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ABSTRACT
Turbulence in vertical pipe flows changes strongly when

influenced by non-uniform body forces. A motivating exam-
ple is buoyancy acting in mixed convection flows. Here we
run Direct Numerical Simulations (DNSs) of flows subjected
to a set of idealised streamwise body forces opposing the main
flow direction. By systematically varying body force profile
shape we report the resulting changes to turbulence character-
istics and coherent structures. The conventional understand-
ing is that by introducing an opposing non-uniform body force
whilst maintaining an Equal Flow Rate (EFR), turbulence will
increase. Here we show that by instead maintaining an Equal
Pressure Gradient (EPG), the key turbulence characteristics do
not change. As a result the increased turbulence observed in
the conventional theory can be explained by an increased ’ap-
parent Reynolds number’. On top of this we show how the
turbulent shear stress, and velocity profiles can be easily pre-
dicted simply from the non-uniform body force profile and
EPG reference data despite the non-equilibrium nature of the
flows.

INTRODUCTION
The use of non-uniform body forces, while initially seem-

ing abstract, is a useful generalisation since it can underpin
various physical phenomena. For example there are flow con-
trol techniques, such as Kühnen et al. (2018) who applied
pseudo body forces with streamwise fluid injection in order to
force flow laminarisation. Other examples using actual body
forces occur frequently in magnetohydrodynamics and mixed
convection. Here we focus our attention on opposing non-
uniform body forces which act against the main flow direction,
causing increased turbulence. This is particularly important in
mixed convection cooling systems where the changes in tur-
bulence may lead to heat transfer enhancement or deteriora-
tion. In particular Hall & Jackson (1969), proposed that the
buoyancy causes a redistribution of the shear stress, and in the
buoyancy aided case the shear stress may be reduced to zero in
the near-wall region which causes strong laminarisation whilst
the shear is increased in the buoyancy opposed case leading
to stronger turbulence. Here we aim to provide a new per-

spective on the mechanism by which turbulence is increased.
Petukhov et al. (1988) showed that the effect of buoyancy can
be split into two parts, the external (indirect) effect where the
change in density causes a change to the mean velocity profile
which in turn leads to a change in turbulence production, and
the structural (direct) effect where density fluctuations directly
cause velocity fluctuations. Here we choose to investigate only
the direct effect. In conjunction with the Boussinesq approxi-
mation these conditions allows the use of idealised body force
profiles.

METHODOLOGY
The DNSs are conducted using an in-house Fortran

code CHAPSim (Seddighi-Moornani (2011), He & Seddighi
(2013)) which uses a fractional step method with a second
order central difference scheme for the spatial discritisation.
The temporal terms are discritised with an explicit third order
Runge-Kutta scheme for the non-linear terms, and an implicit
Crank-Nicholson scheme for the linear terms. All cases use a
pipe flow domain of length 20R where R is the pipe radius.

The non-uniform streamwise body force profiles are cho-
sen based on physical density profiles, with linear profiles
for flows at sub-critical pressure (Groups A and B), and step
change profiles for those at supercritical pressure (Group C)
which show sudden strong density changes across the pseudo-
critical temperature (Figure 1). We non-dimensionalise using
the radius R∗, bulk velocity U∗

b , density ρ∗, and viscosity µ∗

so that Re = ρ∗U∗
b R∗

µ∗ , f = f ∗R∗

ρ∗U∗2
b

, P = 2P∗

ρ∗U∗2
b

.

The body force profiles are chosen such that groups A
and C have increasing coverage, which is to say that the body
force acts further into the pipe, whereas group B has an in-
creasing amplitude at the wall. In general all the cases have
a base Reynolds number of 2650, with the exception being
case L2 which has a lower base Reynolds number of 1000, but
the same profile shape as case B2. We also use three physi-
cal profiles P1−P3 extracted from You et al. (2003) tempera-
ture profiles, hence decoupling the flow and thermal fields and
thus only considering the indirect effect. In order to determine
the strength of each body force profile, we use the integral,
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Figure 1. Opposing non-uniform body force profiles .

Table 1. DNS case table.

