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ABSTRACT
We extend the resolvent framework to turbulent flows

laden with low inertia particles. The particle velocities are
modelled using the equilibrium Eulerian model, which is valid
for Stokes numbers up to 1. We analyse a vertical turbulent
pipe flow with a Reynolds number of 5300 based on diame-
ter and bulk velocity, for Froude numbers Fr = 0.4,−0.4 and
Stokes numbers St+ = 0− 1. A direct numerical simulation
(DNS) for a pipe with a length of 7.5 diameters (D) is per-
formed with the particles released uniformly at the pipe inlet.
The resolvent formulation can predict some of the physical
phenomena observed in inertial particle flows such as local-
ized high concentration due to the vortical centrifuge effect,
turbophoresis and gravitational effects. It is shown that the up-
ward flow increases particle concentration in the log layer of
the pipe. The downward flow increases concentration near the
centre of the pipe: both features have been observed in previ-
ous Lagrangian simulations as well as experiments. The main
effect of Stokes number is the amplification of smaller stream-
wise wavelengths, therefore, increasing local scale clustering
of particles. The effect of the direction of gravity was also
reproduced using a simplified resolvent model which did not
require a mean concentration profile as input and simplifies the
analysis since no prior simulation or experiment is required for
the model to work.

INTRODUCTION
The interaction between inertial particles and coherent

flow structures plays an important role in particle deposition in
wall-bounded turbulent flows. Understanding this interaction
can lead to better control over mixing and deposition in pipes
and channels. One of the methods used for analysing coherent
structures in flows is resolvent analysis. This is an equation-
driven approach, where the non-linear terms are treated as ran-
dom forcing to the linear system. The resolvent operator then
maps these inputs (forcings) to the outputs (responses). Re-
cently, this method has been extended to scalars (Dawson et al.
(2018)) and geophysical flows using the Boussinesq approxi-
mation (Ahmed et al. (2021)). This paper presents another ex-

tension of the resolvent analysis framework to particle trans-
port which is modelled using an Eulerian description that is
valid for particles of low inertia. This allows us to analyse the
interaction between coherent structures and inertial particles,
and can potentially allow us to derive low rank descriptions of
these complex interactions.

METHODOLOGY
We consider the turbulent flow inside a circular pipe with

a particles injected at the inlet. The flow is assumed to be in-
compressible and the continuity, momentum and particle trans-
port equations are written in Cartesian tensor notation as:

∂ui

∂xi
= 0, (1)
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where ui, vi are the instantaneous fluid and particle velocities
in the i-th direction respectively, p is the pressure, t is the time,
and c is the particle concentration. The notation (x1,x2,x3) for
the spatial coordinates is used interchangeably with the nota-
tion (x,y,z), where z = x3 is the axial, i.e. streamwise, direc-
tion. Due to rotational symmetry, it is also convenient to use
polar coordinates (r,θ ,z), where (x,y) = (r cosθ ,r sinθ). All
variables are non-dimensionalised with the reference quanti-
ties being the bulk velocity UB, the pipe diameter D, and the
inlet concentration cI . The Reynolds number is defined as
Re = UBD

ν
, where ν is the kinematic viscosity, and the Schmidt
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number as Sc = ν

α
, where α is the particle diffusivity. The

mean (i.e. time-average) and fluctuating quantities are denoted
using an overbar and a prime, for example c and c′, respec-
tively.

The particle velocity, vi, is estimated by assuming that the
material derivative of the particle is approximately equal to the
material derivative of the fluid and is known as the Eulerian
method, Ferry & Balachandar (2001):

vi = ui − τ

(
Dui

Dt
−gi

)
(4)

where τ is the particle relaxation time,

τ =

(
ρp +

1
2 ρf

)
D2

p

18µf
(5)

and ρp is the particle density, ρ f is the fluid density, Dp is the
particle diameter, µ f is the dynamic viscocity of the fluid and
D
Dt is the material derivative. By inserting this into equation 3

and non-dimensionalizing using Fri =
U2

B
giD and St = τUB

D , we
obtain:
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(6)
This model for particle flow assumes that the particle concen-
tration is small, which means there will be no collisions, and
that all particles within a cell move in the same direction, i.e.
no particle crossings.

