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ABSTRACT
The BeVERLI (Benchmark Validation Experiments for

RANS/LES Investigations) Hill bump model, designed specif-
ically for validation experiments, was tested in the Virginia
Tech Stability Wind Tunnel to collect validation experiment
data on the three-dimensional (3D) boundary layer flow over
a 3D hill. Laser Doppler velocimetry measurements on the
bump model were used to study the mean flow and turbulence
structure and evaluate the impact of pressure gradient and cur-
vature upon the total shear stress in the boundary layer and
evaluate the impact of pressure gradient and curvature upon
the total shear stress behavior in the near-wall region. From
analysis of the BeVERLI Hill flow, including the boundary
layer just upstream of the hill, and comparison with the 3D
flow around a wing-body junction of Ölçmen et al. (2001), it
is shown that there is no region in which the total shear stress
is approximately constant, unlike the typical behavior for 2D
equilibrium flows.

INTRODUCTION
Among the most well-known features of three-

dimensional turbulent boundary layers (3D TBLs) are the lag
between the shear-stress direction vector and the velocity-
gradient vector direction, a reduction in near-wall turbulent
kinetic energy and Reynolds stresses, and a reduction in
the turbulence parameter A1 below its typical 2D value
of 0.15. Because of this, 3D TBLs present a particular
challenge to modeling, as the stress/strain misalignment
invalidates the assumptions behind any turbulence models
that assume an isotropic eddy viscosity. This limits the utility
of Reynolds-Averaged Navier Stokes (RANS) computational
fluid dynamics (CFD) for flows of engineering interest, even
as CFD is increasingly used for high-impact decisions in
vehicle design. Improved modeling of 3D flows depends upon
a better understanding of 3D boundary layers and turbulence
to improve the assumptions that go into turbulence models.

The flow over a wall-mounted bump is a common test
case to the goal of improved computational fidelity (e.g. Byun
& Simpson (2006); Bell et al. (2012)), as the simple geometry
generates a flow field with pressure gradient, curvature effects,
and three-dimensional boundary layer separation and reattach-
ment. All these features are generally challenging for CFD and
are very common in practical applications.

Unlike RANS, large-eddy simulation (LES) resolves the
larger turbulence scales and models the small scales that can-
not be resolved on the grid. As a result, LES requires a sub-

grid scale (SGS) model to model the effects of the small scales
on the resolved flow. Accurately resolving or modeling near-
wall motions is critical because production, dissipation, tur-
bulent kinetic energy, and Reynolds-stress anisotropy all peak
below x+2 = 20, and as such, all meshes and filtering for LES
must be on the order of one viscous unit. Because of this, wall-
resolved LES is infeasible for higher Reynolds number appli-
cations, requiring wall-modeled LES. Like RANS turbulence
models, existing wall models are largely built on equilibrium
assumptions, which are not valid in the vast majority of appli-
cable 3D flows. These assumptions can be built into the model
directly, for example through assuming an equilibrium stress
or velocity distribution, or indirectly through assumptions re-
garding eddy viscosity and inner-layer Reynolds stress.

Equilibrium two-dimensional boundary layers typically
have a region near the wall where the total shear stress is nearly
constant, approximately 0.95 ≤ τtotal/τw ≤ 1 for sufficiently
high Reynolds numbers. Devenport & Lowe (2022) demon-
strate the derivation of 2D zero-pressure gradient boundary
layer equations that produce this behavior, showing that as the
viscous shear stress decreases rapidly outside the viscous sub-
layer, the turbulent shear stress increases to balance out the
total shear stress. In non-zero pressure gradient flows, a linear
gradient of the total shear stress will be present instead.

Equilibrium approximations to the thin-boundary layer
equations are often made to relax strict assumptions on the ve-
locity profile that would otherwise be required for LES (Bose
& Park (2018)). These approximations also lead to the as-
sumption of a constant total stress region in the near-wall re-
gion of the boundary layer. However, most flows of engi-
neering interest involve strong pressure gradients in both the
streamwise and lateral direction and other non-equilibrium
phenomena, which will invalidate these assumptions.

