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ABSTRACT where U; stands for the velocity, P the pressure divided by the

In the present work, we revisit the classical problem of density, ¢ and x; are temporal and spatial coordinates, respec-

Reynolds-Averaged Navier-Stokes (RANS) modeling by tak- tively, and v is the kinematic viscosity. However, despite the
ing into account additional constraints arising from the Lie- advent of supercomputers, a full solution of (1) remains too
symmetries that govern turbulence. Symmetries are defined computationally expensive for most real-life applications, and
as variable transformations that when inserted into an equa- the need for efficient and accurate turbulence models still re-
tion leave this equation form invariant. Even though orig- mains. RANS models occupy an important place in the spec-
inally a mathematical concept, it turns out that in the con- trum of turbulence models, because they are computationally
text of equations describing physical phenomena, symmetries efficient while often being accurate enough. Their starting
usually carry physical meaning themselves. Generally speak- point are the RANS equations, which can be derived from av-
ing, it is desirable to incorporate this physical meaning into eraging (1) and read

a model, so that symmetries can be used to infer constraints

on model equations in a mathematically rigorous and algorith- o0 o0, oH: 9P 220,
mic manner. The symmetries that are important for turbulence o, S+
fall into two categories: First, classical symmetries, which are x; ot Jx; xi dx;ox;
observed throughout classical mechanics and are found in the
original Navier—Stokes equations as well as any full statistical
description of turbulence, and, second, statistical symmetries,
which are only observed once a statistical view of turbulence
is adopted, and, therefore, cannot be found in the unaveraged
Navier—Stokes equations. Since the implications of the clas-
sica} symmetries are fairly trivial, they are‘us.ually accoun.ted U=U+u, P=P+p 3)
for in complete turbulence models. The statistical symmetries,

on the other hand, are a relatively recent development, and are

generally overlooked in turbulence modeling. The goal of this leading to

work is to present the development of a modified version of

the k-e-model, which hopefully illustrates the steps needed to

build these additional symmetry constraints into a model. First DU; dU; U oP 9°U;  OR; j

results show a promising performance of the modified model. Dr ot +Uj ox;j - Txi—i_ v 0x;0x; T ox |

@

Here, the bar denotes averaging, and H;; = U;U;. The velocity
and pressure are usually decomposed into a mean and a fluc-
tuating value (Reynolds, 1895),

C)

where the new unknown term R;; = ;u;, also known as the

Reynol T nsor, arises. For this unknown term, an ex
INTRODUCTION ey Ods stress te S.O , arises. For t .Su OW te : ,ane aCt
) ) equation can be derived, however, this equation again contains
The best known turbulence model for incompressible flow unknown correlations. This is known as the famous closure
is given by the Navier-Stokes equations problem of turbulence. In order to obtain a solution to (4),

empirical closure relations, i.e. turbulence models, have to be
introduced at some level. Presently, we consider the simplest

ﬂ DU; %+ % _ 7&7P+v 92U; —om closure of eddy-viscosity models, which rely on inserting a
oxi | Dt ot J ox; T Ox; dx;ox; o model for the unknown R;; in (4). If we denote this model with
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R; j to highlight its approximate nature, (4) as used in eddy-
viscosity models reads

DU,' 8(7, _ BU, 0P 82Ui 81?,7
— = —Uljz—= 5tV
Dt ot 8xj 8x,~ 8xjr9xj 8xj

(&)

The simplest model for R; j is given by the Boussinesq approx-
imation (Boussinesq, 1877)

L aU; 3Uj 2
Kij=—v (axﬁ ax,'> 3k ©)

where the task of modeling six independent components of the
Reynolds stress tensor is reduced to modeling a turbulent (or
eddy) viscosity v, and the turbulent kinetic energy k.

In this work, we restrict our attention to the classical k-&-
model (Jones & Launder, 1972), though the method can easily
be applied to other two-equation models as well. Note, how-
ever, that the application to Reynolds-stress models (RSMs)
is more complicated, so that we exclude this class of models
from the present discussion.

