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ABSTRACT
In this paper, we study the probability density functions

(PDFs) of concentration in a plume of passive scalar released
from a point-source in a turbulent boundary layer. The em-
phasis is on the high concentration events, i.e. the tail of the
PDF. Past studies on PDFs have focused on limited positions
in the plume, such as at the plume centreline. Peak concen-
tration events are not well-documented either. We extend the
analysis of PDFs of the temporal concentration signal and the
underlying instantaneous peaks for many locations across the
whole plume width. It is found that a Gamma distribution can
partly describe the PDFs, i.e. for finite concentration mag-
nitudes, a result that is in agreement with previous studies. A
mathematical model for the tail of PDFs for high concentration
magnitudes can be simplified with a pure exponential function
and the corresponding decay exponents are found to be similar
across the plume. A scaling factor is then used to collapse the
PDF tails cross the plume. The analysis show that the decay
exponents are proportional to the power of plume half-width.
On the other hand, the scaling factor has a Gaussian distri-
bution and hence could be related to the mean concentration
profile. Therefore, mean concentration profiles could be used
to predict the high concentration tails. We also study the tail
of the PDFs of peaks over certain threshold and maxima over
a period. The tails of these PDFs also share the same decay
exponents as that of the full-signal PDFs.

INTRODUCTION
The spread of a plume in a turbulent boundary layer has

been extensively studied. However, due to the complexity of
the turbulent flow, prediction of the instantaneous concentra-
tion downstream of the source cannot be realised. Hence, one
has to rely on statistics to predict occurrence of instantaneous
events with desired certainty, of which high-concentration
events are of practical interest. The approach is to use the
PDFs of concentration at different points in space as they con-
tain information of all moments as well as the probability of
occurrence of extreme events.

Chatwin & Sullivan (1990) highlight the scaling law be-
tween the mean concentration and the rms of the concentration
from both theory and experimental data for uniform source.
They extend their theory to similarity of the ratio of higher-
order consecutive moments. However their predictions are not
suitable for near field where the concentration fluctuations are
highly dependent on the source condition. Their work is com-
plemented by that of Sawford & Sullivan (1995) for near field
and background flow of homogeneous turbulence. Since the
PDF includes the information of all moments, these studies

suggest the possible existence of self-similarity of concentra-
tion PDFs.

Various distributions are fitted to concentration data in
past studies, including but not limited to Weibull, Beta,
Gamma, log-normal, and Gaussian distributions. The results
are summarised by (Cassiani et al., 2020, See Table 2). Most
researchers have found agreement of the Gamma distribution
(Nironi et al., 2015; Efthimiou et al., 2016; Oettl & Ferrero,
2017) with their data, while Yee et al. (1993) concludes that
a Weibull distribution describes the concentration PDFs bet-
ter. Hence, there is no broad agreement on a representative
functional form. It is to be noted here that these studies at-
tempt to fit the full-signal PDF, which includes near-zero and
non-zero concentrations. However, instantaneous concentra-
tion of scalar, particularly in a meandering plume, is intermit-
tent, i.e. the concentration is zero for a certain duration and
then peaks to values much greater than the mean-concentration
at other times. Such concentration behaviour is not suitably
represented by a Gamma distribution or a Weibull distribution,
which prescribes p(C = 0) = 0. Here C is the instantaneous
concentration and p is the probability density function. There-
fore when fitting the full range of the concentration PDF, one
needs to take into consideration both the possible peak at C = 0
due to intermittency and the overall shape at C > 0. Nironi
et al. (2015) verifies the effect of intermittency, π , by plotting
the PDF for signals with various intermittency. Hypothetically,
the PDF of a uniform source with no molecular diffusion is

p(C;x, t) = π(x, t)δ (C−C1)+(1−π(x, t))δ (C) (1)

where C1 is the source concentration(O’Brien, 1978; Chatwin
& Sullivan, 1990). Here the intermittency is accounted for by
the Dirac-delta function at C = 0. When molecular diffusion
is present, the first term becomes a probability function

p(C;x, t) = π(x, t) f (C;x, t)+(1−π(x, t))δ (C) (2)

where f is the PDF (similar to equation 14 by Chatwin & Sul-
livan (1989)). In a follow-up study, Yee & Chan (1997) discuss
fitting a shifted and clipped-Gamma distribution to the full sig-
nal with assumptions that simplify the role of molecular diffu-
sion. By examining the exceedance probability distribution of
the data and the model, the higher concentrations are found to
be under-predicted.