This work presents results from experiments studying
the three-dimensional turbulent attached and separated flow
over the BeVERLI (Benchmark Validation Experiment for
RANS/LES Investigations) Hill. The flow over this model
experiences three-dimensional pressure gradients of varying
sign and magnitude and skewing and three-dimensional flow
effects. We study the evolution of the boundary layer from
upstream of the hill to over the hill itself, specifically the im-
pact of curvature, 3D pressure gradients, and skewing upon
the total shear stress distribution in the boundary layer. It will
be shown that streamwise and lateral pressure gradients and
skewing significantly impact the flow, reducing the turbulent
shear stress throughout the boundary layer and resulting in no
constant shear stress region for any of the stations studied.
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Table 1. LDV data locations of interest for this study, focusing on Windward (W) stations. ΠWSS = (∂Cp/∂x3)
∣∣∣
WSS

/(∂Cp/∂x1)
∣∣∣
WSS

is the ratio of pressure gradients in local wall-shear-stress coordinates at ReH = 250,000, γFA is the mean flow angle closest to the wall
relative to the global x1 axis, δ0/R is the ratio of the empty tunnel boundary layer thickness at the location of the bump height to the
magnitude of the local radius of curvature at each station, and βXi = (δ ∗

in f low/τw,in f low)(∂P/∂Xi) is the Clauser parameter.

Station x1/H x2/H x3/H uτ/U∞ Min x+2 Max x+2 γFA (◦) δ0/|R| ΠWSS βX1 βX3

W1 -4.1 0 0 0.034 3.8 919 0 0 0 1.3 0

W2 -1.55 0.02 -1.55 0.037 5.3 1209 -38.9 0.38 -0.02 -3.1 0.9

W3 -1.42 0.07 -1.42 0.038 2.0 1510 -37.4 0.36 -0.10 -1.7 2.4

W5 -0.80 0.70 -0.80 0.043 4.3 1683 16.0 0.12 -3.3 -4.4 5.4

EXPERIMENTAL SETUP
Measurements were performed in the Virginia Tech Sta-

bility Wind Tunnel (SWT) in a configuration as depicted in
Fig. 1. The bump geometry is defined by Gargiulo et al.
(2020) and, from the two-dimensional view, consists of a mir-
rored fifth-degree polynomial with a flat top in between. The
model has a length of 0.93472 m and a height of 0.1869 m
and exhibits 90 degree rotational symmetry, allowing for dif-
ferent orientations of the model with respect to the incoming
flow. For these experiments, the bump was oriented as shown
in Fig. 1 with a pair of rounded corners directly aligned with
the approaching freestream. This orientation is referred to as
the 45◦ yaw case (Gargiulo et al. (2020)). Coordinate systems
labeled Xi indicate global coordinates, with the origin at the
center of the hill, while coordinate systems labeled lowercase
xi indicate local wall-shear-stress coordinates, with the origin
at the wall-location of the profile.

Two CNC-milled models were used: One with 135 pres-
sure taps installed in the surface and one with slots for clear
windows for laser Doppler velocimetry (LDV) measurements
along the fifth-degree polynomial curves. The models were
scanned after manufacturing and found to match the design
geometry to within ±0.40 mm and ±0.30 mm, respectively.

The model was installed 6.88 m downstream of the 3.18
mm boundary layer trip in the wind tunnel contraction. Near
the inflow to the test section, 1.83 m upstream of the cen-
ter of the hill (X1/H = −9.8, X3/H = 0), the boundary layer
has δ99 = 5.7 cm, δ ∗ = 0.87 cm, and θ = 0.65 cm such that
Reθ = 8615 and Reτ = 2763. Measurements were made with
the freestream flow adjusted to ensure height-based Reynolds
numbers ReH of 250,000± 5000 and 325,000± 5000. With-
out the bump present, the boundary layer thickness at the lo-
cation of the center of the bump is approximately 7.3 cm at
ReH ≈ 325,000. Measurements collected at ReH = 250,000
are the focus of this study.

A specialized embedded three-component LDV system
was used to take measurements of the turbulent boundary layer
over the bump surface and upstream of the model, as shown in
Fig. 2. The probe was mounted inside the bump, with the laser
beams passing through the 1.5mm anti-reflective curvature-
fitting acrylic windows. The Doppler frequency signals are
obtained using AURStudio from AUR, Inc. One block of sam-
ples (ranging from 5,000 to 15,000 samples) was taken at each
measurement point above the wall. Near-wall points were col-
lected over approximately one minute of sampling time to pre-
vent seed particles from collecting on the acrylic windows,
and thus typically had fewer samples than points taken above
x2 ≈ 0.5 mm. Data further above the surface was collected
over approximately one to three minutes of sampling time.

