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ABSTRACT
The nonlinear dynamics of inertial particles in high

Reynolds number turbulence, and in particular clustering and
void formation, are important fundamental processes, for in-
stance, for droplets in atmospheric clouds and rain forma-
tion. Here we analyze particle data from three-dimensional
direct numerical simulations of particle-laden homogeneous
isotropic turbulence at high Reynolds number, up to Reλ = 678
and with up to 3.2× 109 particles, computed at resolution
40963. We show that the particle density spectrum of the an-
alyzed data has a bump at large scales for sufficiently high
Reynolds number, in addition to the near-dissipation scale
bump observed so far. The large-scale bump is attributed to
large-scale clustering of inertial particles. We find that this be-
havior is generic and independent of the forcing scheme used
to maintain a statistically stationary flow.

INTRODUCTION
Inertial particles suspended in high Reynolds number tur-

bulence are ubiquitous in geophysical or industrial flows, such
as cloud droplets in atmospheric turbulence, dust particles in
protoplanetary disks, and fuel droplets in spray combustion.
Inertial particles show nonuniform distribution, i.e., clustering,
in turbulence due to the centrifugal effect because particles are
swept out from turbulent vortices and concentrate in low vor-
ticity regions (Maxey, 1987; Squires & Eaton, 1991). In at-
mospheric flows, turbulent clustering of cloud droplets can in-
crease collision and coalescence frequency in raindrop forma-
tion process (Onishi & Vassilicos, 2014; Ireland et al., 2016).
The clustering can also affect the cloud radar reflectivity fac-
tor (Matsuda et al., 2014; Matsuda & Onishi, 2019). Thus,
for improving cloud microphysics models, it is important to
understand the clustering behavior in high Reynolds number
flow.

Even though the Reynolds-number dependence of iner-
tial particle clustering has been studied extensively, the clus-
tering behavior in high Reynolds number turbulence in atmo-
spheric clouds (Reλ ∼ 103–105, where Reλ is the Taylor mi-
croscale Reynolds number) is not fully understood. Large-

scale flows could affect the particle clustering at such high
Reynolds number. Matsuda et al. (2014) computed the par-
ticle number density spectrum, using direct numerical sim-
ulation (DNS) of particle-laden homogeneous isotropic tur-
bulence. They observed a bump near the dissipation scale.
Moreover they showed that the number density spectrum is
intensified at large scales, i.e. at small wavenumbers, as the
Reynolds number increases. This observation can arise a ques-
tion whether large-scale clustering does occur or not. In this
work, we aim to clarify the Reynolds-number dependence of
the number density spectrum and, particularly, the large-scale
clustering, using three-dimensional DNS of particle-laden ho-
mogeneous isotropic turbulence at high Reynolds number.

In the following, we first briefly describe the governing
equations and the DNS approach. Numerical results showing
spectra of turbulent kinetic energy and particle number density
are discussed. Finally, some conclusions are given, and future
work is motivated.

DIRECT NUMERICAL SIMULATION
A statistically homogeneous velocity field uuu(xxx, t) of an in-

compressible fluid was obtained by the Navier–Stokes equa-
tion:

∂uuu
∂ t

+(uuu ·∇)uuu = − 1
ρ

∇p+ν∇
2uuu+ fff , (1)

∇ ·uuu = 0, (2)

where fff (xxx, t) is an external solenoidal forcing, p(xxx, t) is the
pressure, ν is the constant kinematic viscosity, and ρ is the
constant fluid density.

The particles were treated as point particles and tracked
by the Lagrangian method. We assumed that the particle size
is sufficiently smaller than the Kolmogorov scale η and the
particle density ρp is sufficiently larger than the fluid density
ρ . Then, Lagrangian motion of inertial heavy particles was
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tracked by integrating the following equations:

dxxxp

dt
= vvv, (3)

dvvv
dt

= −
vvv−uuu(xxxp)

τp
, (4)

where xxxp and vvv are the position and velocity of a Lagrangian
particle, respectively, and τp is the relaxation time of particle
motion.

Equations (1) and (2) were solved in a cubic computa-
tional domain with periodic boundary conditions. The domain
has side length of 2π and is discretized by Cartesian staggered
grids. The fourth-order central-difference schemes were used
for the advection and viscous terms (Morinishi et al., 1998)
and the second-order Runge–Kutta scheme was used for time
integration. The velocity and pressure were coupled by the
HSMAC method (Hirt & Cook, 1972).

To clarify the influence of the external forcing for turbu-
lence on the large-scale clustering, we applied two types of
forcing schemes: large-scale linear forcing (LF) and large-
scale random forcing (RF). The large-scale linear forcing is
applied to the large-scale flow where the wavenumber k is
smaller than 2.5. The forcing fff is proportional to the large-
scale velocity uuuk<2.5 (Onishi et al., 2011), where uuuk<2.5 is the
low-pass filtered velocity field, retaining the energy of Fourier
modes only for k < 2.5. The large-scale random forcing is in
accordance with the velocity forcing proposed by Yoshida &
Arimitsu (2007). In this case, the forcing fff is similarly applied
for k < 2.5 but changes randomly, having a correlation time of
Tf . We set Tf = 1 to be close to the large-eddy turnover time.