The tail of PDFs are of interest because high concentra-
tion of pollutants are more concerning, whereas low concen-
tration measurements are affected by the instrumentation (Cas-
siani et al., 2020). High concentration statistics e.g. 90th and
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98th percentile are used in regulations to quantify odour impact
(Oettl & Ferrero, 2017; Invernizzi et al., 2020, e.g.). The chal-
lenge of modelling the tail of concentration is compounded
by unavailability of reliable data as long sampling times are
needed. Only a few studies focus on fitting certain distribu-
tions to the tail of the PDFs, although the extent of fits vary
in each study. Schopflocher (2001) and Mole et al. (2008)
used Extreme Value Theory to investigate the ‘goodness’ of fit
of a Generalized Pareto Distribution (GPD) for concentration
larger than the local mean. The variation of the shape parame-
ter in the GPD cross-plume is found to be relatively constant in
Schopflocher (2001). Efthimiou et al. (2016) used a Gamma
distribution to fit the 75th to 99th percentile of the concentra-
tion data whereas Oettl & Ferrero (2017) found that a Weibull
distribution describes the PDF well when the concentration is
higher than the 90th percentile. Among these three fits, both
Weibull and Gamma have a exponential tail while GPD does
not. Hence, our goal is to: a) evaluate the appropriate distri-
bution to fit the PDF tails of concentration, and b) assess the
variation of the distribution parameters across the plume.

This conference paper briefly describes our initial find-
ings on the parameterisation of the high concentration tails us-
ing data from plume released at different source-heights in a
turbulent boundary layer.

EXPERIMENTAL DETAILS
A neutrally buoyant gas mixture (1.5% iso-Butylene

mixed in 98.5% Nitrogen) is released from a point-source lo-
cated at different heights in a turbulent boundary layer. Further
details of the facility and the experiments can be found in Tal-
luru et al. (2017). Simultaneous measurements of velocity and
concentration measurements are acquired, however here we
are only concerned with the concentration measurements. The
instantaneous concentration downstream of the plume source
is measured using a Photo-Ionisation Detector (PID) that is
sensitive to the iso-Butylene present in the release mixture and
has a frequency response of 400 Hz. Multiple acquisitions are
made across the plume with a sampling time of 300 sec for
each position. The PID is calibrated before and after each ex-
periment to account for background concentration and instru-
ment drift. After applying the calibration technique outlined in
Talluru et al. (2019a), the mean- and rms-concentration pro-
files are found to agree well with the Gaussian (or Reflected-
Gaussian) behaviour that is well-known (Talluru et al. (2017,
2018)). However, there is still a ±3% systematic error and
±2% repeatability error (Talluru et al., 2017). Here we will
examine the concentration signals when the plume is released
at Sz/δ = 32/δ+,350/δ+,0.1, and 0.25, Sz being the source
height and δ = 0.31 m being the boundary layer thickness.
The measurements are acquired at a distance Sx =0.5δ , δ , 2δ ,
and 4δ downstream of the source.

PROBABILITY DISTRIBUTION FUNCTIONS
Although various distributions are used in literature (Cas-

siani et al., 2020, e.g.) to fit the full-signal PDF of measured
concentration, none is appropriate for describing the full range
of concentration signal. The quality of the fit, typically as-
sessed by some measure such as the R-square, also depends on
the fidelity of the experimental data and the range over which
fitting is performed. Most experimental observations indicate
that Weibull and Gamma distributions describe the concentra-
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Figure 1. PDFs as a function of the instantaneous concentra-
tion, C, for Sx = 0.1δ , Sz = 1δ . The solid black line repre-
sents the PDF on the plume centreline and the red lines are the
ones above the centreline. The blue lines are the PDFs below
the centreline. The exponential behaviour is indicated by the
dashed black line.

tion PDFs better. The Gamma distribution is given as,

p(C) =
1

Γ(k)θ k Ck−1 exp
(
−C

θ

)
, (3)

where k is the shape parameter and θ is the scale parameter.
Typically, PDFs of the instantaneous concentration, C,

and instantaneous concentration normalised by its r.m.s.,

C/
√

c2 (c = C −C, concentration fluctuations), are used as
a variable (Nironi et al., 2015; Talluru et al., 2017). Since,
c2 varies across the plume, to compare the PDFs at two dis-
tinct locations within the plume, here we study the PDF of the
instantaneous concentration, C.