During post-processing, outlying points from histograms were
removed. Nominal x2-heights at each point in the profile were
corrected by fitting the nearest-wall data to U+

1 = x+2 for data
in the linear sublayer. The measurement volume was approxi-
mately 45 µm in diameter, and measurements were achievable
at a minimum and maximum height above the wall of 0.1 mm
and 30 mm, respectively. The flow was seeded using a min-
eral oil smoke machine (MDG MAX 3000 APS) with particles
ranging in size from 0.5 to 1 µm, resulting in Stokes numbers
small enough to capture the full range of relevant scales.

Data was collected at 13 locations on the bump surface,
as well as at the inflow to the test section and on the flat wall
just upstream of the hill. For this study, four locations are of
interest at ReH = 250,000, as shown in Table 1, where ΠWSS is
the pressure-gradient ratio parameter in local wall-shear-stress
coordinates proposed by Lozano-Durán et al. (2020) to assess
the degree to which the flow is non-equilibrium. These se-
lected stations all contain data in the linear sublayer, allowing
for a direct calculation of τw from the velocity gradient.

Instrumentation and statistical uncertainty of the results
are δ (U1/U∞) = 0.012, δ (U2/U∞) = 0.007, δ (U3/U∞) =

0.010, δ (u′21 /U∞
2) = 1.2 × 10−3, δ (u′22 /U∞

2) = 3.0 ×
10−4, δ (u′23 /U∞

2) = 1.7×10−3, δ (u′1u′2/U∞
2) = 8.1×10−5,

δ (u′1u′3/U∞
2) = 7.1× 10−4, and δ (u′2u′3/U∞

2) = 3.2× 10−4.
Rigorous uncertainty quantification encompassing additional
uncertainty sources (e.g. article geometry uncertainty effects
and repeatability of measurements) is critical for the BeVERLI
Hill experiments to ensure the results are suitable for CFD val-
idation. Further depth of uncertainty estimations will be pro-
vided in future publications.

RESULTS
Pressure Distribution

Fig. 2(a) shows the mean freestream pressure coefficient
contours over the entire hill at a 45◦ orientation at ReH =
250,000. As shown, the pressure gradient changes sign multi-
ple times over the surface in both the streamwise and spanwise
directions as the flow away from the centerline is accelerated
around the sides of the model. These strong streamwise and
spanwise pressure gradients and 3D curvature induce strong
near-wall crossflow. LDV profile locations are indicated by
the black circles. The four stations of interest for this study
are labeled. Fig. 2(b) shows a focus view of the stations of
interest on the hill, including wall-shear stress direction (from
the mean flow angle) indicated by black vectors, and the mean
flow direction x+2 ≈ 500 indicated by blue vectors. The maxi-
mum x+2 captured at each profile is given in Table 1.

The flow begins largely two-dimensional in an adverse
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pressure gradient (APG) at station W1. As the flow approaches
the hill, the APG increases in strength up to the stagnation
region on the front of the model, after which it is accelerated
over the windward face of the hill. Along the sides, stations
W2 and W3 experience similar pressure gradients and pressure
gradient histories. At these stations, the flow direction next to
the wall is inclined nearly 40◦ relative to the upstream flow
direction, indicating strong skewing under the lateral pressure
gradients present upstream of these stations.

In contrast, station W5 experiences an entirely different
pressure gradient and pressure gradient history. The local
streamwise pressure gradient remains favorable, as the near-
wall flow direction remains nearly perpendicular to the local
pressure coefficient contours. However, the lateral pressure
gradients have induced milder skewing, pointing in the oppo-
site direction relative to the skewing at W2 and W3. Here, the
flow direction next to the wall is inclined 16◦ relative to the
upstream flow direction.

Mean Velocity and Turbulence
LDV measurements were collected in global tunnel coor-

dinates, as shown in Fig. 1, and transformed into local wall-
shear-stress coordinates for analysis. In this coordinate sys-
tem, the x1-axis points in the estimated direction of the wall-
shear stress vector at the wall via the mean flow angle closest
to the surface, indicated in Fig. 2(b) by black arrows. The
x2-axis is perpendicular to the local surface curvature, and the
x3-axis completes a right-handed coordinate system.

