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ABSTRACT
In the present study, we investigate the turbulent three-

dimensional flow around a stepped cylinder, namely two cylin-
ders of different diameters joint at one extremity. We perform
a direct numerical simulation with the spectral element code
Nek5000 that uses a high order spatial discretisation (the poly-
nomial order is p = 7). The adaptive mesh refinement tech-
nique is employed in the error-driven meshing procedure, al-
lowing an adequately refined mesh everywhere. We consider
the Reynolds number ReD = 1000, based on the large cylinder
diameter and the uniform inflow velocity. We compare our re-
sults with the previous experimental campaign by Morton &
Yarusevych (2014b). The results agree very well and we can
identify the three main wake regions: the S, N and L cell with
a Strouhal number StS = 0.408, StN = 0.188 and StL = 0.201
respectively. The instantaneous mean flow properties are stud-
ied showing that the junction dynamics is more similar to the
previous laminar studies at ReD = 150 rather than at higher
ReD = 3900. Moreover, proper orthogonal decomposition is
used to detect the most energetic coherent structures, that re-
semble the three wake cells.

INTRODUCTION
In the last years, the flow around a stepped (or step-) cylin-

der has gained more and more interest as it represents a useful
model for several engineering applications, e.g. the offshore
wind turbine towers. It consists of two cylinders with differ-
ent diameters joint at one extremity and its fluid mechanics is
far from being fully understood. For example, three different
vortex shedding frequencies have been identified in its wake,
counter-intuitively to what one could expect. This aspect has
turned out to have relevant side effects on the structural stabil-
ity of the cylinder itself and further investigations are ongoing.

Unlike the uniform case, for the flow around a single step
cylinder, there is an additional parameter to take into account:
the ratio D/d between the diameters of the large and small
cylinders. Lewis & Gharib (1992) reported a direct and indi-
rect vortex interaction mode for the range 1.14 < D/d < 1.76
at 67 < ReD < 200. The direct mode occurs when D/d < 1.25

and it consists of two dominating shedding frequencies, la-
belled fS and fL, corresponding to the small and large cylin-
der vortex shed respectively. Initially in phase, the two wake
cells are connected one by one across the interface. Due to
the different frequencies, they move out of phase and at least
one half-loop connection between oppositely rotating vortices
appears. For D/d > 1.55 the indirect interaction generates an-
other distinct region behind the large cylinder. It was named
modulation zone by Lewis & Gharib (1992) and is character-
ized by its own frequency fN . According to these three domi-
nating shedding frequencies, Dunn & Tavoularis (2006) identi-
fied three main regions: the S and L cells behind the small and
large cylinder respectively, and the modulation cell N with the
lowest shedding frequency ( fS > fL > fN ). The same nomen-
clature is adopted here. Dunn & Tavoularis (2006) investigated
the interactions among the cells for D/d = 2 at ReD = 150
through experiments and the results were confirmed through
simulations based on Reynolds Averaged Navier-Stokes equa-
tions (RANS). On the one hand, it has been observed that the
S–N cell boundary is stable and deflects spanwise into the large
cylinder direction; on the other hand, the N–L cell boundary is
unstable. The modulation region boundaries present compli-
cated dynamics as the vortex dislocation occurs. This con-
cept is adapted from solid mechanics and introduced first by
Williamson (1989). In the laminar vortex shedding regime
Tian et al. (2020) investigated the possible loop structures con-
nection. Their observations seem to hold as ReD increases.
Indeed, the three main cells and the dislocation mechanism
are still detectable. Nevertheless, the literature lacks results as
the Reynolds number increases. Experimentally, Ko & Chan
(1992) measured the main integral quantities at ReD = 80000,
while Morton et al. (2016) presented several results up to
ReD = 5000 performing tomographic particle image velocime-
try investigation. Regarding the numerical studies, there are
unsteady Reynolds Averaged Navier-Stokes (URANS) simu-
lations which have achieved ReD = 2000, e.g. Morton et al.
(2009). Being said that, just recently a first direct numerical
simulation has been performed at a high turbulent Reynolds
number by Tian et al. (2021), without fully resolving the wake
region.
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In the light of this, we have decided to perform a direct nu-
merical simulation using the spectral element code Nek5000
comparing with the experimental results by Morton & Yaru-
sevych (2014a,b). Rather than investigating the diameter ratio
and Reynolds numbers effect, we have preferred to focus on a
single case (ReD = 1000 and D/d = 0.5) and provide detailed
description of the flow structures. We use a high order poly-
nomial spatial discretisation, guaranteeing an iso-parametric
representation of the cylinder. In addition to the high reso-
lution around the cylinder, we use the adaptive mesh refine-
ment (AMR) technique developed by our group, to guarantee
a DNS-like resolution in the wake as well. We first provide a
general description through instantaneous flow visualisations
and measuring the main integral quantities. The mean flow
and the turbulent kinetic energy variations along the cylinder
are also described. Eventually, we extract the most relevant
characteristic features of the flow dynamics using a modal de-
composition, i.e. proper orthogonal decomposition (POD).