Figure 1 plots the experimentally determined PDFs for
Sx = 0.1δ , Sz = 1δ . The PDF at the plume centreline is shown
by the solid black line. PDFs for measurements below the cen-
treline are shown by red lines in figure 1a whereas those for
measurements above the centreline are shown by blue lines in
figure 1b. It is evident that the high-concentration tails have
an exponential behaviour (a straight line on linear – log axes).
Moreover, the indicative slope of the tail of each PDF appears
to be similar too, i.e. they have similar decay exponent. Also,
it is seen that in the vicinity of C = 0, the PDFs exhibit a sharp
peak due to the presence of near-zero values in the signal re-
sulting from the intermittent nature of concentration in a me-
andering plume. This peak behaviour near C = 0 cannot be
modelled by the Gamma distribution, even though it is suitable
for higher concentration values. Since the Gamma distribution
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Figure 2. Comparison of Generalized Pareto Distribution
and Exponential fits for the PDF tails at the plume centreline
for Sx = 0.1δ , Sz = 1δ , on a (a) linear – linear axes (b) linear
– log axes.

is characterised by the exponential term in equation 3 at higher
concentrations, consistent with the experimental observations,
we simplify the fitting to the tail using a purely exponential
function given as,

p(C) = A · exp
(
−C

θ

)
, C >C′ (4)

where C′ is arbitrary. Two other studies that particularly focus
on the tail of the concentration PDF are by Mole et al. (2008)
and Schopflocher (2001). They use GPD instead of an expo-
nential function. A GPD fitted to our data as an example is
plotted in figure 2. It can be observed that, though the predic-
tion of a GPD seems to be acceptable on a linear – linear plot,
it over-predicts in the range of approximately 75 < C < 175
on a linear – log scale and under-predicts beyond that. Thus
its prediction appears to be reasonably good on a linear plot,
more stringent examination reveal that the present data is not
suitably represented by the GPD. The parameters A and θ in
equation 4 are determined using an iterative non-linear least
squares method for each PDF and their variation across the
plume are shown in figure 1. The decay exponent, θ , is plot-
ted in figure 3a as filled symbols, whereas the coefficient, A
is plotted in figure 3(b). It was found that the tail of PDF
for wall-normal locations near the edge of the plume on ei-
ther side have a slightly different decay exponent. This in-
dicates a decreased statistical convergence towards the plume
edge (Chatwin & Sullivan, 1990; Yee & Chan, 1997). Based
on the above observation, figures 1 and 2 only includes the lo-
cations in the plume where C > 0.1Cmax, where Cmax is the
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Figure 3. For Sx = 0.1δ ,Sz = 1δ , (a) θ , the decay exponent,
from the exponential fit to the high concentration tail of the
PDFs. The filled circles are for full-signal PDFs and the empty
circles are from PDFs of peaks. (b) Coefficient A for full-
signal PDFs.

mean concentration at plume centreline. It is seen that the de-
cay exponent is almost constant across the plume, indicative
of a statistical similarity for high-concentration events. This
behaviour of the concentration-tail is analogous to the similar-
ity of concentration-spectra observed by Talluru et al. (2019b).
The median of decay exponents in figure 3(a) is used to plot the
dashed line in figures 1a and 1b, indicating that all tails could
be modelled using a single θ value. Schopflocher (2001) and
Mole et al. (2008) also found the shape parameter that they
used to fit a GPD to the PDF tail to be constant. Mole et al.
(2008) argued that the physical reason why the tails has a uni-
versal character is due to the velocity field and the molecular
diffusion. Further, we note that the distribution of the coeffi-
cient A has a Gaussian shape about the plume centreline, as
illustrated in figure 3b.