Case Reτ p Reτ F

EFR reference 180 180 0

A1, A2 201-229 169-174 0.0035-0.0063

B1, B2 208-237 181-182 0.0029-0.0066

C1, C2 230-277 113-182 0.0066-0.013

P1, P3 198-260 174-180 0.002-0.011

L2 94.6 75.347 0.0066

F = 2
∫ 1

0 r f dr as shown in Table 1.
Here we extend the approach of He et al. (2016) for flow

laminarisation to explain turbuence enhancement. That is, we
use an alternative perspective where the body force influenced
flows are compared to their equal pressure gradient reference
flows rather than their equal flow rate reference flows. In order
to compare flow characteristics in this framework, we use an
alternative scaling similar to the inner scaling, however while
the usual wall scaling is based upon the wall shear stress, τw,
we instead use the wall shear stress of the EPG flow (or equiv-
alently the pressure gradient of the flow concerned), τwp and
denote this using a ”+1” notation such that

y+1 =
y
ν

√
τwp

ρ
.

This perspective has proved useful in various studies building
on the analysis in He et al. (2016). For example a detailed anal-
ysis of the laminarisation mechanisms for supercritical heated
pipe flows using pseudo-body forces from He et al. (2021).
While Marensi et al. (2021) shows how the new perspective
can also give new insight in the critical Reynolds number for
transition / reverse transition in comparison with linear stabil-

ity analysis.

RESULTS
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Figure 2. Velocity profiles, Turbulent shear stress and Turbu-
lent kinetic energy for various cases.

We first show a brief overview of how turbulence char-
acteristics change with different body force profiles. The ve-
locity profiles (Figure 2a) change mildly, with increasing cen-
terline velocity and reduced near wall velocity with the ex-
ception of very low coverage cases such as A1. Turbulence
Shear Stress (TSS) in Figure 2b and Turbulence Kinetic En-
ergy (TKE) in Figure 2c show strong increases with increasing
body force strength. Essentially from the conventional view-
point turbulence increases, which is inline with previous stud-
ies.

By comparing the eddy viscosity profiles (Figure 3) we
see from the conventional viewpoint (left) the eddy viscosity
increases with stronger body forces, which is to be expected
since turbulence should be increasing. However, from the al-
ternative perspective (right), the eddy viscosity profiles col-
lapse, except the case L2 which has the lower base Reynolds
number. Even still, the eddy viscosity profiles are virtually
the same as their EPG reference flows, particularly in the near
wall region as indicated in the plot. (Here only the EPG flows
for cases L2, A1, and C2 are shown for simplicity, however
agreement is strong for all cases).

More than this, Figure 4 shows the RMS fluctuations in
each direction using the standard scaling (a, c), and the alter-
native EPG scaling (b, d). In the usual scaling and compared to
their EFR reference case, the addition of the body force causes
increased turbulence in all directions. (the spanwise fluctua-
tions act similarly to the wall normal fluctuations and so have
been ommitted from the plot, although sometimes still dis-
cussed) There is a small increase of 14% in the streamwise di-
rection but a much larger increase of 41% and 50% in the wall
normal and spanwise directions respectively for the strongest
case P3. The fact that the changes to v′ and w′ are stronger
than u′ suggests that opposing body forces cause the flow to
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Figure 3. Eddy viscosity plotted against y scaled by standard inner scaling (left) and EPG scaling (right).

become more isotropic. The behaviour is different in the EPG
framework, there is very little change to the v′ and w′ fluctua-
tions. For cases P2 and P3, which have strong coverage, there
is a slight reduction of around 12%. These are particularly sig-
nificant fluctuations in relation to turbulent mixing and hence
heat transfer. In general this means that the turbulence in body
force opposed flows tends to act the same as their EPG flows,
and hence can be thought of as acting according to an apparent
Reynolds number which is the Reynolds number of its EPG
flow (Reτ p in Table 1). Interestingly, comparing case B2 to
L2, which have the same non-dimensional body force, but L2
has a lower Reynolds number there is a much smaller reduc-
tion in the streamwise velocity fluctuations. This suggests that
for lower Reynolds number flows there is less deviation away
from its corresponding EPG flow.