We here note that 3 different Stokes numbers are used
throughout this work; St = τUB/D based on bulk values,
St+ = τu2

τ/ν based on wall values, where uτ is the friction

velocity and Stk = τ/τk = (2ρp+1)/36
(

Dp
η

)2
is based on the

Kolmogorov time and length scale, τk and η , respectively. In
the present simulation, St and St+ are found to be maximum
0.04 and 1.0, respectively. Stk depends on the Kolmogorov
length scale, which changes with the radial direction in the
pipe and it is found to be maximum 1.12.

We validate the velocity field obtained using the equi-
librium Eulerian method, to the Lagrangian simulations of
a turbulent channel flow with Reτ = 180 from Ferry et al.
(2003) and a pipe flow simulation with Reτ = 323 compared
to the experiment of Oliveira et al. (2017) and the DNS of
Veenman (2004). The channel flow is simulated using Nc =
9.3×106 cells, with (Nx,Ny,Nz) = (256,128,256) and dimen-
sions, (Lx,Ly,Lz) = (4π,2,4/3π). We can observe in figure 1a
that for St+ = 1 the mean radial particle velocity matches the
Lagrangian simulation well, and reasonably well for St+ = 3.
However, for the difference in average streamwise fluid and
particle velocity in figure 1b, we start to observe some differ-
ences near the peak for St+ = 1 as well as a significant de-
viation in most of the pipe for St+ = 3. This means that the
model is deemed accurate for Stokes numbers up to St+ = 1.
The pipe flow simulation has Nc = 2.6× 107 cells on a grid
that near the centre is H-type and transitions to O-type closer
to the wall to fit the cylindrical boundary, with ∆r+wall = 0.1,
∆θr+max = 4.84, ∆r+center,max = 2.63 and ∆z+max = 8.2. The mean
of the mean particle field, plotted in figure 1c, show an excel-
lent agreement for St+ = 1.47. Mean and RMS values of the
fluid velocity field have also been validated for both simula-
tions, but are omitted here for brevity.

A database of mean velocity and concentration pro-
files are needed for the Resolvent analysis and 20 differ-
ent flow configurations were therefore simulated for St+ =
0.1,0.2,0.5,1.0 and Fr =−4,−0.4,0,4,−4 as well as the spe-
cial case where gravity is omitted (Fr → ∞) for a pipe flow
with Reτ = 180. The mean and RMS plots are, once again,
omitted here for brevity.

An in-depth introduction to the resolvent framework can
be found among others in McKeon & Sharma (2010); McKeon
(2017). In this paper, we extend the resolvent analysis further
to understand the behaviour of low inertia particles in turbu-
lent pipe flows. We analyse a fully developed turbulent pipe
flow that transports low-inertia particles. The flow is assumed
homogeneous in the streamwise direction and stationary in
time, which means the instantaneous velocity u = [uz,ur,uθ ],
pressure and particle concentration fields, defined together as
q = [u, p,c], can be expressed as a superposition of Fourier
modes with streamwise wavenumber kz, azimuthal wavenum-
ber kθ (constrained to be an integer), and frequency ω ,

q′(r,θ ,z, t)=∑
kθ

∫
∞

−∞

∫
∞

−∞


û(r;kz,kθ ,ω)

p̂(r;kz,kθ ,ω)

ĉ(r;kz,kθ ,ω)

ei(kzz+kθ θ−ωt)dkzdω

(7)
where (̂) denotes a Fourier transformed variable. This de-
composition leads to each wavenumber-frequency combina-
tion k=(kz,kθ ,cw =ω/kz) and represents a helical wave mov-
ing downstream with wave speed, cw, for k = (kz,kθ ,ω) ̸=
(0,0,0). Furthermore, wavelengths are defined as λz = Lzπ/kz
and λθ = Dπ/kθ . Finally, the critical layer is defined as where
the wave speed, cw, is equal to the mean streamwise veloc-
ity, i.e., cw = u(yc). Using this Fourier representation, at each
wavenumber-frequency combination, k, the convection diffu-
sion equation can be expressed in dimensionless form as:

(−iω + ikzuz)c′+u′r
∂c
∂ r+

St
(

iωu′r
∂c
∂ r −2ikzu′r

∂uz
∂ r c− ikzu′ruz

∂c
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)
+

St
Fr ikzc′−Re−1Sc−1∇2c′−Θs = fc

(8)

where a source term, Θs, is added to ensure streamwise homo-
geneity. Equation (8) and the corresponding equations for the
flow are re-arranged to obtain a forcing–response relationship:

q̃ = Hk fk (9)

where fk = [ fu,0, fc] is the velocity and scalar forcing and
Hk is the resolvent operator. The resolvent operator is dis-
cretized in the radial direction using a Chebyshev pseudospec-
tral method.