The classical k-e-model solves a transport equation for &,
which is based on the exact equation that can be derived for
the turbulent kinetic energy and reads

o Mgt o\Ve ) ag) @

Herein, the first term on the right-hand side (the production
term) appears in closed form, whereas the second one (dis-
sipation) and the last one (diffusion) require modeling. For
the diffusion term, a simple gradient-diffusion hypothesis has
been introduced in the development of (7), and the dissipation
is obtained from the transport equation

d v\ de g
+Tx] (V+G*£>Tx] (®)

which is entirely empirical and whose structure is based on
(7). The constants oy, Ce 1,Ce > and o¢ are model parameters,
and establishing appropriate values for them is accomplished
by calibrating the model against a number of canonical flows.
Apart from entering (7), € also serves as a scale-providing
variable that is needed to formulate a dimensionally correct
expression for v;. The k-£-model uses

k2
vi=Cy = &)

where the additional model parameter Cy; appears.

A major issue associated with the k-€-model and similar
models is their lack of universality, i.e. when simulating a new
flow problem, it is not generally clear if a given model will be
sufficiently accurate. In the following, we explore how we can
address this issue using symmetry constraints.

This paper is structured as follows: We first give a brief
introduction to Lie-symmetries and discuss the relevant sym-
metries of turbulence. Then, we discuss how conclusions from
Lie-symmetry analysis allow enhancing existing turbulence
models, and show some results of simple flows obtained with
a modified version of the k-€-model. We end with a short con-
clusion.

LIE-SYMMETRIES OF TURBULENCE

In the present context, symmetries are defined as transfor-
mations that leave a given equation such as (1) form invariant.
Note the analogy to geometrical symmetries, which can be de-
fined as geometric transformations (e.g. rotation) that leave ge-
ometric objects (e.g. a circle) invariant. The symmetries of the
unaveraged Navier—Stokes equations (1) were first calculated
by (Bytev, 1972) and, assuming v = 0, read

T; : t*=t+ar, X =x;

Ui =U;, P*=P (10)
Troty, tf =1, x; :ijE?]

U =u;0%, P =P (1)
TGy, =1, xi =x + fca, (7)

Uf = Uit fo (0, P =P—;fh () (12)
Tp: =1, X =x

Ui = PP a3
Tscr: tF=t, X} = x;ese!

Ui = Uge™!, P* = peset (14)
TSc,II : = leasc‘”, xf = X

U = Uje %1t P = Pe—20scu 15)

where the constant rotational matrices Q[O‘] are given by

1 0 0
Q['] = | 0 cosaror, —sindroy, (16)
0 sinaro, C€OSaro,

COSdrot, 0 —sinaroy,
ol = 0 1 0 (17

sinayor, 0 coSdayor,

COSdrot; SiNarey; 0
Q[S] = | —sinayot; coSaror; 0 (18)
0 0 1

respectively. The a; stand for arbitrary real-valued constants,
and fp(r) and fgu,(r) are free functions of time. Notice
that in the case of nonvanishing viscosity, due to a so called
symmetry-breaking effect of v, (14) and (15) combine to

* c.ns k . * — c
TSC,HS = [ezaSL,ns’ x; :xieaSc.m7 Ul — Uie aSL,n57

P* = Pe2ses (19)