As shown in Fig. 3, the flow begins largely 2D with near-
zero components in U2 and U3 at W1. However, the flow ex-
periences vastly different physics in different regions over the
BeVERLI Hill, with varying levels of skewing and streamwise
acceleration depending on the location on the model, as dis-
cussed. Though the U2 and U3 components are near-zero near
the wall due to the wall-shear-stress coordinate system, the U3
components for all stations on the bump increase significantly
further away from the surface due to the flow skewing. The U2
components are near-zero for all profiles, although all profiles
on the hill experience a small, increasingly negative compo-
nent of U2 as a function of height above the surface, especially
at Station W5. This could be due to the local pressure gradient
acting to pull the freestream flow down towards the surface at
this station as it negotiates the turn over the hill.

The behavior in the Reynolds stresses in Figs. 4 and 5
is even more varied between stations. Select Reynolds stress
components are shown in Fig. 5 normalized on the friction
velocity for comparison with equilibrium 2D TBL behavior.
The u′1u′3/U2

∞ and u′2u′3/U2
∞ are approximately zero within un-

certainties. Unexpectedly, the flow at W1 does not behave
like a typical 2D APG, as seen when compared to the zero-
pressure gradient (ZPG) direct numerical simulation (DNS)
data of Schlatter & Örlü (2010) in Fig. 5, as the inner peak
decreases in magnitude instead of rising above the 2D ZPG
level and u′1u′2/U2

∞ decreases in magnitude relative to the ZPG
DNS. Further work is needed to explain this discrepancy.

In contrast, all three stations on the bump have significant
components of both normal and shear stresses. Stations W2
and W3, located near each other and in a region of similar pres-
sure gradient and pressure gradient histories, experience very
similar turbulence behavior, as well as significant skewing of
the near-wall flow relative to the tunnel X1-axis and local con-
cave curvature (see Figure 6). While concave curvature gen-
erally has a destabilizing effect on a 2D TBL, Baskaran et al.
(1990) found that the combined effects of mild convex and
concave curvature and mean flow three-dimensionality were

small compared to the impact of those two parameters when
applied individually. The behavior between the stations pri-
marily differs in u′21 /U2

∞. The inner-region peak in u′21 /U2
∞ is

not captured at station W2, and the behavior after the peak is
lower in magnitude than at nearby station W3.

Station W5 experiences very different turbulence behav-
ior than the other stations due to the different flow histories,
pressure gradients, and local curvature in this region. Here,
the flow most notably experiences a decrease in the peak of
u′21 /U2

∞, a sharp increase in the magnitude of u′23 /U2
∞, and

an inflection point in u′1u′2/U2
∞ in the log layer. This behav-

ior is likely due to the skewed near-wall flow interacting with
the flow at the edge of the boundary layer, which is probably
nearly aligned with the wind tunnel freestream direction.

Total Shear Stress
In the wall-shear stress coordinate system, the total shear

stress is composed of the viscous component, µ∂U1/∂x2,
which is maximum in the viscous sublayer, and the turbulent

component, ρ(u′1u′2
2
+ u′2u′3

2
)1/2. The wall-parallel momen-

tum equations can be simplified to focus upon the behavior
of the flow in the limit of being in wall-shear-stress coordi-
nates in the viscous sublayer by ignoring the inertial terms and

Reynolds shear stresses, resulting in U+
1 = ∂P+

∂x+1

x+2
2

2 + x+2 and

U+
3 = ∂P+

∂x+3

x+2
2

2 . If the pressure gradient is assumed to be ap-
proximately constant as a function of height in the viscous sub-
layer, then an FPG will cause the viscous stress to reduce more
rapidly from the wall in wall units than a ZPG or APG due to
the influence of the pressure term.