We chose the following energy norm, also previously pre-
viously been analysed in Dawson et al. (2018),

E =
1
2

∫
Ω

(
αu2 +βc2

)
dV (10)

where α is the weight of the velocity field, β is the weight
of the particles in the norm. For β = 0, we obtain the kinetic
energy norm. Here it must be noted, that by setting α = 0, we
simplify the resolvent operator to the equation:

c′
(

ikzuz − iω − ∆

ReSc
+ ikz

St
Fr

−Θs,c

)
= fc (11)
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which is independent of c. By performing the SVD on the
resolvent operator, Hs, we obtain the following decomposition

Hs(k) =
∞

∑
j=1

σ j(k)ψ̂ j(r;k)φ̂∗
j(r;k) (12)

where φ is the forcing mode, ψ is the response mode and σ is
the gain related to each response mode.

RESULTS
The resolvent gain, σ , provides information about how

the system reacts to a forcing. The larger the gain, the more
sensitive the system is to the corresponding forcing (or input).
The system is said to be low rank if a significant part of the
total gain is captured by the first mode. Individual weights
for the modes are needed for describing the full forcing and
response system, however, past studies such as McKeon &
Sharma (2010), Sharma & McKeon (2013) have shown that
broadband forcing can be used to describe important features
in the flow, which can also be observed in experiments. We are
therefore checking if the operator is low rank i.e.,

Hs(k)≈ σ1ψ̂1φ̂
∗
1. (13)

Low-rank behaviour typically indicates that there is a dynam-
ically significant spatio-temporal structure defined by k. We
study how long rank behaviour changes with St+ by plotting
the gain of the first resolvent mode relative to the gain from
all modes in the model for streamwise and azimuthal wave-
lengths, and this is shown in figure 2. It can be observed that
the leading response mode contains more than 80 % of the total
response over a large range of wavelengths, and for λz > 1 and
λθ > 0.1 what indicates that the operator is low rank. First,
we investigate the effect of the choice of norm, with α = 0
or α = 1 and β = 0 or β = 1, on the relative gain of the first
mode for various streamwise and azimuthal wavenumbers with
a phase speed, cw = uz(y+ = 15) for St+ = 0.1−1 and gi = 0
in figure 2. When α = 1,β = 0, shown in figure 2 (left col-
umn), the gain plots become independent of St and Fr which
is obvious since only the Navier-Stokes equations are consid-
ered. The gain plot then becomes identical to similar plots in
for instance McKeon & Sharma (2010) or Luhar et al. (2014b).
Similarly, when α = 0, β = 1, shown in figure 2 (middle col-
umn) the gain plot is also constant when 1

Fr = 0, which shows
that equation 11 in this case is independent of Stokes num-
ber as well. It is important to note that in equation 11 only
the concentration fluctuations are taken into consideration, so
there are no interactions with the fluid velocity. Finally, by
setting α = 1, β = 1 (right column), the two previous gain
plots combine. Here, it seems like the low rank behaviour is
switched from the λθ = 2π (kθ = 1) to λθ = 2π/3 (kθ = 3)
for the largest streamwise modes (λz > 200,kz < 1). It seems
the main effect of increasing the Stokes number is to increase
the low order nature of the smallest streamwise wavenumbers.
This could indicate the existence of local clustering, observed
in among others Marchioli et al. (2007). This could also help
explain the existence of the long narrow clusters of particles
observed near the wall, which are often much longer and nar-
rower than velocity streaks, (Sardina et al. (2012); Brandt &
Coletti (2022)).

