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ABSTRACT
This paper investigates the characteristics of mixture

fraction scalar dissipation rate (SDR) in statistically-steady
and starting turbulent round jets using Direct Numerical
Simulations (DNS). The SDR quantifies the rate of mix-
ing between the jet and the ambient fluids and is a key pa-
rameter for modelling turbulent combustion processes such
as ignition and extinction. For the steady-state jet, radial
profiles of ensemble-averaged SDRs exhibit self-similar be-
haviour. The self-similar radial profile of the ensemble-
averaged SDR exhibits a core of fluid with uniformly-high
SDR around the centerline, beyond which the averaged
SDR decays in the radial direction. Previous modelling for
ensemble-averaged SDR profile is found to give large errors
around the jet centreline due to neglect of mixing in the ax-
ial direction. The ensemble-averaged SDR in the head of
the starting jet exceeds the steady-state value by a factor of
three. Behind the leading vortex, the SDR profile narrows
and drops below steady state value, only relaxing towards
the steady state value once the head of the jet has passed
many jet widths further downstream.

INTRODUCTION
Characterisation of scalar mixing in turbulent jets re-

mains a complex problem, yet fundamentally important for
understanding the basic processes occurring in many appli-
cations such as combustion, pollutant emissions from in-
dustrial smokestacks or volcanic eruptions. In combustion
applications, two streams of fluids, fuel and oxidizer, are
introduced in a combustion chamber and combustion per-
formance is sensitive to the rate of mixing and to the spatial
distribution of the mixture.

Mixing processes in combustion are characterised by
the mixture fraction and its scalar dissipation rates (SDR).
Mixture fraction, denoted as ξ , is a conserved scalar defined
as the fraction of the fluid mass originating from the fuel
stream. Scalar dissipation rate, denoted by χ , represents
the rate of mixing, related by the gradient of the mixture
fraction. For a mixture with equal diffusivities D for all

chemical species, SDR is defined as

χ = 2D(∇ξ )2 (1)

In non-premixed combustion systems, where the rate
of chemical reaction is limited by the rate of mixing of fuel
and oxidiser, the ensemble-average SDR is directly related
to the mean reaction rate (Bilger, 1976). SDR also charac-
terises how the turbulent straining of the fluid affects chemi-
cal processes within the flame (Williams,1975; Peters,1984)
and thereby has a critical influence on extinction and igni-
tion phenomena (Mastorakos et al., 1997). Turbulent com-
bustion models utilizing SDR may also make use of addi-
tional submodels for conditionally-averaged SDR and a pre-
sumed probability density function for SDR.

Mixing in starting and pulsed jets is of particular im-
portance for the fuel-injection process in diesel engines
where the unsteady nature of the fuel jet enhances entrain-
ment of surrounding air (Hill & Greene, 1977; Bremhorst
& Hollis, 1990). The enhanced entrainment is desirable as
it leads to a reduction in soot formation. However excessive
mixing may prevent complete combustion. Thus, in order
to optimise the fuel injection process, it is therefore impor-
tant to understand the mixing dynamics as the fuel injection
starts.

Turbulence acts to fold and stretch the diffusive inter-
face between different fluid streams, producing thin struc-
tures with relatively high scalar dissipation rate. Repeated
folding and stretching of the scalar interface would act
to increase scalar gradients exponentially, until the scalar
length scale reduces to a viscous limit such as the Batch-
elor or Kolmogorov scale, resulting in a log-normal dis-
tribution of SDR (Oboukhov, 1962; Kolmogorov, 1962).
The probability density function (PDF) of SDR for passive
scalars has been found to be approximately log-normal in
round turbulent jets, with deviations attributed to anisotropy
(Feikema et al., 1996). Additional deviations from the log-
normal distribution scalar dissipation rate arise in the case
of chemically-reacting scalars for which reaction generates
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Figure 1: Non-dimensionalised scalar dissipation rate: (a)− (c) starting jet time instances, (d) steady state instan-
taneous snapshot, (e) steady state time-averaged.

steep gradients at small scales (Richardson et al., 2010).
Measuring SDR experimentally in turbulent flows is

challenging because it requires measurement of three com-
ponents of the scalar gradient within structures that are sim-
ilar in size to the Kolmogorov or Batchelor scales. Further-
more, such measurements are prone to experimental noise
(Soulopoulos et al., 2014). Notwithstanding these difficul-
ties, numerous diagnostic developments have contributed to
the measurements of passive and reactive scalar gradients
in one (Antonia & Mi,1993; Barlow et al., 2001) or two di-
mensions (Kaiser & Frank, 2007). However, for a complete
description of scalar mixing, measurements in three dimen-
sions are necessary, yet these remain a difficult task to carry
out experimentally.

