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ABSTRACT
This study inspired by Falkovich et al. (2002) aims to

investigate the motion of particles in turbulence using Eule-
rian approach under the assumption that particle velocity is
a smooth function in space and is uniquely determined by
the particle position until collisions between particles occur.
When the first collision happens, a discontinuity in the parti-
cle velocity gradient appears, resulting in finite-time blowup.
Using this approach, the singularities in particle velocity gra-
dient, particle number density, and particle vorticity for var-
ious Stokes numbers and gravity factors are investigated nu-
merically in a simple and intuitive Taylor-Green vortex flow,
two-dimensional turbulence, and three-dimensional isotropic
turbulence.

INSTRUCTION
Particle-laden turbulence has been actively studied for the

investigation of natural phenomena and utilization in various
industrial fields. Often, collisions between particles play a role
in the determination of particle behavior. For example, the pre-
cipitation process in clouds is triggered by the collision rate
between settling small water droplets affected by background
turbulence, thus much research has been carried out to predict
the rainfall.

To identify collision between particles, the preferential
concentration or clustering of inertial particles has been alter-
natively investigated using direct numerical simulation (DNS)
for decades. The primary mechanism of the preferential con-
centration is the centrifuge effect of the inertial particles
around rotating structures of turbulence (Reade & Collins,
2000). Moreover, a new type of preferential accumulation in
columnar structures was observed (Bec et al., 2014; Park &
Lee, 2014). Such a clustering naturally leads to more collision
between particles. Still, there is a lack of mathematical expla-

nation and understanding of the basic mechanism of turbulent
particle interaction. This is because the underlying mechanism
of turbulence that causes particle movement is not fully under-
stood due to its nonlinearity and multiscale properties. More-
over, the movement of particles, which has nonlinearity differ-
ent from fluids, contributes more to the complexity. Choi et al.
(2016) attempted to investigate directly the collision mecha-
nism tracking colliding finite-sized particle in particle-laden
isotropic turbulence. They showed that colliding pattern varies
depending on Stokes number. However, an investigation of a
collision event in the Lagrangian simulation of particles has
limitations since it requires expansive computational cost, and
luck to have a collision.

An inspiring characterization of particle collision was
proposed by Falkovich et al. (2002), who derived a formula
for the collision rate of small inertial particle in turbulence us-
ing a form that traces random trajectories (Shraiman & Sig-
gia, 2000; Falkovich et al., 2001). They introduced a particle
velocity field ~v(~x, t) instead of a particle motion equation es-
tablished. The governing equation of particle velocity field is
determined by relation with particle velocity gradient and par-
ticle time scale. When particle collision happens the particle
velocity gradient goes to infinity, that is finite-time blowup.
This singularity of particle velocity gradient implies that the
particle velocity develops blowup and becomes multi-values;
in other word, a particle can have two different velocities at
the same position. Therefore, the eventual goal of this study is
to gain a better understanding of collision process of particles
using directly rigorous Eulerian approach.

METHODOLOGY
With specific parameters, it is possible to find a phe-

nomenon in which the behavior of particles moves like a fluid
called flow of particles. (Park & Lee, 2014; Fouxon et al.,
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Figure 1. Plot of representing collision of particle (St = 1,W = 0): Colored contours represent the vorticity level of the background
flow (left) and particle number density (right). The solid lines for the negative divergence level of particles are denoted.

2015). Assuming that the behavior of these particles is smooth
in space, the particle velocity equation and particle number
density (n(~x, t)) can be derived in the Eulerian frame as fol-
lows:

∂~v
∂ t

+(~v ·∇)~v =
~u−~v

τp
+~g (1)

∂n
∂ t

+(~v ·∇)n = −∇ · (n~v) (2)

where ~v is the particle velocity, ~u is the fluid velocity, ~g is the
gravity acceleration, and τp is the time scale of particle.

Direct numerical simulation was performed to under-
stand the mechanism of particles suspended in turbulence.
For Taylor-Green vortex, the exact solutions were used and
for the other background fluids as two-dimensional decay-
ing turbulence and three-dimensional isotropic turbulence, the
spatial discretization was calculated using the Fourier spec-
tral method, and the time advancement was carried out us-
ing the 3rd-order Runge-Kutta method. Both fluid and particle
governing equations were calculated in the Eulerian frame-
work. For the two-dimension and three-dimension computa-
tional regions, periodic boundary conditions were set for a
square domain [2π × 2π] and a regular hexahedron domain
[2π×2π×2π], respectively.