Next, the effect of Fr is tested, by looking at the gain
from equation 11 which is the simplified system in figure 3 at

two wave speeds, cw = uz(y+ = 15) figure 3 (top row), and
cw = uz(y+ = 150) figure 3 (bottom row). Figure 3a,d show
the case of no gravity, figure 3b,e show the case of a down-
ward flow and figure 3c,e show an upward flow. Here we ob-
serve that by increasing St/Fr, We increase the low-rank re-
gion for upward flow in the near wall region, and reduce it for
the downward flow as seen in the top row. Similarly, we in-
crease the low-rank region in further from the wall for a down-
ward flow and reduce it for the upward flow as shown in bot-
tom row. Similar observations for the mean and rms particle
concentrations were also made in the Lagrangian simulations
of Nilsen et al. (2013) and Capecelatro & Desjardins (2015).

The flow structures are now analysed using the resolvent
framework as shown in figures 4 for the full system and 5 for
the simplified equation modes. The most energetic scales for
the various Stokes and Froude numbers under consideration
for the different wall-normal heights still coincide somewhat
with the passive scalar case, even though the inertial and grav-
itational effects changes which exact wavelengths causes the
system to become low rank. However, to simplify the anal-
ysis, it is necessary to limit the analysis to only a few modes.
We therefore analyse the mode kz = π/2, kθ = 4 since it is low
rank at the different wavespeeds, cw(y+ = 15),cw = uz(y+ =
30),cw = uz(y+ = 120), as well as the special case of the lo-
cally clustered mode, which is shown at kz = 10π , kθ = 4,
cw = uz(y+ = 150) which was shown to increase in gain with
increasing St+. We plot σ1|φ1,c| to show both the shape of the
mode, but also its relative importance.

In figure 4, the most energetic mode for at the different
wave speeds is plotted for no-gravity (top row), downward
(middle row) and upward flow (bottow row). The main ef-
fect of increasing the Stokes number is shown in figure 4a-d
and seems to be to amplify the locally clustered modes, fur-
ther away from the wall. This is primarily done for smaller
more narrow shapes. This is caused by particles moving to re-
gions of lower turbulence intensity, which has also been ob-
served in for instance Sardina et al. (2012). The effect of
downward flows, shown in figure 4e-h, show that the concen-
tration peak of the modes moves somewhat closer to the wall
for the smaller modes. Furthermore, the concentration fluctu-
ations seems to increase significantly in the bulk region of the
flow. This is also observed in several Lagrangian simulations,
of Nilsen et al. (2013) and Capecelatro & Desjardins (2015).
In Nilsen et al. (2013), the increase in the bulk region was ex-
plained with downward gravity increasing the average particle
velocity and therefore aligning the particles more with faster
moving bulk flow structures, whereas the opposite is the case
for upward flow. The effect of the upward flow, figure 4i-l,
seems to move the peak somewhat away from the wall, but to
increase them in the log region their amplitude when compared
to the downward or no-gravity flow. This was also shown in
Nilsen et al. (2013), where the concentration in the logarithmic
region increased for upward flows. In both the upward and
downward flow, we see that the gravitational effects seem to
dominate the inertial effects, since figure 4h,l no longer show
the effect of inertia. This would change if the Stokes number
was increased, or the gravitational effect was reduced.

Finally, the flow is analysed using the simplified resolvent
operator described in equation 11 in figure 5 for the same val-
ues as in 4. As in figure 5, σ |φ1,c| is plotted in order to show
both the shape of the mode, but also the relative magnitude.
In figure 5 we can see that inertial effects no longer plays a
role, since the no gravity case of figure 5a-d no longer changes
with Stokes number. However, gravitational effects still seem
to be visible. For a downward flow, figure 5e-h, it can still
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be observed that the modes are mainly amplified closer to the
centre, whereas, for the upward flow, figure 5i-l, the modes are
amplified in the log layer of the wall.

Despite using only a few modes for this representation,
the overall features of the flow concentration intensities are
still captured, with an increase in the bulk region of the flow
for the downward flow, and an increase in the near-wall region
of the flow for the upward flow, and finally, a sharp increase for
locally clustered modes when the Stokes number is increased.
The gravitational effects can be found using the simplified sys-
tem, which means that the mean concentration profile is not
needed. The gravitational effect of particles can therefore be
analysed for a wide range of Reynolds numbers, provided only
the velocity profile is obtained first.