Peters & Williams (1983) proposed a model for the
ensemble-averaged SDR assuming that it can be related to
the gradient of the ensemble-averaged mixture fraction. The
key features of the model are: (i) employing a turbulent
diffusivity (νt/Sct ) and (ii) assuming the derivatives in the
streamwise and azimuthal directions are negligible, leading
to

χ =
2νt

Sct

(
∂ξ

∂ r

)2

, (2)

where Sct is the turbulent Schmidt number and νt is the
turbulent kinematic viscosity.

In turbulent combustion such as diffusion flames, the
local strain rate is an important feature to consider, since tur-
bulence acts to stretch and contort the thin reaction sheets.
If the value of local strain rate exceeds a certain threshold
(Linan, 1974), the reaction can abruptly stop, hence local
flame extinction occurs. Peters & Williams (1983) have
shown that mixture fraction (ξ ) and scalar dissipation (χ)
can be related to the local strain rate. Thus, by knowing the
joint PDF shape of the two variables, is possible to account
for strain rate effects in existing mixing models (Roomina
& Bilger, 2001).

DNS data are valuable complements since the scalar
field is available instantaneously in three-dimensions at a
wide range of locations. Furthermore, data are required in

order to investigate the evolution of SDR in response to a
starting jet.

SIMULATION SETUP/FORMULATION
The simulations are conducted using a compressible

DNS code, HiPSTAR (Sandberg & Tester, 2016). The flow
domain uses a structured grid stretched in the downstream
direction with a cylindrical configuration. A 5th order fi-
nite difference scheme is used for the stream-wise and radial
directions, and a spectral decomposition is used in the az-
imuthal direction. The fluid is treated as a perfect gas, hav-
ing the same temperature and density as the ambient fluid.
The Reynolds number is 7 300 and the initial Mach number
of the jet fluid is 0.304. Figure 1 shows a snapshot of SDR
for the steady-state jet and three instances of the starting jet.

The steady-state jet is established after 540 character-
istic jet times (τ) where τ = D/U0 with D as the jet inlet
diameter and U0 the inlet jet velocity. In addition to the
steady-state jet, three realisations of a starting jet were sim-
ulated. For the latter, a step change in the inlet velocity
occurs at time t/τ = 0 from 0 to U0. The jet is allowed to
evolve for 66τ when the leading vortices reach at around
26D downstream. Along with the fluid flow equations, the
transport equation for mixture fraction is solved and used to
evaluate SDR. A more detailed description about the code
and setup can be found in Shin et al. (2017a).

SCALAR DISSIPATION RATE CHARACTERI-
SATION

As shown in Figure 1, SDR decreases with downstream
distance. Near the inlet region, strong gradients are present,
indicating intense mixing between the jet and ambient flu-
ids. Further downstream, mixing becomes less intense, and
SDR values are much decreased - note that SDR is coloured
in log-scale. Moreover, the inlet region contains temporally
and spatially-coherent mixing layers aligned at angles of
45

◦
to 75

◦
across where intense scalar mixing occurs. The

angles are consistent with the observation by Feikema et al.
(1996) who proposed that the structures appear due to rota-
tion of vortices at the interface between the jet and ambient
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Figure 2: Radial profiles of the mean scalar dissipation normalised by centreline values for (a) steady-state jet and
(b) starting jet

fluids. The rotation engulfs ambient fluid from a location
that is immediately upstream of each vortex and then draws
the fluid downstream. As such, strong mixing occurs at the
boundary of these regions, highlighted by dark red colour
in Figure 1.

Mean Scalar Dissipation Rate Radial pro-
files of SDRs for steady-state and starting jets are shown
in Figure 2a and b. In the figures, the ensemble-averaged
SDRs are scaled by their respective centreline values, de-
noted by χc. The radius is scaled by the downstream dis-
tance x, where x = X −X0, X being the distance from the
inlet and X0 being the virtual origin with the value of 2.39D
for this simulation. Note that η is the scaled radius, defined
as r/x.