NUMERICAL METHOD
The numerical simulations have been performed using

the open-source CFD code Nek5000, Fischer et al. (2008).
Nek5000 is widely used in the CFD community to perform
high fidelity numerical simulations of transitional and high
Reynolds incompressible flows. Highly scalable and portable,
the code uses the spectral element method (SEM) by Patera
(1984) as spatial discretisation. SEM offers minimal dissipa-
tion and dispersion, high accuracy and nearly exponential con-
vergence. It can be seen as a high–order finite element method
where the solution is represented by Lagrangian interpolants
integrated over Gauss-Lobatto-Legendre points (GLL). We use
a staggered grid for the pressure to avoid spurious modes and
guarantee the Ladyzhenskaya–Babuška–Brezzi (LBB) condi-
tion. Adopting the Pn�Pn�2 formulation, the pressure is dis-
cretised on Gauss-Lobatto (GL) points. For time integration,
third-order backward differentiation is applied, treating the
non-linear term explicitly with an extrapolation formula and
the remaining Stokes problem implicitly.

Adaptive mesh refinement
In the spectral element code Nek5000, our group has im-

plemented the adaptive mesh refinement technique (AMR) and
extensively used it, see Refs. Offermans et al. (2020, 2022);
Tanarro et al. (2020); Massaro et al. (2022). AMR provides a
significant flexibility improvement to the meshing procedure,
avoiding an over-refinement of the far-field. This results in
a significant saving in the number of grid points. As a con-
sequence, on the one hand we can consider a larger compu-
tational domain reducing the influence of the boundary con-
ditions, which is critical for incompressible flow simulations.
On the other hand, we can increase the Reynolds number or
study more complicated geometries. That is the case for the
stepped cylinder when an apriori knowledge of the solution is
not completely given and an error-driven meshing procedure
is pivotal.

In addition to an efficient refinement procedure (here we
perform the h-type of refinement, where the element is split
isotropically), the committed error has to be measured prop-
erly. In this regard we have used, the spectral error indicator
(sei), which was introduced first by Mavriplis (1989). It mea-
sures the truncation and quadrature error for a specified target
variable. In the current case, after an in-depth methodology
study, the velocity solution field has been used. To explain how
it works, let us consider a 1D problem, where u(x) is the ex-
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Figure 1. The ratio between the volumetric grid spacing and
Kolmogorov length scale lvol/h is shown. We present the
planes xy at z = 0 and xz at y = 0 (zoomed-in window).

act solution to a system of partial differential equations and uN
is an approximate spectral-element solution with polynomial
order N. Let us expand u(x) on a reference element in terms
of the Legendre polynomials: u(x) = å

¥
k=0 ûkLk(x), where ûk

are the associated spectral coefficients and Lk(x) is the Legen-
dre polynomial of order k. The error e = ku�uNkL2 consists
of two contributions: a truncation error due to the finite num-
ber of coefficients in the spectral expansion and the quadrature
error. The estimated e results in:
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where we assume an exponential decay for the spectral coeffi-
cients of the form û(k) � c exp(�sk). The parameters c and
s are obtained via interpolating in a linear least-squares sense
the log(ûk) w.r.t. k for k � N. The online error measurement
e provides an indication per element at each time step. After-
wards, it is averaged and the meshing procedure stops when
the error indicator is converged. Once completed the adaptive
mesh design, the final grid is frozen and we start to collect
data.

To assess the quality of the mesh, we can evaluate the ra-
tio between the local grid spacing and the Kolmogorov length
h . This latter is estimated as h = n3/4/e1/4, where the tur-
bulent kinetic energy dissipation e is computed via statistical
analysis. With regard to the grid spacing, in each direction
we have: li/h , with lx, ly and lz that are the largest spacing
in x, y and z directions respectively. As an alternative, we can
consider the equivalent volumetric grid spacing lvol/h , where
lvol = (lx � ly � lz)1/3. In Fig.1, we see how the sei-designed
mesh allows to capture the smallest spatial structures close to
the cylinder walls, up to Kolmogorov scale. We guarantee a
DNS-like resolution in the entire wake region, since at most
lvol/h � 8. Please observe that the front part and the cylinder
boundary layer are laminar, so the h estimation is meaning-
less.

Flow configuration
The stepped cylinder is located in the origin of our system

of reference that is oriented according to the standard notation
for external flow around cylinders, i.e. with the z-axis along the
cylinder. The diameter ratio is D/d = 2, with unitary diameter
D. To avoid side and boundary effects the computational box
domain is designed with adequate dimensions: (�10D,30D)
in x, (�10D,10D) in y and (�10D,12D) in z, where x,y,z are
the streamwise, spanwise and vertical directions respectively.
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Figure 2. Instantaneous l2 visualisations at the junction and in the wake. a) The l2 = �4 structures are visualised on the junction
(z = 0) and coloured with the streamwise vorticity (top view). b) The vortex dislocation at S-N interface is presented. The green
and orange vortices are shed at the negative and positive y respectively; the red lines indicate the oblique shedding occurring in the
modulation region. c) The l2 =�0.2 structures identify the symmetric base vortices on the back of the junction.