The symmetries (10)—(15) and (19), which we also refer to as
classical symmetries, each have an intuitive physical interpre-
tation. The time translation symmetry (10) is connected to the
principle that there is no absolute origin in time, so that time
shifts cannot have an impact on physical processes. The anal-
ogous concept for the spatial coordinates is encoded in (12) if
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we assume the special case fgqy,(f) = const. Equation (11) is
the rotational symmetry, which encodes the principle that the
orientation of the coordinate system must be arbitrary. This
is directly connected to the principle of correct tensor formu-
lation. Note that the similar transformation of time-dependent
rotation, i.e. (11) with ayor, = drot, (¢), is not a symmetry of the
Navier—Stokes equations, because inertial effects do play a role
here. The generalized Galileian symmetry (12) is also well-
known. If we restrict ourselves to f</3a1,» () = const, this sym-
metry essentially states that a linear movement at a constant
velocity cannot affect physical processes, a principle found
throughout classical mechanics. For the special case of in-
compressible flow, we may even allow acceleration, because
its effect can be absorbed by the pressure field. Another sym-
metry that is specific to incompressible flow is given by (13),
which states that the absolute value of the pressure does not
matter, but only spatial pressure differences. Finally, the scal-
ing symmetries (14) and (15) (or (19) in the viscous case) are
connected to the principle of dimensional correctness. This
connection becomes clear if one realizes that changing the sys-
tem of measurement, which must obviously not have any ef-
fect on the equations, is nothing but a particular rescaling of
the appearing variables.

So far, nothing particularly surprising has been revealed
by this symmetry analysis. In fact, the principles encoded by
the symmetries (10)—(15) and (19) are essentially equivalent
to the principles of invariant modeling (Donaldson & Rosen-
baum, 1968). Roughly speaking, two-equation models and
more complex ones fulfill all of these symmetries. Only sim-
ple special-purpose models, such as the mixing length model
(Prandtl, 1925), whose restriction to particular flow types leads
to a violation of one or more of the principles listed here, break
some of the symmetries discussed so far. In general, it must be
emphasized that symmetry-breaking only restricts the univer-
sality of a model and says nothing about its usefulness for any
one particular flow.

However, additional symmetry constraints can be found
by looking at a complete statistical description of turbulence,
such as that given by (4) and the infinite hierarchy of equations
for the higher moments. Oberlack & Rosteck (2010); Rosteck
& Oberlack (2011) found that in this framework, the symme-
tries

Tsesat: =1, xf =x;, U =Ueesat| p* = Pesesat
R;‘j = (Rij+ Ul.Uj)easc,sm _ UinezaSc.sm (20)

Lo * o S 5

TTr,stat,l =t x;=x, U =U; + aTrstat i P =pr

. _ _
Rij =Rij —Ujarcstar1,i — UiaTrstat 1, j

— ATr,stat,/,iTr,stat, 1, j 2D
. * * Tk 77 D¥ __ D
Tristarp: 8 =t, x; =x;, U =U;, PP=P
*
Ry = Rij + atestat11,ij (22)

which have no counterpart in the unaveraged Navier—Stokes
equations, appear. Note that these symmetries affect the entire
infinite hierarchy of statistical moments, but in order to keep
the notation simple, we only write out variables that are im-
portant for our present purposes. For more details on these
symmetries, we refer to Rosteck (2013). Waclawczyk et al.
(2014) were able to show that these symmetries, which we re-
fer to as statistical symmetries in the following, also appear
in other complete statistical descriptions of turbulence, such
as the Lundgren—-Monin—-Novikov (LMN) hierarchy (Lund-
gren, 1967) based on probability-density functions (PDFs) and

the Hopf functional approach (Hopf, 1952). In the PDF pic-
ture, it also becomes possible to develop a physical interpre-
tation of the symmetries (20)—(22), and Waclawczyk er al.
(2014) were able to establish a connection to intermittency and
non-Gaussianity, two frequently observed features of turbulent
statistics.