Figure 2a shows SDR profiles for the steady-state
jet. The thin dashed lines are the profiles at different x-
locations, and their average is drawn in the thick blue line.
Although there are a scatter among the dashed lines, the
scatter is narrow indicating that the self-similarity exists.
Two main possible reasons for the scatter are: (i) noise in
the centreline values which are used to normalise the radial
profiles and (ii) the gradual development of self-similarity
along the axial direction. Therefore, SDR profiles start to
become self-similar at around x/D =10. Experimental in-
vestigations of Feikema et al. (1996) on a gaseous propane
jet, suitable for comparison with present simulation data,
indicate the same general behaviour with a decrease in dis-
sipation in the vicinity of the centreline, followed by an in-
crease and a peak in the shear layer region and a gradual
decrease closer to the interface with ambient fluid.

Figure 2b shows the short time-averaged SDR of the
starting jet. The band of time average is chosen close toward
the end of the simulation, in order to make sure SDR pro-
files upstream of the leading vortices region tend towards a
quasi-steady-state. The averaged SDR is then normalised
by their respective centreline values from the steady-state
jet. As estimated in Figure 1c, the leading vortices are at
around x/D =16.5-17.5 at 57.5τ . Increased SDR values for
the leading vortices region of the jet (at x/D=16 or 17.5)
are followed by a slow decay towards steady-state jet SDR
profiles (at x/D=14 or 15). The overall shape of profiles
show a steeper decay with increasing radius compared to the
steady-state jet. This is confirmed by observing the strong
gradients in the starting jet at the leading vortices (Figure
1a-c).

For the self-similar region of the steady-state jet, an

improved model for the ensemble-averaged SDR is devel-
oped. This extends from the analysis of Peters & Williams
(1983) who investigates species production in turbulent dif-
fusion flames, for very narrow temperature bands, which
can be applied to non-reacting jets as well. By incorporat-
ing Eq.1 for a turbulent round jet in cylindrical coordinates
(i.e. x - axial direction, r - radial, θ - azimuthal), an revised
ensemble-averaged SDR model starts from:

χ =
2νt

Sct

(∂ξ

∂x

)2

+2

(
∂ξ

∂ r

)2
 , (3)

where the axial gradient is included and the azimuthal gra-
dient is assumed to have a magnitude similar to the ra-
dial gradient, which is also employed by Sreenivasan et al.
(1977) and Antonia et al. (1983). Although the assump-
tion would be exact in isotropic turbulence, it introduces
relatively small errors when calculating time averages for
turbulent steady-state jets (Feikema et al., 1996).

The ensemble-averaged mixture fraction (ξ ) in the
self-similar region can be approximated as follows:

ξ = ξ cexp
(
−γtSct

η2

2

)
with ξ c =

c1

x/D
, (4)

where γt is a fitting parameter for the self-similar profile
and c1 as a centreline decay rate which is 6.2 for the present
simulation.

Plugging Eq. 3 into Eq. 4 leads to:

χ = 2νt
Sct

ξc
4

c2
1D2 f (η) where

f (η) = exp
(
−γtSctη

2)[1− γtSctη
2 (2− γtSct(2+η2)

)]
.

(5)
From the existing DNS data, γt is 180 and the non-

dimensionalised fluid kinematic viscosity and turbulent
Schmidt number are given as νt = 4.11× 10−4 and Sct =
0.72. As shown in Figure 2a, Eq. 5 agrees better with the
mean SDR radial profile for the steady-state jet, especially
in the vicinity of the centreline, while the model by Peters
& Williams (1983) approaches to zero.

Statistics of Mixture Fraction and Scalar
Dissipation Rate Profiles of the simple PDFs for
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Figure 3: Steady-state jet − normalized PDFs for the SDR (χ) at fixed axial location: (a) x/D = 10 from DNS data,
equivalent of x/D = 14 in Feikema et al. (1996), (b) x/D = 14 from Feikema et al. (1996)

Figure 4: Steady-state jet − actual PDFs for the SDR (χ) at fixed r/x values: (c) r/x = 0 and (d) r/x = 0.16.

steady-state jet SDR are shown in Figures 3 and 4. Firstly,
the sample space is normalised by the mean (µ) and the
standard deviation (σ) of the logarithm of SDR. In Fig-
ure 3a and b, the PDF are normalised by the maximum
probability value (Pmax =0.49 for DNS) for consistent com-
parison - the experimental data of Feikema et al. (1996)
only reported the normalized PDFs. In addition, the best-
fitting truncated-normal distributions (Burkardt, 2014) are
added in each figure. Overall, PDF values show a left-
wards deviation from the expected log-normal distribution
for both DNS and experimental data (Figure 3a-b), due to
the anisotropy of dissipation layers. On top of that, the
large probability associated with low scalar dissipation val-
ues highlight the increased number of homogeneous regions
far from the jet inlet, which are either fully mixed or un-
mixed.