The important parameters in this study are the Taylor-
microscale Reynolds number Reλ ≡ u′λ/ν and the Stokes
number St ≡ τp/τη , where u′ is the root-mean-square veloc-
ity fluctuation, λ is the Taylor microscale, and τη is the Kol-
mogorov time. The DNS with the linear forcing was per-
formed for Reλ = 204, 328, and 531, using 5123, 10243, and
20483 grid points, respectively. The DNS with the random
forcing was carried out for Reλ = 155, 251, 402, and 678, us-
ing 5123, 10243, 20483, and 40963 grid points, respectively. In
all simulations, the Stokes number was set to 1.0. The number
of particles is in maximum 3.2×109. The initial particle dis-
tribution is random and homogeneous. The flow velocity and
particle distribution data were sampled after the time integra-
tion of 10Tf , and 10 snapshots of three-dimensional data were
saved at interval of Tf . The statistical results are obtained by
averaging over 10 snapshots.

RESULTS AND DISCUSSIONS
Figure 1 shows time-averaged turbulent kinetic energy

spectra for different Reynolds numbers, for two different forc-
ing mechanisms, either large-scale linear forcing (LF) or ran-
dom forcing (RF). In the large Reynolds number case, Reλ =
678, a k−5/3 power law behavior can be observed for about
one decade in the normalized wavenumber kη .

We also calculate the particle number density spectrum.
It should be noted that the number density spectrum is typi-
cally contaminated by Poisson noise. In this work, the Poisson
noise is removed from the spectrum by applying an analytical
Fourier transform directly to Lagrangian particle data (Mat-
suda et al., 2014; Matsuda & Onishi, 2019). Due to high com-
putational cost of the direct evaluation of Fourier transform,
the spectrum values are calculated for 19 selected wavenum-
bers at k = 1, 2, 3, 4, 6, 8, 12, 16, 24, 32, 48, 64, 96, 128, 192,
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Figure 1. Turbulent kinetic energy spectra for different
Reynolds numbers using the large-scale linear forcing (LF)
and random forcing (RF) schemes as a function of kη . The
dotted line corresponds to k−5/3.
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Figure 2. Particle number density spectra for St = 1 at differ-
ent Reynolds numbers using the large-scale linear forcing (LF)
and random forcing (RF) schemes as a function of kη .

256, 384, 512, and 768. Figure 2 shows the time-averaged
number density spectra for St = 1.0. The number density
spectra for the linear forcing illustrate the influence of Reλ at
small wavenumbers (kη . 0.03), as reported by Matsuda et al.
(2014). The spectra for the random forcing also show the sim-
ilar Reλ dependence; i.e., for both forcing schemes, the parti-
cle density spectra exhibit two well pronounced bumps when
Reλ is larger than 300. The bump at larger scale is attributed to
large-scale clustering of inertial particles. Therefore, the large-
scale clustering is generic and independent of the two forcing
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schemes used to maintain statistically stationary flows.
Recently, in Matsuda et al. (2021), we performed wavelet

analyses of inertial particle distribution, and a signature of
void-pronounced structure was observed at kη . 0.02 for
Reλ > 300. Thus, we conjecture that the large-scale cluster-
ing could be related to such large-scale voids. For illustration,
a snapshot of the spatial distribution of particles in a slice of
thickness 4η is presented in figure 3 for Reλ = 678 using the
RF scheme. The inhomogeneous particle distribution shows
large pronounced void regions and accumulated clusters. To
clarify the mechanism of the large-scale clustering, assessing
the convergence and divergence of particles is crucial. For in-
stance, Oujia et al. (2020) introduced a finite time measure to
quantify the convergence and divergence of the particle veloc-
ity using Voronoi tessellation. They showed that divergence is
the most prominent in cluster regions and less pronounced in
void regions. It was also found that for larger volumes, neg-
ative divergence values are observed which represent cluster
formation (i.e. particle convergence). For small volumes, pos-
itive divergence values are found which correspond to clus-
ter destruction/void formation (i.e. particle divergence). Ap-
plying this technique to high Reynolds number particle-laden
flows will yield deeper insight into the dynamics of large-scale
clustering.

CONCLUDING REMARKS
Reynolds-number dependence of inertial heavy particle

clustering has been investigated by using three-dimensional
DNS of particle-laden homogeneous isotropic turbulence. The
DNS was performed for several Reynolds numbers up to
Reλ = 678 and two cases of large-scale forcing schemes (the
linear and random forcing schemes) to maintain statistically
stationary turbulence. The number of particles was in maxi-
mum 3.2×109. The Stokes number was fixed to 1.0. The ana-
lyzed data show that for Reλ > 300 the particle density spectra
exhibit two well pronounced bumps. The bump at larger scale
is attributed to large-scale clustering of inertial particles. This
behavior is generic and independent of the forcing scheme.
Further investigation of the large-scale clustering mechanism
will be performed, the influence of the Stokes number will be
assessed and elaborated analyses of the spectral bumps will be
published in forthcoming work.
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Figure 3. Spatial distribution of inertial particles for Reλ = 678 using the RF scheme in a slice at 0 < x < 4η .
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