The behaviour of the RMS fluctuations can be explained
using the Reynolds stress budgets. Using case A2 as an exam-
ple, Figure 5a shows the streamwise Reynolds stress budgets
in the conventional scaling. As body forces are imposed, the
production term (I) increases as more energy is provided to
the streamwise fluctuations. The pressure strain term (IV ) also
strongly increases as streamwise streaks break down into v′

and w′ fluctuations and this acts as an energy source for wall
normal fluctuations, increasing all wall normal budget terms as
shown in Figure 5c. This is also related to the increased v′ fluc-
tuations in Figure 4c. The story is different in the EPG frame-
work. The production decreases, representing a reduction in
the energy contained in the streamwise fluctuations. However
the key point is that the pressure strain term is exactly the same
suggesting that the body force does not change how the energy
is transferred from streamwise fluctuations into the wall nor-
mal and spanwise components. This is shown to be related to
a weakening of the streaks, but no significant changes in streak
breakdown. While only case A2 is shown here, the same be-
haviour is observed in all cases with a low coverage. For rare
cases with a larger coverage, such as P2 and P3 the pressure
strain is slightly reduced, corresponding with the behaviour of

the fluctuations in Figure 4d, however it is interesting to note
that the eddy viscosity profiles still show good agreement.
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Figure 4. Root mean square turbulent fluctuations plotted in
standard inner scaling ((a) & (c)), and EPG scaling ((b), (d)).

Streaks
In Figure 6 we show correlations of fluctuating veloci-

ties in the streamwise and spanwise directions, with the aim
to characterise the streak length and spacing. Figures 6a and
b show the spanwise correlations with the minimum points in-
dicated by the markers. In the conventional scaling the streak
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Figure 5. Reynolds stress budget terms in the streamwise direction (a, b), and the wall normal direction (c, d). The terms shown are
Production (I), Dissipation (II), Viscous Diffusion (III), Pressure Strain (IV ), Turbulent Transport (V ), and Pressure Diffusion (V I).
The reference flow is EFR in plots with conventional ’+’ scaling and EPG in the ’+1’ scaling.

spacing reduces by δ (rθ)+ ≈ 20 compared to their EFR ref-
erence flow due to the effect of the body force. On the other
hand, in the new scaling the flows the spacings are in general
more clustered and agree better with their EPG flows. For the
streamwise correlations, Figure 6c shows how the body force
influenced flows become less correlated in a shorter stream-
wise distance. This, in conjunction with the increased pressure
strain and enhanced v′ and w′ fluctuations strongly suggests
that the body forces cause stronger streak breakdown. How-
ever, using the alternative scaling in Figure 6d the streamwise
correlations collapse to each other and show very little shorten-
ing of the streaks compared to their EPG flow. In this sense it is
as if the streaks in the body force influence flow have the same
structure as that of their corresponding EPG flow. However,
taking into account the reduction in u′ in Figure 4b, the con-
clusion is that the streaks become weakened (note the reduced
production), however maintain the same structure as their EPG
flow.
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Figure 6. Spanwise and streamwise correlations taken at a
wall normal distance of y+(1) = 12. Markers in (a) and (b)
indicate the minimum point.

Predictions
By using the fact that whilst maintaining constant pres-

sure gradient the eddy viscosity is unchanged by the addition
of a body force (νt = νt p), where subscript p denotes that it is
corresponding to the EPG flow, the turbulent shear stress and
the velocity profiles can be predicted simply from the EPG ref-
erence flow, and the body force profile. Following the method
from He et al. (2016), the body force influenced RANS flow,
can be written as,

0 =

(
−dP

dx

)
p
+

1
r

∂

∂ r

[
r
(

1
Re

∂uz

∂ r
−u′zu′r

)]
+ f . (1)

The total flow can be split into its EPG flow, which is often
easily available from reference data

0 =

(
−dP

dx

)
p
+

1
r

∂

∂ r

[
r
(

1
Re

∂ (uz)p

∂ r
− (u′zu′r)p

)]
(2)

and a perturbation flow which is simply the difference between
the body force influenced flow (1) and EPG flow (2). Noting
if one applies the eddy viscosity hypothesis

(
u′zu′r =− νt

Re
∂uz
∂ r

)
and using the fact that the pressure gradient and eddy viscosity
are the same between the two flows (νt = νt p), the perturbation
flow can be written as (1) - (2),

0 =
1
r

∂

∂ r

[
r
(

1
Re

∂ (uz)b

∂ r
+

νt p

Re
∂ (uz)b

∂ r

)]
+ f . (3)

The subscript b is used to represent the perturbation such
that (u′zu′r)b = u′zu′r − (u′zu′r)p and (uz)b = uz − (uz)p. By solv-
ing Equation 3 one can obtain (u′zu′r)b and (uz)b, which when
combined with the EPG reference flow can be used to solve
for the total flow.