The turbulent shear stress is also very sensitive to flow
conditions. The presence of mean streamwise vorticity is
known to impact the quasi-coherent turbulent structures that
are responsible for the production of u′1u′2 and u′2u′3 (John-
ston & Flack (1996)) and lead to the reduction of these shear
stress components. However, Flack & Johnston (1998) have
also found that τturbulent increases outside of the buffer layer
in regions of increasing three-dimensionality. This can also
be seen at some stations in the data of Ölçmen et al. (2001).
For both experiments, although u′1u′2 decreased in magnitude
as the three-dimensionality of the flow increased, an increase
in the magnitude of u′2u′3 compensated for this behavior and
led to an increase in τturbulent outside of the buffer layer.

The viscous and turbulent shear stress components of the
total shear stress in the BeVERLI Hill stations of interest are
normalized by τw, computed via uτ , in Fig. 7 and compared
with the 2D ZPG equilibrium boundary layer DNS of Schlat-
ter & Örlü (2010). As shown in Fig. 7, stations W2 and W3
both experience a region below x+2 ≈ 200 where the turbulent
shear stress is significantly reduced and not able to balance
out the viscous stress it drops outside of the linear sublayer.
This results in a total stress distribution that is far from the
equilibrium 0.95 ≤ τ/τw ≤ 1 that is typically present in 2D
ZPG boundary layers and is assumed in some turbulence mod-
els. Above x+2 ≈ 200, there is a sharp increase in the turbu-
lent stress, as was also observed by Flack & Johnston (1998)
(though in their case, this was observed above x+2 ≈ 50). There
is, therefore, a region below x+2 ≈ 200 that is dominated by
viscous and wall-effects, and a region above this point of the
boundary layer where the effects of the crossflow stress u′2u′3
begin to contribute more significantly as the flow turns away
from the local wall-shear-stress direction. At Stations W2
and W3, this significant drop in turbulent shear stress is ex-
pected, as a reduction in turbulent shear stress is often seen
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in 3D flows, where the significant near-wall skewing results
suppresses the pressure-strain term in the turbulent transport.

In contrast, at station W5, the flow behavior is extremely
different due to the different pressure gradient and flow history
in this region. Notably, there is a small region near the wall
where the turbulent shear stress approximately matches the 2D
equilibrium DNS profile. This continues until the edge of the
buffer layer, after which the shear stresses decrease for a por-
tion of the log layer before sharply increasing again, similar to
stations W2 and W3. This behavior near the wall may be due
to the favorable streamwise pressure gradient in this region,
the largest magnitude out of all of the stations. FPGs typically
suppress turbulent fluctuations relative to the wall-shear-stress,
including u′1u′2 (e.g. Volino (2020)). However, in this case,
the strong streamwise FPGs may accelerate the near-wall flow
such that spanwise motions are inhibited, reducing the mean
streamwise vorticity and near-wall three-dimensionality such
that u′1u′2 recovers in the near-wall region.

The profiles are compared in Fig. 8 with the 3D TBL on
a flat wall around a wing-body junction from Ölçmen et al.
(2001) in regions that experience similar pressure gradient and
skewing behavior. At Stations 3 and 4 of Ölçmen et al., the
flow is extremely skewed (> 30◦ from the upstream flow di-
rection), and streamwise pressure gradient is favorable as it
passes around the side of the wing-body junction. This global
flowfield behavior is similar to that of stations W2 and W3 of
the BeVERLI flow, and, as shown, results in similar turbulent
shear stress behavior, as shown in Fig. 8(a). However, the data
of Ölçmen et al. is missing in the region in which Stations W2
and W3 begin experiencing a sharp increasing in the turbulent
shear stress, so it is not possible to identify if this behvior is
also present in the juncture flow.

A similar trend follows for Ölçmen et al.’s stations 6 and
7 and the hill’s station W5. At both stations, the flow is much
less skewed than at previous stations as it recovers past the
junction and is also experiencing a stronger streamwise FPG
than further upstream in the flow, similar to W5. Notably,
all three stations experience a region through the buffer layer
where the turbulent shear stress nearly matches the 2D DNS,
before all show a sudden drop in turbulent shear stress above
the buffer layer, and a subsequent increase in above x+2 ≈ 200.
Here, the effects of less severe near-wall skewing relative to
the upstream flow direction, as well as very strong streamwise
FPGs, may inhibit the mean streamwise vorticity such that the
turbulent shear stresses recover locally in this region.

