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ABSTRACT
Direct numerical simulations of spatially evolving turbu-

lent planar jets and wakes with viscoelastic fluids are per-
formed in order to study the influence of viscoelasticity on
the flow dynamics and to develop a theory for free turbulent
shear flows with viscoelastic fluids. The DNS display excel-
lent agreement with the new theoretical results.

INTRODUCTION
It is well-known that the addition of minute amounts of

polymers into a Newtonian solvent can lead to drastic changes
in the turbulent flow dynamics resulting in e.g. massive drag
reduction for pipe and channel flows, and the establishment
of an elastic range of the energy spectrum for isotropic tur-
bulence. Different theories have been proposed to explain the
observed behaviour in wall turbulence or isotropic turbulence.
However, there is currently no theory for the description of free
turbulent shear flows such as jets and wakes with viscoelastic
fluids. The current work presents results from several direct
numerical simulations (DNS) of spatially evolving turbulent
planar jets and wakes with incompressible viscoelastic poly-
mer solutions in a Newtonian solvent, in order to develop a
theory for free turbulent shear flows with viscoelastic fluids.

DIRECT NUMERICAL SIMULATIONS
The rheology of the solutions is characterised by the

Finitely Extensible Non-Linear Elastic constitutive model
closed with Peterlin’s approximation (FENE-P). The momen-
tum equation is given by

∂u
∂ t

+u ·∇u =− 1
ρ

∇p+ν
[s]

∇
2u+

1
ρ

∇ ·σ [p], (1)

and the continuity equation is

∇ ·u = 0. (2)

The polymer stress tensor is given by

σ
[p] =

ρν [p]

τp
[ f (Ckk)C− I], (3)

and the evolution equation for the conformation tensor C is

∂C
∂ t

+u ·∇C = ∇uT ·C+C ·∇u− 1
τp

[ f (Ckk)C− I]. (4)

In the above, u is the velocity vector and p is the pressure,
while polymer and solvent zero-shear kinematic viscosities are
ν [p] and ν [s], respectively. τp is the polymer relaxation time
and ρ is the density of the fluid. The Peterlin function used
in the present work is given by f (Ckk)≡ (L2 −3)/(L2 −Ckk),
where L is the maximum length of the polymers normalized by
their equilibrium radius. The ratio of zero shear rate viscosities
is β = ν [s]/(ν [s] + ν [p]). The polymer concentration in the
solution is proportional to 1−β .

The simulations were carried out using a highly accurate
code that employs a combination of pseudo-spectral and 6th
order ’Compact’ finite differences schemes, for the momentum
equations, and the Kurganov-Tadmor scheme for the equations
governing the conformation of the polymer chains (Kurganov
& Tadmor, 2000; Vaithianathan et al., 2006). An explicit
3rd-order Runge-Kutta scheme is used for time-stepping and
the pressure-velocity coupling is treated with a fractional step
method. Inflow and outflow boundary conditions are used at

1



12th International Symposium on Turbulence and Shear Flow Phenomena (TSFP12)
Osaka, Japan, July 19–22, 2022

the boundaries facing the streamwise direction. More details
about the numerical methods and code validation can be found
in Guimarães et al. (2020, 2022) and references therein.

In the present DNS the Reynolds numbers are Reh =
UJh/ν [s] = 3500 for jets and Red = U∞d/ν [s] = 14000 for
wakes, where h is the inlet slot-width of the jet and d is the
transverse length scale of the wake generator object, UJ is
the inlet jet velocity and U∞ is the wake free-stream veloc-
ity. The Weissenberg number (Wi = τp∆U0/d for wakes and
Wi = τpUJ/h for jets) and polymer concentration parameter β

are varied in order to observe the influence of the fluid rhe-
ology in the dynamics of the resulting viscoelastic turbulent
flow. The number of grid points of the (uniform) computa-
tional mesh in each direction is given by nx, ny and nz, and
domain sizes are Lx, Ly and Lz. For the turbulent planar wake
simulations we have nx = 4032, ny = 1152 and nz = 288 with
Lx/d = 84, Ly/d = 24 and Lz/d = 6. For the turbulent pla-
nar jet DNS we have nx = 1152, ny = 1152 and nz = 144 with
Lx/d = 40, Ly/d = 40 and Lz/d = 5.

The DNS show that the polymers in the solution lead to
drastic changes in the evolution of several flow statistics such
as the spreading rates and the rates of decay of both the mean
velocity and passive scalar concentration, Reynolds stresses
and viscous dissipation rate (Guimarães et al., 2020, 2022).
Two-dimensional contours of the instantaneous vorticity mod-
ulus and the passive scalar concentration are shown in figures
1 and 2, respectively, to illustrate the simulations of jets and
wakes. When the inlet Weissenberg number is large, the mean
flow structure at the fully turbulent far field can be split onto
two different regions; a first region where a large reduction
of the spreading and decay rate and a suppression of the nor-
malized turbulent velocity fluctuations is observed, and a sub-
sequent region where the local Deborah number is low and
viscoelastic effects are milder (Guimarães et al., 2022).

THEORY

A new theory describing the far-field fully-developed re-
gion of turbulent viscoelastic jets and wakes is presented,
based on a scaling analysis of the equations governing the
mean flow and polymer conformation fields, and results in
several scaling laws for the shear layer width, centreline
velocity/velocity-deficit, polymer stresses and polymer chain
conformation. Some results have already been published at
Guimarães et al. (2020), where it is shown that Newtonian and
viscoelastic shear layers follow the same scaling laws for the
centreline velocity decay and shear layer width, but with dif-
ferent values of the scaling law coefficients. The new theory
is also able to predict the scales that yield self-similarity of the
profiles of polymer stress and polymer chain elongation and
the condition for similarity of the profiles of Reynolds shear
stress. Additionally, the scaling laws for the streamwise evo-
lution of the maximum polymer shear stress σc(x) at the initial
highly elastic region of the far field are derived. For jets, the
result is σc(x)∼ x−5/2 while for wakes we have σc(x)∼ x−2.
Comparisons between the analytical predictions resulting from
the new theory and the DNS results display excellent agree-
ment (Guimarães et al., 2020, 2022). The new theory is thus an
extension of the classical theory of free turbulent shear flows
of Newtonian fluids (Tennekes & Lumley, 1972; Pope, 2000)
to the more complex case involving non-Newtonian viscoelas-
tic fluids.

Conclusions
Several direct numerical simulations (DNS) of spatially

evolving turbulent planar jets and wakes with viscoelastic
FENE-P fluid have been performed. Large viscoelastic ef-
fects on the flow dynamics and evolution have been observed
when the Weissenberg number is high. An analytical theory
for the far field fully turbulent region of the flow has been de-
veloped using similarity analysis and scaling arguments; ex-
cellent agreement is obtained between the results of the DNS
and the analytical predictions. We expect that the ideas used
in our theory of viscoelastic turbulent planar jets and wakes
will also be useful in the description of other spatially evolv-
ing canonical turbulent flows such as free shear layers in the
axisymmetric (round) configuration, isotropic turbulence de-
caying behind a grid of bars and the outer region of a flat plate
boundary layer.
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Figure 1. Vorticity magnitude contours for (a) Newtonian wake and (b) viscoelastic wake with Wi = 4.2, L = 100 and β = 0.8.
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Figure 2. Passive scalar contours for (a) Newtonian jet and (b) viscoelastic jet with Wi = 4, L = 100 and β = 0.8.
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