Figure 4 highlights the self-similarity of SDR along the
axial direction for different radial locations. The same de-
viation from the log-normal behaviour is visible. For the
outer jet region, the intermittent behaviour of the jet leads
to large probability values for a wider range of SDR val-
ues as compared to regions closer to the jet centreline. This
is highlighted by comparing the PDFs in Figures 4a-b, the
latter displaying a more flattened peak.

Simple PDFs for the starting jet are presented using
both DNS data (Figure 5a) and existing measurements (Fig-

ure 5b) of Soulopoulos et al. (2014). Each PDF is sam-
pled at a certain flow location and specific time. As for
the steady-state case, simple PDFs of SDR values for the
starting jet show a deviation from the expected log-normal
behaviour. While in the case of DNS data this deviation is
less apparent, for the experimental jet, the difference can
be clearly observed, because of the wider range of sampled
SDR values. The computational cost of DNS simulations
prohibits an increased number of jet realisations, affecting
the range of collected SDR data. For the present simula-
tion only 3 realisations have been produced, whereas exper-
iments of Soulopoulos et al. (2014) contain 500 jet realisa-
tions. In terms of sampling locations, the PDF of simulation
SDR values is close to the intermittent boundary between
the jet and ambient fluid. This induces higher scatter in
SDR values, with a plateau at large probability values, as
compared to experimental results, which are sampled at a
location closer to the jet centreline, hence a visible peak of
the PDF.

Figure 6 shows the joint PDF of mixture fraction and
SDR at x/D =15 for the steady-state jet. It can be seen that
for the first three radial locations, the PDFs display sym-
metry with respect to mixture fraction (ξ ), while at the last
radial location, the symmetry is broken. Contours move
down as the radial location goes towards the outer jet re-
gions as ξ decreases. Qualitatively, joint PDFs of DNS data
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Figure 5: Probability density functions of the starting jet on the normalised logarithmic sample space of SDR at
various jet locations and time instances: (a) present DNS data and (b) experimental data of Soulopoulos et al.
(2015)

(Figure 6 le f t) and their experimental counterparts (Figure
6 right) show the same behaviour. However SDR values de-
crease faster for the experimental jet from centreline to the
jet boundary.

CONCLUSIONS
Spatial characteristics of the scalar dissipation rate

(SDR) are investigated using DNS of steady-state and start-
ing turbulent round jets. The jet Reynolds number is 7 300
with an inlet Mach number of 0.304. As the scalar dissi-
pation rate is difficult to measure experimentally, numeri-
cal simulations provide a useful tool to gain a better under-
standing of this essential quantity for characterising mixing
between the jet and ambient fluids. For a steady-state jet,
the radial profiles of the mean SDR indicate that (i) SDR
exhibits a self-similar behaviour, and (ii) SDR peaks at the
centreline, remains close to its maximum value up until a
certain radius, then decays gradually for further radii. The
profile is also consistent with previous measurements. An
improved model is derived and agrees well with both the
DNS data and experimental data in the self-similar region
of the jet.

Radial profiles of SDR in the starting jet show in-
creased SDR values around the leading vortices. SDR pro-
files then reduce in magnitude and width rapidly before re-
cover towards the steady-state profiles as the leading vortex
passes downstream.

For the steady-state jet, simple PDFs for the
steady-state jet scalar dissipation show a deviation from
the expected log-normal distribution, attributed to flow
anisotropy. While for DNS data this is less evident, in ex-
perimental measurements the difference is significant. De-
spite this, PDFs at various radial and axial distances display
a self-similar behaviour, with increased values scatter in the
outer regions, where the jet is intermittent. The PDFs of
SDR for starting jets are also found to be approximated by
a log-normal distribution. Deviation from the log-normal is
more visible in the case of data sampled from experimental
measurements due to the wider range of sampled data.

Joint PDFs of mixture fraction and SDR display sym-
metry with respect to the former quantity at radial locations
close to the jet centreline. At large radial distances, the sym-
metry is broken due to jet intermittency. This behaviour is in
agreement with experimental observations. Moreover mean
mixture fraction and SDR values show a decrease with in-

creasing radii.
Understanding the mixing in non-reacting and reacting

jets is dependent on an accurate description of the scalar
dissipation rate. A DNS approach has been employed to
characterise this important quantity, highlighting the relia-
bility of numerical data as a complement to experimental
measurements.
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Figure 6: Joint PDF of mixture fraction (ξ ) and SDR (χ) of the steady-state jet at x/D = 14 and different radial
locations: (left) present DNS data and (right) experimental data from Feikema et al. (1996)
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