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ABSTRACT
Two dimensional active suspensions are examined. The

suspension consists of a Newtonian fluid and multiple identi-
cal active Janus particles. Janus particles are a model for bio-
logical or artificial particles capable of driving themselves for-
ward. The length of such a particle lies in the range of a few
micrometers, hence, the Reynolds number Re ≪ 1 is small.
Due to the chaotic behaviour of the particles in suspensions,
some authors have used the term active turbulence to describe
this behaviour.

The similarities and differences between active and hy-
drodynamic turbulence are examined. We will use statistical
moment equations and direct numerical simulations (DNS) to
obtain results. The results are quantified with the help of statis-
tical measures, such as the probability density function (PDF)
and the mean values of the physical quantities.

INTRODUCTION
Active suspension consists of a fluid, which is usually but

not necessarily Newtonian, and a large number N of active par-
ticles. The latter term describes objects, which are capable of
driving themselves forward (Bechinger et al., 2016). In gen-
eral, there is no size restriction, i.e. flocks of birds or swarm-
ing fish can be described as active particles as well as bacte-
ria or artificial microscopic objects, however, our focus lies
on microscopic active particles. The simplest realisation of
an artificial active particle is the Janus particle (Sharan et al.,
2020), which is driven forward by the chemical potential cre-
ated by two different surface coatings. More complex struc-
tures are described as microrobots (Zhang et al., 2019; Yigit
et al., 2020). Possible fields of application are environmen-
tal monitoring and cleaning (Soler & Sánchez, 2014; Jurado-
Sánchez et al., 2015; Orozco et al., 2016) and self-healing
electronics (Li et al., 2015).

Colonies of motile strains of Escherichia coli or Bacillus
subtilis are often used as model organisms to examine the be-
haviour of active particles (Wu & Libchaber, 2000; Drescher
et al., 2011; Sokolov & Aranson, 2012; Dombrowski et al.,
2004). Important parameters for the characteristics of the col-
lective behaviour of an active suspension are the density of

the suspension (Baskaran & Marchetti, 2009), the shape of
the particles (Wensink et al., 2012; Be’er et al., 2020) and the
enclosure of the entire system (Wu et al., 2017; Dhar et al.,
2020). For high particle densities the flow pattern shows sim-
ilarities to hydrodynamic turbulence, which leads to the occa-
sionally used term ”active turbulence” (Bratanov et al., 2015;
Alert et al., 2022). While both phenomena - active and hydro-
dynamic turbulence - show similarities, the differences are ev-
ident. Hydrodynamic turbulence only occurs in systems with a
very large Reynolds number, whereas active suspensions with
microscopic particles exist in a regime of very low Reynolds
numbers Re ≪ 1. Hence, hydrodynamic turbulent flows are
governed by inertia and active suspensions by viscosity.

GOVERNING EQUATIONS
A general, incompressible, Newtonian fluid is described

by the Navier-Stokes equation
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where uF
i is the fluid velocity and pF the fluid pressure. Due to

the low Reynolds number the convective term ∂uF
i uF

j /∂x j is
small compared to the viscous term, hence, it can be neglected,
leading to the unsteady Stokes equation
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Applying the rotation operator to (2) delivers the equation for
the vorticity ωF
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The vortex stretching term ωF
j
(
∂uF

i /∂x j
)

does not occur in
(3) as it is a result of the convective term in (1). Subsequently,
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Figure 1. A two dimensional Janus particle. The surface of
the particle is split by the shorter axis b into a passive Γpa and
an active part Γpa.

the energy cascade of three dimensional hydrodynamic turbu-
lence will not occur in an low-Reynolds active suspension re-
gardless of the spatial dimension. Furthermore, as the injection
of energy into the system is on the same scale as the dissipa-
tion, which dominates all scales of an active suspension, no
energy cascade is expected to occur (Alert et al., 2022).