CONCLUSION
LDV measurements of the flow upstream of and on the

three-dimensional BeVERLI Hill model were used to analyze
the fluid physics at those stations. As shown, the selected sta-
tions experience significantly different mean flow and turbu-
lence behavior due to differing pressure gradients, radii of cur-
vature, and history effects at each station. Of these effects,
local pressure gradient and skewing appear to be the strongest
influences on the turbulence at each station.

Analysis of the BeVERLI Hill data and comparison with
the 3D TBL on a flat wall around a wing-body junction from
Ölçmen et al. (2001) show there is no region in the flow over
the BeVERLI Hill where equilibrium assumptions regarding
the shear stress distribution are valid. This is especially severe
in strongly skewed flow, such as at stations W2 and W3. In
accelerated regions of the flow with milder flow skewing, such
as at station W5, the turbulent stresses below the buffer layer
may approximately follow an equilibrium distribution, before
diverging significantly from this behavior above x+2 ≈ 30. Sim-

ilar behavior seen in the BeVERLI Hill flow was also observed
in the flat wall flow around a wing-body juncture of Ölçmen
et al. (2001) in regions with similar skewing and pressure gra-
dient behavior. Turbulence models that rely on this equilib-
rium shear stress assumption will not be able to accurately
predict the behavior of 3D flow.
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Figure 1. BeVERLI Hill geometry and global 

coordinate system. The side wall is shown as 

the floor to accurately portray the right-handed 

coordinate system.  

 
Figure 3. Components of the mean velocity in local wall-shear-stress coordinates, normalized by the freestream velocity. (a) 𝑈1/𝑈∞. (b) 

𝑈2/𝑈∞. (c) 𝑈3/𝑈∞.  

(a) 𝑈1/𝑈∞ (b) 𝑈2/𝑈∞ (c) 𝑈3/𝑈∞ 

 
Figure 2. Freestream pressure coefficient contours over the hill surface at 𝑅𝑒𝐻 =

250,000 in global coordinates. Black circles show LDV profile locations. Black 

vectors indicate mean flow direction at the wall, while blue vectors indicate mean flow 

direction at 𝑥2
+ ≈ 500. (a) Full pressure coefficient contour on the surface. (b) Focus 

view of the three stations of interest on the bump. Here the pressure coefficient color 

range is limited to better show the pressure contours in this region.    

 
Figure 4. Components of the Reynolds stress in local wall-shear-stress coordinates, normalized by the freestream velocity. (a) 𝑢1
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Figure 7. Comparison of viscous and turbulent shear stress 

components at the four stations of interest, compared to the 2D DNS 

of Schlatter and Örlü (2010) at 𝑅𝑒𝜃 = 4060. Open symbols indicate 

viscous stress components, 𝜕𝑈1
+/𝜕𝑥2

+, and filled symbols indicate 

turbulent shear stress components, √𝑢1
′ 𝑢2

′തതതതതത+2
+ 𝑢2

′ 𝑢3
′തതതതതത+2

 . 

 
Figure 8. Comparison of turbulent and viscous shear stress behavior of selected stations on the BeVERLI Hill with the 2D 

equilibrium DNS of Schlatter and Örlü (2010) and the 3D flat-wall TBL of Ölçmen et al. (2001). (a) Stations W1, W2, and W3 

of the BeVERLI Hill compared with stations 2 and 3 of Ölçmen et al. (2001). (b) Station W5 of the BeVERLI Hill compared 

with stations 6 and 7 of Ölçmen et al. (2001).  

(a) (b) 

 
Figure 5. Selected Reynolds stresses in viscous units and compared to the DNS data of Schlatter and Schlatter and Örlü (2010). (a) 

𝑢1
′ 2തതതതത+

. (b) 𝑢1
′ 𝑢2

′തതതതതത+
. (c) 𝑢3

′ 2തതതതത+
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 (b) 𝑢1
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′തതതതതത+
 (c) 𝑢3

′ 2തതതതത+

 

 
Figure 6. The ratio of the empty tunnel boundary layer thickness 

at the location of the center of the hill, 𝛿0, to the local magnitude 

of the 3D radius of curvature, |𝑅|. 𝛿0/|𝑅| > 0 indicates concave 

curvature, while 𝛿0/|𝑅| < 0 indicates convex curvature. Symbols 

indicate the location of the hill stations on the local curvature.  