CONCLUSION AND FUTURE WORK
In this paper, we investigated the transport and wall trans-

fer in a turbulent pipe flow at Re = 5300 (based on bulk ve-
locity) using the equilibrium Eulerian model for particle ve-
locity and adapted the model to the resolvent framework. The
equilibrium Eulerian model was validated against other exper-
iments and simulations and was found to correctly capture the
trends observed in no gravity, upward and downward vertical
turbulent pipe flows. The resolvent methodology presented has
allowed us to analyse which modes become amplified depend-
ing on their Stokes and Froude number. It was found that the
resolvent model was able to capture the characteristics of iner-
tial particles in wall-bounded effects. The model predicted the
occurrence of smaller regions with a high concentration of par-
ticles, that the bulk region of the flow gets amplified for down-
ward flows and that the near-wall region gets amplified for up-
ward flows. The trends solely related to the direction of gravity
could be observed using a simplified resolvent model, that did
not require concentration profiles. This means that key insight
can be provided into these types of flows, in a few seconds,
using a standard laptop. Finally, the model also showed how
gravity affects particle distribution. It was shown that modes
in the log region become amplified in upward flow and that
downward flow amplifies modes in the centre, but also moves
some modes closer to the wall.

Future work will explore the potential of the methodol-
ogy for gaining insight into more complex settings that may
include chemical reactions and different flow configurations.
The current configuration of the resolvent model was closed
using mean velocity and concentration profiles. The model
could become more sophisticated by modelling the forcing
term of the resolvent operator which would make it possible
to obtain accurate flow statistics such as rms values. Other
future work includes using the resolvent operator for flow con-
trol to modify deposition of inertial particles, as was done for
a velocity only analysis of a turbulent pipe flow by Luhar et al.
(2014a).
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Figure 1: Wall-normal particle velocity (a) and difference between streamwise average particle velocity and fluid velocity
(b) of a channel flow simulation with Reτ = 180 compared to the Lagrangian simulation from Ferry et al. (2003), where
solid lines are the present simulations and (o) are the Lagrangian simulation, blue line color is St+ = 1 and red line color is
St+ = 3. Velocity profiles for particles with St+ = 0.1 and St+ = 1.56 for a downward flow with ReB = 10300, compared
with an experiment by Oliveira et al. (2017) (c).
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Figure 2: Contour plots of the energy contained in the leading response mode relative to all modes, σ2
1 /∑n=1,Nr σ2

n for
cw = u(y+ = 15), where the resolvent is found using a norm with kinetic energy, α = 1,β = 0, (left column) the simplified
resolvent operator from equation 11, α = 0,β = 1, (middle column), and kinetic energy and particles, α = 1,β = 1, (right
column), where (top row) is for St+ = 0.1 and (bottom row) is for St+ = 1.0 and 1

Fr = 0 .

Figure 3: Contour plots of the energy contained in the leading response mode relative to all modes, σ2
1 /∑n=1,Nr σ2

n for
cw = uz(y+ = 15) (top row) and cw = uz(y+ = 150) (bottom row), for the simplified equation 11, i.e α = 0,β = 1. (left
column) 1/Fr = 0 (i.e. zero gravity), St+ = 1, (middle column) Fr = 0.4, (right column) Fr =−0.4.
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Figure 4: Mode shapes for concentration fluctuations for no gravity (a-d), downward (e-h) and upward flow (i-l), where
(a,e,i) is for cw = u(y+ = 15), (b,f,j) cw = u(y+ = 30), (c,g,k) cw = u(y+ = 150) and (d,h,l) is for local clustering. The
black vertical line indicate the location of the critical layer of the velocity field, and the dashed-dotted vertical line is the
location of the critical layer for the concentration profile.
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Figure 5: Mode shapes for concentration fluctuations of the simplified resolvent mode described in equation 11 for no
gravity (a-d), downward (e-h) and upward flow (i-l), where (a,e,i) is for cw = u(y+ = 15), (b,f,j) cw = u(y+ = 30), (c,g,k)
cw = u(y+ = 150) and (d,h,l) is for local clustering. The black vertical line indicate the location of the critical layer of the
velocity field, and the dashed-dotted vertical line is the location of the critical layer for the concentration profile.
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