The motion of the particles is described by the Newton-
Euler equations for rigid particles, where we will restrict our-
selves to two dimensions

mP dvP
i

dt
=
∫

ΓP
τ

F
i j n j ds, (4)
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Here, vP
i is the translational velocity of the particle P, ωP is the

rotational velocity, χP
i is the position of the centre of mass, mP

is the mass and ΘP the moment of inertia and ni is the outward
pointing normal vector at the particle surface ΓP. The fluid
stress tensor
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is the source of momentum for the the particles.
The equations (4) and (5) are valid for active and passive

particles. The capability of self-driven motion is introduced
into our model by the means of an active boundary condition.
The particle surface is split into two parts by the shorter half
axis b (Fig. 1), i.e. our model is a so called Janus particle.
At the passive part Γpa of the boundary a no-slip condition is
applied. Hence, the local particle and fluid velocity are equal

uF
i = uP

i = vP
i + εi3 jω

P
(

x j −χ
P
j

)
∀xxx ∈ Γ

pa. (7)

The surface of the particle is impermeable, thus, at the active
part of the surface Γac the condition

uF
i ni = uP

i ni ∀xxx ∈ Γ
ac. (8)

must be fulfilled. Furthermore, a mechanical stress is applied,
which permits a slip velocity in the tangential direction. The
tangential vector ti is defined as

ti = εi jk

(
ε jlmeP

l nm

)
nk, (9)

where eP
i is the orientation vector of the particle, see Fig. 1.

Due to its definition the tangential vector points always in the
backwards direction eP

i ti ≤ 0 of the particle. Hence, the active
stress is

f ac
i = Acti ∀xxx ∈ Γ

ac, (10)

where Ac is the constant non-dimensional active stress magni-
tude. Subsequently, the fluid at the active boundary is acceler-
ated in the backwards direction. Due to momentum conserva-
tion the resulting reaction force of the fluid will accelerate the
particle in the direction of eP

i by the means of the integral term
in (4).

Eulerian spatial averaging theory
To get a first impression of the behaviour of an active sus-

pension we use volume-averaged equations. The underlying
idea of Eulerian spatial averaging theory, see e.g. Drew (1983),
is to express all physical variables in terms of their averages

〈
ψ
P
〉
(xxx, t) =

1
V

∫
V

ψ
P (rrr, t)γ

P (rrr, t)dV, (11)

where P indicates an arbitrary phase, ψP an arbitrary physi-
cal variable of the given phase and V the respective averaging
volume. Note that V needs to be sufficiently larger than the
particle volume but also much smaller than the entire computa-
tional domain. The function γP is the phase indicator function
which is defined as

γ
P (xxx, t) =

{
1 xxx ∈VP

0 xxx /∈VP,
(12)

where VP is the volume occupied by the phase P.
Due to the average each phase is present at each space-

time point (xxx, t), hence it is necessary to solve the equations
for both phases simultaneously. Furthermore, we have the sat-
uration condition

α
S +α

F = 1, (13)

where αS = V S

V is the volume fraction of the particle phase and
αF = V F

V is the volume fraction of the fluid phase. Using the
respective volume fractions, we introduce the average over the
volume occupied by a single phase ψP =

〈
ψP
〉
/αP, which

we call true physical average.
Using the volume average (11) to derive balance equa-

tions for the mass, linear and angular momentum for both
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Figure 2. Results obtained for a pressure and active stress driven channel flow. (a) Profiles of the the solid phase volume fraction
αS. (b) Averaged particle translational x1-velocity vS

1. (c) Averaged fluid x1-velocity uF
1 . On the vertical axis the remaining spatial

coordinate vertical to the channel is denoted. Results are plotted for Ac = 0 ( ), Ac = 500 ( ) and Ac = 1000 ( ). Figure
reproduce from Deußen et al. (2022), Fig. 8a-c.

phases and an equation for the averaged orientation of the par-
ticle phase delivers in two dimensions
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Here, uF
i and pF are the mean fluid velocity and pressure, vS

i ,

ωS and eS
i are the mean translational and rotational particle ve-

locity and the particle orientation. Additional terms arise due
to the interactions between the phases; ⟨Fi⟩ represents inter-
action forces and ⟨T ⟩ interaction torques. The two quantities
K and W represent interactions between the particles and be-
tween particles and the wall based on the averaged active force

Ac = 2aAc
εV P

∫
π
π

2
sin(σ)

√
ε2 sin2(σ)+ cos2(σ)dσ . An in depth

derivation of the given equation can be found in Deußen et al.
(2022).