SPATIAL VARIATION OF PARAMETERS
In this section we extend the analysis to other source dis-

tances and source heights. Hereafter, Sz/δ = 32/δ+ is referred
to as Ground Level Source (GLS) and the other three Sz as El-
evated Sources (ES). We find that PDFs of all ES considered
here exhibit a near constant behaviour of the decay exponent,
θ (as observed in figure 1b, although θ varies for each Sz and
Sx combination). This implies that the PDFs of C can be multi-
plied by a factor such that the tails of the PDFs for each source
condition will collapse onto single curve. Here we denote this
factor as 1/µ . It is obvious that µ ≡ A/Acentreline from equa-
tion 4 and µ = 1 at the plume centreline. Figure 4a shows the
resulting PDFs for Sx = 0.5δ and Sz = 0.1δ and 4b plots those
of Sx = 4δ and Sz = 0.1δ . Similar to figure 1, the solid black
line is the PDF at plume centreline and the dashed black line
represents the average slope of tail. Figure 4a and 4b demon-
strate the self-similarity of PDF tails and the possibility to de-
velop scaling laws for modelling. A representative decay ex-
ponent, θ is determined for plume released from four source
distances and four source heights. We then examine the trend
of the decay exponent by plotting θ and θmax, where θ is the
mean decay exponent and θmax is the decay exponent at the
plume centreline. Figure 5 illustrates the relationship between
θ and plume half-width calculated from the Crms profile, δz,
for all ES. Firstly, the values of θ and θmax for a given Sz
and Sx combination are close, except for those of Sx = 4δ and
Sz/δ = 350/δ+ (black diamond symbol). A possible reason
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Figure 4. Collapsed PDFs of C for (a) ES Sx = 0.5δ , Sz =

0.1δ . (b) ES Sx = 4δ , Sz = 0.1δ . The collapsed PDFs are
obtained by dividing a the original PDF p(C) by µ .
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Figure 5. θ vs δz (half-plume width) for all ES. The first
number in the legend is the source distance, Sx, and the sec-
ond is source height, Sz/δ . Solid symbols are centreline PDFs
and hollow ones are the average slopes for all PDFs.

is that at farther downstream distances from the source, the
profile of a lower ES evolves to be similar to that of a GLS.
Secondly, it is apparent that θ decreases in the streamwise di-
rection and is proportional to δ B

z , where B is some exponent.
The other parameter in equation 4, A, shows a Gaussian-like
behaviour, as plotted in figure 3b. Thus µ is likely to be related
to the mean concentration. Figure 6 plots C/Cmax vs µ in a
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Figure 6. The factor used to collapse p(C), µ , plotted against
C/Cmax for all ES. For legend refer to figure 5.
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Figure 7. a) Collapsed PDFs of C for a GLS, Sx = 0.5δ ,
Sz/δ = 32/δ+. b)θ calculated for each PDF in the cross-
plume direction.

log-log scale for all ES. It is observed that µ ∝
(
C/Cmax

)D,
where D is some exponent. Again, decreased statistical con-
vergence is observed for Sx = 4δ and Sz/δ = 350/δ+ here
(black diamond symbol). In contrast to the above observation,
the decay exponent θ varies significantly across the plume for
a GLS. The change in slope for each PDF is evident in figure
7a and consequently the PDF tails do not collapse to a single
curve after being scaled. Instead the profile of θ for GLS in
figure 7b resemble the mean concentration profile for the GLS.
We infer that this behaviour of changing decay exponent might
be due to wall effect and further analysis is need to characterise
this behaviour.
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Figure 8. (a) Instantaneous concentration measured for a 0.2-
sec period with identified peaks. (b) Probability density func-
tions for peak values only for Sx = 0.1δ , Sz = 1δ .

EXTREME EVENT ANALYSIS
In this section we examine the PDFs for the extreme val-

ues in the concentration signal, for which the extreme values
are considered to be the local maxima. Two approaches are
adopted. First, all local maxima that are above a threshold are
examined and second, local maximum over multiple segments
of the signal are analysed.