The inflow at x = �10D is set as a Dirichlet boundary con-
dition with the streamwise velocity being a uniform distribu-
tion with unitary value U = u0 = 1. The outflow at x = 30D
consists of natural boundary condition (�pI+ nÑu) � n = 0,
where n is the kinematic viscosity. Considering an infinity
long cylinder, symmetry boundary conditions are prescribed at
the top/bottom surfaces (u �n = 0 with (Ñu � t) �n = 0). For the
front and back boundaries mixed conditions are used, similar
to the open boundary at the outflow, but prescribing zero veloc-
ity in non-normal directions. Eventually, for the step cylinder
surfaces we have no-slip and impermeable wall.

INSTANTANEOUS FLOW FIELDS
We qualitatively describe the main structures present in

the flow field using the l2 criterion by Jeong & Hussain
(1995). The convention for the vortices classification follows
Tian et al. (2021).

First, we focus on the junction region. In the front part,
the formation of streamwise vortices is similar to the top-end
plate of a finite-length cylinder, see Zdravkovich et al. (1989).
Figure 2-a shows that the impingement of the flow, due to
the presence of the small cylinder, together with the leading-
edge separation is mainly responsible for the horseshoe vor-
tex H1 formation. This generates a recirculating pressure
bubble with its core at (x/D,y/D,z/D) � (�0.354,0,0.046).
Other typical structures are the edge vortices H3, always vis-
ible on the free-end surface and typically named tip-vortices.
The blockage and the H1 rotation induce the incoming flow
to divert laterally, where it spills over the edges of the step.
Here, it rolls up into two streamwise edge-vortices, see Fig.2-
a. These observations agree with the measurements first made
by Dunn & Tavoularis (2006) at lower ReD = 150. Recently,
Tian et al. (2021) points out some additional structures at
ReD = 3900. The first one is a vortex (H4) which appears
upstream of H3 and rotates in the same direction as H1. At
the current Reynolds (ReD = 1000) the mentioned mechanism
is not present on the junction front. The boundary layer sep-
aration occurs downstream and other smaller turbulent eddies
do not appear around the junction. Figure 2-a shows in a clear
way that the horseshoe vortex H4 is not present. The lead-

ing separation generates only H1. This difference is confirmed
by looking at time-averaged streamlines in figure 3-b. That
has a relevant consequence in the H3 formation. Indeed, Tian
et al. (2021) report that the edge vortex H3 is a horseshoe vor-
tex caused by the backward flow below the junction vortex
H1. The H4-H1 vortex bridge and the hairpins observed at
ReD = 3900 are identified as responsible for H3. At the cur-
rent Reynolds number, we assert that the mechanism which
generates the edge vortices agrees with the Dunn & Tavoularis
(2006)’s observations at lower ReD = 150. The leading edge
separation with the small cylinder impingement drives the re-
circulating vortex H1 formation that laterally deviates the in-
coming flow shaping the H3s. The second type of structure
observed by Tian et al. (2021) is named H2 and is present at
the current ReD = 1000 too. These are horseshoe vortices that
evolve at the base of the small cylinder with cross-flow widths
that continue to increase downstream, as for H1 (see Fig.2-a).
All the three horseshoes (H1, H2, H3) in the forepart of the
step surface (x/D < 0), are stable and with small fluctuations
in time. On the contrary, the back structures are weaker and
more difficult to identify. Differently to Tian et al. (2021),
which uses time-average l2 structures to observe them, we
manage to visualise the instantaneous base vortices B1 and B2
(Fig.2-c). Eventually, Tian et al. (2021) points out a backside
vortex that here appears at a different location. We name it
ring-vortex R and its core is in the back part of the junction at
(x/D,y/D,z/D)� (0.39,0,0.02). R is formed by the H3 vor-
tices that roll up around the edges and split before diverging
laterally. The vortex segment which remains attached to the
edges generates R. The low-pressure region behind the cylin-
der stabilises R on the back, whereas the strong flow advection
interrupts the ring connection laterally.

With regards to the coherent structures in the wake region,
we observe several streamwise spaghetti-like structures on top
of the typical vertical vortices (whose axis is z-oriented), see
Fig.2-b. In laminar vortex shedding, the z vortices are dis-
tinguishable making the vortex dislocations investigation sim-
ple. This is not the case for a turbulent wake. Nevertheless,
since the S-N boundary is stable, it is possible to observe
when the dislocation occurs. Figure 2-b identifies the initial
in phase vortex shed by the cylinder and the consequent dislo-
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