Results
The model is used to obtain results for a planar

Poiseuille channel flow. To obtain results MATLAB (Version
9.2.0.556344, R2017a) is used. The equations are solved us-
ing the partial differential equations solver pdepe.m, employ-
ing finite differences (Skeel & Berzins, 1990) for the spa-
tial discretisation and numerical differentiation formulas for
the time discretisation, implemented by ode15s.m (Shampine
& Reichelt, 1997; Shampine et al., 1999). The respective
MATLAB-scripts are publicly available at TUdatalib (Deußen
et al., 2021). The results were, together with further setups,
first presented in Deußen et al. (2022).

The results presented in Fig. 2 show a quasi steady state,
where the averaged vertical velocities are negligibly small
compared to the velocities parallel to the channel wall and are
not displayed here. The flow is driven by a pressure gradient
∂ pF/∂x1 = −106 and the active force of the particles. Three
numerical experiments are carried out with varying averaged
active forces Ac = 0, Ac = 500 and Ac = 1000.

In case of the passive suspension Ac = 0 the parabolic ve-
locity profile of an Newtonian fluid is retrieved. Due to the low
Reynolds number the particles follow the stream lines of the
fluid. Negligible forces in the vertical direction are observed,
hence, the volume fraction αS does not change in space, see
Fig. 2a.

Despite the expected chaotic behaviour clear structures
emerge in results for the averaged quantities of the active sus-
pensions. As visible in Fig. 2a material accumulates at the
channel walls for active suspensions. The reason for this ac-
cumulation are twofold. For once, active particles have an in-
herent tendency to accumulate at solid walls (Bechinger et al.,
2016; Berke et al., 2008). This is represented by the term K
in the equation for the averaged linear momentum (16) of the
particles, see Deußen et al. (2022) for a more detailed discus-
sion and derivation. The second reason for the accumulation
is the averaged Saffman-force, acting on the particles perpen-
dicular to the relative velocity wS

i =
(

uF
i − vS

i

)
and rotation

ωi =
(

0.5ωF
i −ωS

i

)
between the two phases (Deußen et al.,

2022)
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The averaged relative velocity wS
i is caused by the active force,
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Figure 3. Snapshots of a DNS with 211 active particles and a single passive particle. The left figure shows the situation at t = 20,
the right figure shows the same domain at t = 100. The particles form clusters cluster alongside the wall and to a lesser extent in the
proximity of the passive disk-shaped particle.

thus, this effect is not visible in a passive suspension. In fact
there are several studies (Leighton & Acrivos, 1985; Derk-
sen & Larsen, 2011; Agudo et al., 2017), which show that the
Saffman force is negligible for the case of passive spheres.

The profiles for the velocity of the two phases in case of
the active suspension show an area of reduced velocity gradi-
ents at the channel walls. This is caused by the accumulation
of material. In the limiting case, where αS reaches the maxi-
mal packing fraction, the suspension will behave like a solid,
leading to a vanishing velocity gradient. The overall velocity
of the active suspension is reduced, compared to the passive
suspension. The main reason is the additional stress between
the two phases. This effect may be somewhat resembling the
behaviour of a turbulent flow, where increased stresses provide
a flatter velocity profile. Obviously, however, the cause for the
similar behaviour is different. In the case of hydrodynamic tur-
bulence, one has to deal with increased internal stresses, which
become visible as Reynolds stresses in the averaged Navier-
Stokes equations. In contrast, the active stresses are a material
parameter of the active suspension.

DIRECT NUMERICAL SIMULATIONS
The model system consisting of the unsteady Stokes equa-

tion (2) and the Newton-Euler equations (4) and (5) is im-
plemented into the Bounded Support Spectral Solver (BoSSS)
framework 1 (Kummer et al., 2021). This framework provides
high-order discontinuous Galerkin (DG) methods to solve the
fluid phase of the suspension. Within this framework it is pos-
sible to represent the particle surface with sub-cell accuracy by
employing a level-set method, implemented by the extend dis-
continuous Galerkin method (XDG) (Kummer, 2017; Kummer
et al., 2018).