MODIFYING THE k-e-MODEL USING STATISTI-
CAL SYMMETRY CONSTRAINTS

Whereas the classical symmetries have generally been ac-
counted for in turbulence modeling, the statistical symmetries
have so far been overlooked. In fact, it turns out to be diffi-
cult to include them into a turbulence model. In the context
of eddy-viscosity models, this can be understood by realizing
that the exact mean momentum equation (4) only fulfills (21)
due to the complicated transformation of the Reynolds stress
tensor. Once a model for it is inserted, (21) essentially be-
comes a translation symmetry in U;. In order to fulfill it (with-
out relying on R;;), the velocity must not appear explicitly, but
only its derivatives. Clearly, this is violated by the convective
term. Similarly, once the exact Reynolds stress tensor is re-
placed by a model R; j» the statistical scaling symmetry (20)
is broken by the nonlinearity of the convective term of (4),
and, as can be shown, also by the production and dissipation
terms of (7) and (8). In a preliminary study, Klingenberg et al.
(2020) were able to show that in order for reasonable model
equations to be possible subject to the constraints introduced
by the classical symmetries (10)—(15) (with the last two com-
bining to (19) in the viscous case) and the statistical symme-
tries (20)—(22), auxiliary velocity and pressure fields, which
we call U; and P, respectively, must be introduced. These
fields must behave like the mean velocity (or, respectively, the
mean pressure) under all classical symmetries while being in-
variant under all statistical symmetries. If this auxiliary veloc-
ity then replaces the mean velocity in the convective terms of
all model equations, the first issue discussed above is solved.
In order to also address the second issue associated with the
scaling of the source terms, a third scale-providing variable
has to be introduced. The model equations for U; and P are
quite strongly constrained by the assumed symmetry behavior
of the two variables, and we use

Wi_, 23
Fr (23)
bU; o0 . oU;  ap

—=—+U; =——
Dt ot + jax.j ox;

J (90, (901 2 & dk
+axj<(v+lv,) <axj+ a){j)) “3eon 24

Herein, some freedom exists in the choice of the source
terms in that additional source terms would be possible, and
the terms containing the model parameter 1 are not manda-
tory from a symmetry perspective. The particular form (23)
and (24) is motivated by the assumption that U; and U; should
not behave too differently, and, thus, their equations should
be structurally similar. The third scale-providing variable &,
which appears in the last term of (24), is assumed to behave
like € under all classical symmetries (10)—(15) and (19) and
the statistical translation symmetries (21) and (22) while scal-
ing linearly under the statistical scaling symmetry (20). Fur-
thermore, we assume that k behaves like the turbulent kinetic
energy under all classical symmetries, is invariant under the
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statistical translation symmetries and scales linearly under the
statistical scaling symmetry. The model variable € is assumed
to behave like the turbulence dissipation rate under all classi-
cal symmetries, to be invariant under the statistical translation
symmetries and to scale quadratically under the statistical scal-
ing symmetry. Note that these assumptions are made because
the behavior of the turbulent kinetic energy and the turbulent
dissipation rate under the statistical symmetries is very compli-
cated, and it would not be feasible to incorporate them into the
model. At the same time, the main purpose of eddy-viscosity
models is to predict the mean velocity as accurately as possi-
ble, and the interpretation of & as the turbulent kinetic energy
and of € as the turbulent dissipation rate should not be taken
too seriously. In classical turbulence modeling, this insight
perhaps most obviously manifests itself in the development of
the e-equation (8), which is entirely empirical, and basing it
on the exact equation for the turbulent dissipation rate would
make little sense (e.g. Pope, 2000). To summarize, the sym-
metries (14), (15) and (20) with the auxiliary model variables
read

. = X; = Xxje "
Tsey: 1" =1, xj =x;e!
Ui* = U, P* = Peascr
* 1,208 * _ po2ascr  px _ p2ascr
k* =ke , € =¢e , €' =Ee (25)
Tgepp: 1" =te™, xi=x;
Ui* _ Uie*asul P = Pefzasul
k* :keZGSc.u e* ,gegﬂsu/ &% — gdascll (26)
PR - * _ asc stz D¥ __ D, dSc.sta
TSc,stat st 7t7 x[ =X, Ui — Uie SL.sldl’ P" = Pe Sc,stat

k= keaSc.slal7 ef = 8825156.512117 &% = gePscstat (27)

The other symmetries (10)—(13), (21) and (22) are not repeated
here because k, € and £ are invariant under them.