The dimensionless numbers that determine the physical
properties of suspended particles through dimensional analysis
are the Stokes number (St) and the gravity factor (W ), which
are defined as follows:

St =
τp

τ f
, W =

vT

v f

where τ f and v f depend on each background fluid. In the case
of 2D flow, τ f = 1/

√
ωiωi and v f =

√
vivi were used and in

the case of 3D flow, the Kolmogorov scale was used.
In this study, we investigated the case where the Stokes

number is less than or greater than 1 and the gravitational con-
stant is 0-20 using Eulerian direct simulation. That is, the anal-
ysis was performed in the range of the case where the collision
did not occur and the case where the collision occurred de-
pending on the presence or absence of gravity.

RESULTS AND DISCUSSION
Taylor-Green vortex has an exact solution in two-

dimensional space, and it is easy to intuitively understand the
behavior of particles. It was confirmed in Figure 1 that when
the particle number density has the maximum value, the nega-
tive value of the particle velocity gradient increases at the same
time where the collision happens in the x- and y-axis direc-
tion. Moreover, since there is a high probability that the colli-
sion direction is not in the x-axis and y-axis directions in two-
dimensional and three-dimensional turbulence, the minimum
value of eigenvalue on symmetric part of particle velocity gra-
dient (λD: D is dimension of simulation) was investigated, and
it was confirmed the results for the Taylor-Green vortex. Fi-
nally, such statistics were examined for three-dimensional tur-
bulence.

To understand the mutual mechanism of particles and
fluids, the particle equation of motion at the Eulerian lattice
points obtained by the new approach can be used to investi-
gate the finite-time blowup (Beale et al., 1984; Majda, 1991;
Bustamante & Kerr, 2008). Therefore, the solution of Eq. (1)
can be differentiated to obtain a solution that diverges within a
finite time, and is as follows (Falkovich et al., 2002):

σ(t)∼ 1
t− tc

(3)

where the blowup of σ =5~v means the collision of two parti-
cles, and tc is the collision time.

For particle number density, the solution of Eq. (2) for the
initial uniform particle number density can be expressed as:

n(t) = n0 exp
[
−
∫ t

0
5·~v(~x(t ′), t ′)dt ′

]
(4)

If5·~v∼ 1/(t− tc) near blowup, the solution of Eq. (4) can be
derived as:

n(t)
n0
∼ tc
|t− tc|

(5)

where n0 is the initial uniform particle number density.
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Figure 2. Time evolution of particle velocity gradient, particle number density, and particle vorticity for various Stokes numbers with
gravity factors in three background fluids until the collision between particles: Cλ , Cn, Cω are the compensation factors.

For particle vorticity ωp in finite-time singularity, the de-
rived equation follows as:

ωp(t)∼
1

t− tc
(6)

that is equivalent to the particle velocity gradient.
The derived Eqs. (3), (5), and (6) look simple, but their

solutions are determined by very complex processes. In par-
ticular, when the motion of particles is driven by turbulence,
the particle velocity gradient can easily go to infinity in a finite
time due to quadratic nonlinearity. A discontinuity in the par-
ticle velocity gradient means a collision between two particles
physically. The major results in all background fluids depicted
in Figure 2 show the process of finite-time blowup for parti-
cle velocity, particle number density, and particle vorticity. The
solutions of particle velocity gradient, particle number density,
and particle vorticity follow well Eqs. (3), (5), and (6), respec-
tively. Therefore the results are collected altogether in a linear
line. With increasing gravity, the particles do not collide even

though the collision happens before increasing gravity. This
means that flow of particles exists. This study has started with
an ideal assumption. From this, particle vorticity ωp is ideally
derived. Thus, the finite-time blowup of particle vorticity can
not be observed for 2D Taylor-Green vortex.

CONCLUSION
In order to provide a complete mathematical description

of a particle collision in particle-laden turbulence, we studied
Eulerian approach to the motion of particles, which was de-
rived under the assumption that particle velocity is a smooth
function of space. Finite-time blowups of particle velocity gra-
dient, particle number density, and particle vorticity were ob-
served as a result of the mutual collision between particles. The
simulation results showed that it is consistent with the solution
obtained by Eulerian approach. Therefore, the characteristics
of the background fluid can be grasped in the vicinity of the
collision of the three-dimensional turbulence, and this leads to
an understanding of the mechanism of collision.
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