We present results for a closed system of 211 active par-
ticles and a single passive particle. The length of the active
particles is aac = 1, the aspect ratio is ε = 5/2 and the active
stress magnitude Ac = 10. The passive particle is a disk with a
diameter apa = 2. The simulation is carried out in a 18×18 do-
main with the mesh size h = 1/12. Fig. 3 shows the simulation
progress between t = 20 and t = 100. From an approximatly

1Openly available at https://github.com/FDYdarmstadt/BoSSS
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Figure 4. The PDF f d for the minimal distance between two
particles is marked by ( ). The lower limit for the PDF
is the particle dimension plus the minimal distance threshold,
marked by ( ). In case that all particles would be equally
distributed in the domain, the distance between each particle
would be d = 1.24 ( ).

uniform distribution at the first time the particle form clusters
at the second time. These clusters mainly form at the domain
walls and are, thus, similar to the results of the volume aver-
aged simulation. However, they also appear within the domain
and in proximity to the passive particle.

We analyse the behaviour of the particles using probabil-
ity density functions (PDF), obtained by using the MATLAB
function fitdist. As a measure of the clustering phenomenon, a
PDF for the minimal distance f d between two particle centres
of mass is introduced, see Fig. 4. This PDF returns the prob-
ability of finding a second particle at a certain distance from
a probing particle. It clearly shows that the highest probabil-
ity is in the closest proximity of the probing particle. Hence,
the visual impression of cluster formation obtained from the
snapshots in Fig. 3 can be confirmed by the PDF. In case of
a hypothetical uniform distribution, the distance between the
particles would overall be larger, as indicated by the dashed
line in Fig. 4. Hence, clear structures are formed in contrast to
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Figure 5. The PDF f x for the x1-coordinate of the position
of the particles within the domain. The results are preliminary.
With a longer run-time of the simulation and thus additional
data, it is to be expected that f x is constant within the do-
main and only two peaks form on the walls, which are already
recognisable in the available smaller data set.
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Figure 6. The PDF f v for the particle translation x1-velocity
( ). While the PDF might look Gaussian, the comparison
with a normal distribution ( ) reveals that especially for
larger possible velocities it is non-Gaussian.

the idea of a chaotic behaviour.
The increase of αS in the volume averaged simulation at

the channel walls can also be observed in the DNS-simulation.
The PDF f x (Fig. 5) gives the probability of finding a parti-
cle centre of mass at a certain x1-coordinate of the domain. It
should be noted, that the data shown in Fig. 5 are preliminary, a
steady state has not jet been reached. Nevertheless, it already
indicate what is to expected from the final data. Within the
domain the distribution will be constant, whereas material ac-
cumulated at the domain wall, leading to the two peaks visible
in f x.

While the PDFs for the minimal distance f d and position
f x indicate a structured behaviour, i.e. the formation of clus-
ters, the analysis of the velocity PDF reveals a more chaotic
behaviour. In Fig. 6 the PDF for the v1-velocity of the par-
ticles is plotted. Non-Gaussian ”heavy tails” are clearly visi-
ble, resembling the behaviour of a turbulent flow, see for ex-
ample Wilczek & Friedrich (2009). This non-Gaussian be-
haviour could indicate that effects such as intermittency are
occurring; a phenomenon that is often studied in turbulence
research based on vorticity (Li & Meneveau, 2005).

DISCUSSION
Structures are made visible with both models. Active par-

ticles have a tendency to attach to walls, as is visible in the
case of both, the volume-averaged model and the DNS. This
attraction is due solely to the active stress at the surface, as it
does not occur in the case of passive suspension. Furthermore,
loose clusters are also formed in the domain, as can be seen
from the snapshots of the DNS. In this sense, active suspen-
sions thus behave in a predictable and less chaotic manner.

The observation of the velocity PDF shows a non-
Gaussian behaviour. This shows similarities with the non-
Gaussianity in the case of hydrodynamic turbulence and pos-
sibly indicates the phenomenon of intermittency. Further anal-
ysis in this regard is needed. Intermittency, i.e. the sudden
occurrence of a chaotic state in an otherwise ordered system,
thus indicates a behaviour similar to hydrodynamic turbulence.
It should be noted, however, that in an active system there is
no classical energy cascade, as can be easily shown by consid-
ering the vorticity equation. Considering the energy cascade
as defining property of hydrodynamic turbulence, the term ac-
tive turbulence might be misleading from the standpoint of
fluid mechanics. Nevertheless, applying techniques known
from hydrodynamic turbulence research to active suspension
might lead to interesting new results as shown for example by
Deußen et al. (2021).
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