Peak over threshold
Here we determine the local maxima (see figure 8a) in

the instantaneous signal at a height z such that the peak values
(Cp,1) are larger than the local mean, C(z). The PDFs for these
peak values only are plotted in figure 8b and similar to the
full-signal PDFs, the PDFs for the peaks also exhibit an expo-
nential behaviour at high concentrations. The decay exponent
is evaluated for these PDFs, plotted as hollow symbols in fig-
ure 3a, and is close to the values for the full-signal PDFs (solid
symbols in figure 3a). We also find that decay exponent for the
PDFs of the peaks is nearly constant, evidencing similarity.

Maxima over a period
The probability of maxima in a fixed time-period is com-

monly studied in meteorology and hydrology, e.g. monthly
maxima and annual maxima. Typically, Generalised Extreme
Value (GEV) distributions are then fitted for the prediction of
extreme events when limited data are available. For exam-
ple, in wind engineering, the Weibull distribution is more ap-
propriate for the probability distribution of annual maximum
wind speed(Holmes & Bekele, 2021). Hence we apply a sim-
ilar approach to the concentration measurements, where the
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Figure 9. a) Instantaneous concentration measured for a pe-
riod of 10 time scale for concentration, τc, with identified
peaks. b) Probability density functions for peak values in each
bin for Sx = 0.1δ , Sz = 1δ . The dashed line represents the
decay exponent calculated from p(C), in this case, the green
triangle in figure 5.

signal at any location is acquired for 300 seconds and there-
after this sampling time is divided into segments of pre-defined
duration. We have adopted the pre-defined duration as the
time-scale for concentration, τc, which is found from the auto-
correlation function. The signal is then divided in to segments,
each of duration τc, and the maximum Cp,2 from each segment
is collected. This method is demonstrated in figure 9a. The
PDFs of Cp,2 are plotted in figure 9b. As anticipated, these
PDFs also have an exponential tail, with a decay exponent
similar to that for p(C) and p(Cp,1) in figures 1 and 8b, re-
spectively.

Summary
The results presented here arise from extensive measure-

ments and thus bring in new information to the already exten-
sive literature on PDFs for scalar concentration. The PDFs of
concentration measured for varying source heights and source
distances exhibit statistical similarity across the plume. We
have presented evidence for the decay exponents to be invari-
ant across the plume through the PDFs for p(C), p(Cp,1), and
p(Cp,2). A novel finding is in the fact that the decay exponent
is related to the plume half-width.

The spread of passive scalar is dominated by two mech-
anisms: turbulent mixing and molecular diffusion (Gifford,
1959). Large concentration events in the plume are thought
to reside on thin strands or sheets and caused by local turbu-
lence (Yee & Chan, 1997). Molecular diffusion is also signif-
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icant for these high concentration patches due to locally high
spatial gradient. Given that the plume width relative to the
boundary layer thickness is small, the influence of the local
turbulence would be for the whole plume. Thus the two mech-
anisms for the spread of concentration are persistent across the
plume resulting in high concentration events having the same
decay exponent in the corresponding PDFs.

Here we have only studied the high-concentration tail of
the PDFs and thus the behaviour of low-level concentration
is not examined. The analysis is not aimed towards describ-
ing the full range of concentration fluctuations, as typically
done on past studies. The exponential tail of the PDFs is un-
doubtedly evident in our measurements, possible due to the
long sampling times. This behaviour can thus suggest the
appropriate function form for the full-scale PDF, e.g. the
Gamma distribution asymptotes to an exponential behaviour
for large concentrations. Similar observations have been made
by Schopflocher (2001). Although it should be noted that the
exponential distribution also results in finite probability, no
mater how small, for concentration magnitudes that are above
the source concentration. This is unrealistic due to the ever
present molecular diffusion. However a possible application
is to model the 90th and 99th percentile, C90 and C99, which
are studied in Fackrell & Robins (1982) and Efthimiou et al.
(2016).

Efforts are also ongoing to reconcile the observations
made for concentration PDFs in this paper with the results for
the concentration spectra by Talluru et al. (2019b) and the phe-
nomenological model for the role of large-scale velocity struc-
tures by Talluru et al. (2018). As such, we have not yet pa-
rameterised these statistical variations (particularly for figures
5 and 6) to model the probability or for predictions.
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