ssmall,hires for the
resolution impacts on the sensitivity analysis, and λ =
80,40,20,10,6.7,5,4,2,1.3,1,0.8,0.67,0.33 km were inves-
tigated on Slarge for the domain width impact. We considered
10−5, 10−6 and 10−7 for the amplitude of the disturbance ε to
also investigate its impact on the results.

u(x,y,z, t = 800) = baseflow(t = 800)+ ε sin(2π(x− y)/λ )
(3)

The wavenumber sensitivity to the energy growth on KH
vortices simulated by Ssmall is shown in Figure 8. Except for
the growth of λ = 0.33 km disturbance that cannot be cap-
tured by the 0.067 km resolution, the rest of the disturbances
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Figure 5. (a) The wind profile averaged in the region A (Fig.
4a) and calculated Richardson number, and (b) The same wind
profiles except for having only the strong shear region.
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Figure 6. (a)-(c) Time history of iso-vertical wind surfaces,
and (d) comparison of KH vortices and the shear vector. KH
waves are visualized by 3.3 m/s iso-surface of vertical wind
speed colored by pressure visualizes.

have the positive growth rates, whereas the disturbance with
the lowest wavenumber (λ = 20 km) shows the fastest growth.
Compared with the plots in Fig. 9, there seems to be no impact
due to the difference in grid resolution.

The wavelength response behaves differently at wave-
length larger than λ = 20 km. Fig.10 shows the responses
on Slarge grid and the same as in Fig.8 for wavelengths smaller
than λ = 20km. For λ = 40 and 80 km, the disturbances grow
with damped oscillation and stay relatively small, which is dif-
ferent from other monotonically increasing disturbances. We
can also see the small oscillation for λ = 20 km response (Figs.
8,9 and 10).

Figure 11 shows energy growths at different initial dis-
turbance amplitudes on Slarge grid. Difference in amplitudes
seems to have small sensitivity on the growth as 10−7 plots
shows slightly larger energy than other amplitudes.
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Figure 7. The energy growths and growth rates of KH vor-
tices induced using (a) white noise and (b) sinusoidal distur-
bance.
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Figure 8. Wavenumber sensitivity on Ssmall simulations

CONCLUSIONS
In this study, we focused on the energy growth of vertical

disturbance to the baseflow KH vortices. The results suggested
that the disturbance with a wavelength near 20 km gave the
largest growth. We confirm this wavelength corresponds to the
interval of KH vortices bifurcation in the original simulation
(Fig.6(a-c)), whose intervals are approximately 20-40 km.

We have not explained the reason why the disturbances at
λ > 20 km and λ < 20 km behave differently. At λ < 20 km,
the energy grows monotonically, but at λ > 20 km, the energy
grows with damped oscillation. We will further investigate the
growing process and report the results at the conference.
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