Figure 7 shows profiles of the turbulent shear stress. In
the usual inner scaling the shear stress increases highlighting
the non-equillibrium nature of the flows which are typically
difficult to predict. However by using these new ideas the tur-
bulent shear stress of the idealised profiles can be predicted
very well (Figure 7a). The physical cases P1− P3 are also
shown to have excellent predictions, and the shear stress pro-
files from You et al. (2003) are also included. In these cases
the flow and energy equations are coupled and the direct effect
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is considered. Since the profiles are close, this lends weight to
the idea that the indirect effect dominates in these flows.

Next we use FIK expression introduced by Fukagata et al.
(2002) to determine different dynamical contributions to the
skin friction, in particular the laminar contributions and tur-
bulent contributions split into the EPG and perturbation flows
using the decomposition u′zu′r = (u′zu′r)b +(u′zu′r)p. This gives
the following terms:

C f =
16
Re︸︷︷︸

i

+16
∫ 1

0
2r2(u′ru′z)p dr︸ ︷︷ ︸

ii

+16
∫ 1

0
2r2(u′ru′z)b dr︸ ︷︷ ︸

iii

+16
∫ 1

0
(r2 −1)( f −F)r dr︸ ︷︷ ︸

iv

These terms represent different physical contributions,
terms i & iv represent the laminar contributions, while terms
ii and & iii are the turbulent contributions from the EPG and
perturbation flows respectively, the contributions are shown in
Figure 7c. The term i does not change between cases, since
they are considered in the EFR framework and have the same
Reynolds number. However each case individually has a dif-
ferent EPG flow and hence different apparent Reynolds num-
bers. This is linked to the change in term ii where the turbu-
lence shear stress of the EPG flow, (u′ru′z)p, is changed due to
the EPG acting at a different Reynolds number. By using the
predicted turbulent shear stress shown above, we obtain a pre-
diction of term iii, and hence a prediction of C f . This is shown
in Figure 7c (grey dot), agreeing very strongly with the actual
DNS values of C f (black cross).

It should be noted that the body force influenced flow does
not act exactly like its EPG reference flow. The effect of the
body force clearly reduces the streamwise fluctuations, (Fig-
ure 4 (d)) which is thought to have links to some aspects of
the coherent structures, namely a weakening of the streamwise
streaks. Importantly though, this change does not influence the
turbulence mixing of the flow. Interestingly, comparing case
B2 to L2, which have the same non-dimensional body force,
but L2 has a lower Reynolds number there is a much smaller
reduction in the streamwise velocity fluctuations. This sug-
gests that for lower Reynolds number flows there is less devi-
ation away from its corresponding EPG flow.

CONCLUSIONS
• Flows influenced by opposing non-uniform body forces

have much stronger turbulence characteristics, including
eddy viscosity, turbulent shear stress, turbulent kinetic en-
ergy. Turbulence also becomes more isotropic.

• In contrast, when the pressure gradient is kept constant,
as opposed to the flow rate (used in bullet point 1), the
additional body force does not change the key turbulence
characteristics.

• The increase in turbulence in the conventional under-
standing can be explained using an apparent Reynolds
number, which is the Reynolds number of its EPG ref-
erence flow.

• Streak breakdown is not enhanced by applying body
forces whilst maintaining a constant pressure gradient.

• By exploiting the unchanging eddy viscosity, usually dif-
ficult to predict quantities such as turbulent shear stress,
velocity profiles and skin friction can be predicted well
simply from reference data and a given body force pro-
file.
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Figure 7. Turbulent shear stress profiles and skin friction with their predictions calculated using EPG reference data.
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