Using these assumptions, a transport equation for & can
be formulated in analogy to the £-equation (8)

ﬁé‘_ é ?,‘ZR an+ £ A an ¢ &2
b ke ”ax, Vetiax; | T %
J 28
*Wj ax, 28)
where
o (30 a0, N
l‘]*_vt axj+ axi ( )

Here, the additional model parameters CA‘E_J Ys 6‘872 and G ap-
pear. Note that the y-term is not strictly necessary from a sym-
metry perspective, but was found to improve the numerical
stability of the model. The model equations for k and € can
now be modified according to the statistical scaling symmetry,
leading to

De g . dU; €t
~ Ce1—Rjj Cenr—
Dt S ax; ek
d v\ de
- £y = 1
+8xj<(v+0'8) 8Xj> (3 )

The equations (1), (6), (9), (23), (24), (28), (30) and (31) and
(5) with DU;/Dt instead of DU;/Dt then form a turbulence
model that is invariant under all classical and statistical sym-
metries. For more details on the derivation of the model equa-
tions, we refer to Klingenberg & Oberlack (2022).

RESULTS OF THE MODIFIED k-e-MODEL

The model development presented in the previous section
is largely based on mathematical arguments. In order to assess
the performance of the resulting model in practice and to es-
tablish appropriate values for the appearing model constants,
it has to be applied to a range of canonical flow cases. The
steps for the model calibration partly overlap with those used
for the classical k-e-model, but, as it turns out, the modified
model can incorporate a wider variety of flows. More details
on the model calibration are given in Klingenberg & Oberlack
(2022).

First, the case of homogeneous turbulence, where all spa-
tial gradients vanish, is invoked. Due the resulting simplifi-
cation of the model equations, an analytical solution for the
temporal evolution of k can be found, which reads

1

k(t) o t'-Ce2 (32)

A comparison with experimental data leads to the choice
Ce > = 1.92, which is analogous to the constraint arising from
homogeneous turbulence for the classical k-€-model.

A slightly more complicated case arises from homoge-
neous shear turbulence, i.e. the case where one component of
the velocity gradient, say dU; /dx», takes a constant nonzero
value, but all other spatial gradients vanish as before. Under
these circumstances, turbulence is sustained, and experiments
show that the ratio k/€ becomes constant for large times, and
the ratio of production and dissipation also approaches a con-
stant value determined by C¢ ;. Since the evolution equation
of k/e is exactly the same as for the classical k-€-model, the
same conclusion of C¢ | = 1.44 can be obtained for the modi-
fied model.

Furthermore, the modified model should be capable of ac-
curately predicting the logarithmic law of the wall. Constraints
on the model parameters can be inferred by inserting the clas-
sical ansatz

U, = u—rlogxz +B, U, =Clogx,+B

k= Ckx2 s 8—Cex2 s 8—C§ X5E

into the model equations (5), (28), (30) and (31). The re-
quirement that all x,-terms must cancel then leads to the result
ng =0, ng =nz = —1, which is also observed in the classical
k-e-model. In analogy to the classical model, the k-equation in
conjunction with experimental results implies C;; = 0.09. Fur-
thermore, assuming that we can neglect the small y-term, the
equations for € and € yield the constraint

Ceq1 —C, G,
Ag,l A£.2 _ Ye (33)
Ce,l - C£.2 O¢
Note that it is possible to take the y-term into account, but then,

due to the more complicated form of the equations, a simple
constraint on the model parameters cannot be inferred.
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At this point in the discussion, we deviate from the line of
argumentation used for calibrating the classical k-€-model for
the first time, because we now consider a newly found core-
region scaling law (Oberlack et al., 2022). This scaling law
matches direct numerical simulation (DNS) data in a large cen-
tral region of channel flow. Inserting it for the mean velocity
along with a power-law ansatz for the other variables

U] zélxg‘ +C7 U] =C|X§yl +C
k:Cngk, £:C8x;€7 é:Cg\X;é (34)

leads to the exponents being restricted to ny = 1, ng = oy,
ng = —01 + 1 and 6; = 0. DNS data suggests an asymp-
totic value of o7 = 2 for large Reynolds numbers, which is
also predicted by the modified model if the model parameters
fulfill the constraint arising from the log law (33). It is re-
markable that no additional constraint arises from this flow,
which highlights that more symmetries in a model increase its
universality. The classical k-g€-model, on the other hand, does
not perform well for this calibration case, because it predicts a
value of o7 = 1/2, which contradicts numerical evidence.

Another flow that is not generally taken into account for
the calibration of the k-€-model is shear-free one-dimensional
turbulence. Here, we assume that the velocity gradient van-
ishes, but allow a gradient of the scalar variables in one di-
rection, which leads to a balance of dissipation and diffusion.
This flow is also practically interesting, because it serves as a
simple model for a quiet body of water in which turbulence is
introduced by surface waves (Umlauf ef al., 2003). The ordi-
nary differential equation (ODE) system arising from insert-
ing these simplifications into the model equations is difficult
to solve analytically, but experimental evidence suggests the
power-law ansatz (Umlauf ez al., 2003)

k=Cpxyt, €=Cexyt, &=Cpxy’ (35)

The resulting nonlinear system of algebraic equations is solved
numerically, and, for the choice of model parameters given
by (43), the exponent n; is determined to be —3.7, which
is reasonably close to the experimentally observed range of
—1.7...—3.0 (Nokes, 1988). On the other hand, the classi-
cal k-e-model with standard model parameters predicts n; ~
—4.97, and changing the model parameters to yield more ac-
curate results immediately leads to an inaccurate performance
in the log region. The modified model, on the other hand, can
produce reasonable results in both cases.

As a final test case, we consider the self-similar plane tur-
bulent jet issuing into x-direction. Inserting the classical sim-
ilarity ansatz

_ i A 7N v
Ui=—, Ui=—, h=—
x? x? x?
1 1 1
k:*7€:i5,8:i5 (36)
X1 2 2
X X

into the model equations (5), (23), (24), (28), (30) and (31)

leads to the ODE system
= 17 X/
V= §u+nu 37
X 1: = AR 122 x! '
7} Eu—l—nu +vii =1Cy P (38)
(Lo e 2
il ya+nd | +vi =Cy U (39)
= / 71 ]22542
u(k—i—nk)—l—vk =Cy—il
L Cy (RN
—é+?“<%k’> (40)
k

g Cy (R
7C82—+—"‘(Té’) 1)

22 72
.~ & Cy [k
fcg,zf+6—“(gs’> 42)

Herein, primes denote derivation with respect to the similarity
variable 1 = x5 /x1.
It was found that choosing

o, =091, 1=2.0
C8’1 = 1.44, Cgﬁz = 1.927 o =13
Ceq =142, y=0.05, Cen =192, 6, =125 (43)

for the model parameters not only fulfills all constraints devel-
oped above, but also yields very good agreement for the plane
jet. The numerical results for the mean velocity are shown in
Fig. 1. Evidently, the modified model performs slightly bet-
ter than the classical model. In particular, it is interesting that
the performance at the intermittent edge is slightly superior,
which might be related to the fulfilling of the statistical sym-
metry (20), since this symmetry has also been connected to
intermittency. However, more research is needed before this
can be asserted with confidence.

CONCLUSION

In the present work, symmetry-based modifications are
applied to the classical k-e-model. The resulting model is
tested against a range of canonical flow cases and found to
be more universal than the classical k-€-model. To some de-
gree, this increased generality can be expected simply because
of the additional model parameters appearing in the modified
model, but it must be stressed that the additional statistical
symmetries fulfilled by the model also contribute to the in-
creased universality. This is perhaps most clearly observed
for the core-region scaling law, which the modified model pre-
dicts accurately as long as the model parameters are calibrated
against the log law. This result is promising, because it could
be an indication that the modified model performs well in other
flows it was not originally calibrated against, which is some-
thing that the classical k-e-model and similar models tend to
struggle with.
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Figure 1: Plane jet experimental data (Wygnanski &
Fiedler, 1969) compared with classical and modified,
statistically invariant k-£-model
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