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INTRODUCTION
Recently, engineers have turned to the study of swim-

ming and flying animals to provide insight into the design
of vehicles that move through air or water (Triantafyllou
et al. (2004); Bandyopadhyay (2005); Shang et al. (2009)).
For certain swimming animals, thrust is generated primar-
ily by a caudal fin or fluke that is located at the poste-
rior extreme of the swimmer (Lighthill (1969); Fierstine
(1965)). These propulsive surfaces can display a wide
range of planform geometries, including those with straight,
forked, or pointed trailing edge shapes (Lighthill (1969);
Lauder (2000)). In the current work, the wakes produced
by bio-inspired propulsors are examined through an inves-
tigation of the spanwise circulation shed by pitching pan-
els with a swept leading edge. Multiple panel geometries,
based upon a trapezoidal planform but with different trailing
edge shapes, were chosen as rudimentary approximations of
the caudal fin and fluke shapes found in a variety of aquatic
swimmers.

The circulation shed by panels and foils has been stud-
ied in previous experimental work. Buchholz et al. (2011)
explored the total, positive spanwise circulation shed from
the trailing edge of a series of pitching rectangular panels.
Using kinematic and geometric arguments, a scaling rela-
tionship of the non-dimensional spanwise circulation was
developed that produced an approximately constant value
across a range of Strouhal (St) numbers, geometric param-
eters, and kinematic parameters. The three-dimensional
wake of a trapezoidal plate rotated from rest about its lead-
ing edge at a 90◦ angle of attack was studied by DeVoria
& Ringuette (2012). Calculations of total spanwise circu-
lation and the spanwise circulation of the primary trailing
edge vortex were used to determine the effects of velocity
program on the saturation of vortices shed from the trail-
ing edge of the rotating panel. Saturation was defined as
an existence of an upper limit in the strength, as related by
circulation, that a vortex ring can ultimately attain. It was

found that pressure gradients acting along the chord of the
panel strongly affected the saturation of spanwise vortices
shed from the trailing edge. The formation and circulation
of leading edge vortices created by pitching and heaving
foils and panels has also been investigated experimentally
(Milano & Gharib (2005); Rival et al. (2009); Carr et al.
(2013, 2015)).

The saturation of vortex rings has been identified
through the use of a “formation number” introduced for
the study of piston-generated vortex rings by Gharib et al.
(1998). The formation number is the specific value of the
non-dimensional formation time at which a vortex ring be-
comes saturated and is no longer able to accept additional
vorticity. It was speculated that the observed formation
number of approximately 4 was universal among piston-
generated vortex rings. The concept of formation time
and formation number has also been applied to bio-inspired
propulsion and oscillating propulsors (Dabiri (2009); Rival
et al. (2009); Milano & Gharib (2005)). In these studies,
the formation number of the oscillating propulsors was also
observed to be approximately 4, although different formu-
lations among the studies were used for the definition of
the velocity scalings used for the calculation of formation
time. In other experimental work, formation numbers of
much less than 4 have been found to occur for trapezoidal
plates rotated from rest in a stationary fluid by DeVoria &
Ringuette (2012). In that work, the authors commented
upon the difference between oscillating propulsive mech-
anisms that rely on the development of jet-like fluid mo-
mentum, e.g. fish-like swimming, versus those that rely on
the attachment and shedding of a vortex, e.g. the leading
edge vortex of a drag-based flyer. Due to the differences in
propulsive mechanisms, it was suggested that for fish-like
swimming the formation parameter may have to be rede-
fined to provide more reliable estimates of saturation.

The current work draws upon results obtained from
multiple planes of stereoscopic particle image velocimetry
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to explore the dimensional spanwise circulation shed from
the trailing edge of trapezoidal pitching panels with differ-
ent trailing edge geometries that were pitched about their
leading edge. The effects of varying Strouhal number on
circulation are also analyzed through changes in pitching
amplitude. Furthermore, the presence of vortex saturation
in the wake is investigated and the relationship between
spanwise position and spanwise circulation is explored.

EXPERIMENTAL SETUP AND CALCULATION
METHODS

All experiments were performed in a recirculating wa-
ter tunnel that used a constant free-stream speed of 80 mm/s.
Stereoscopic particle image velocimetry (PIV) was used to
capture three-component velocity vectors in the flow field
within 27 chordwise-oriented planes. The spanwise spac-
ing between the planes was constant and the planes were
positioned from the plane of symmetry at the midspan of
the panel to slightly below its lower spanwise tip. A total
of five different panel geometries were sinusoidally pitched
about their leading edge at a frequency of 1 Hz. Further-
more, each panel was pitched with five different angular
pitching amplitudes, φmax, providing a Strouhal number
range of 0.09 ≤ St ≤ 0.66. In the current work, the Strouhal
number is defined as St = f Ā/U , where f is the pitching
frequency, Ā is the average value of the peak-to-peak trail-
ing edge excursion across the span of the panel, and U is the
free-stream speed. For all panel geometries besides Panel 3,
i.e. the panel with a straight trailing edge, the peak-to-peak
trailing edge excursion is a function of spanwise location
due to the trailing edge geometry. Accordingly, the average
value of trailing edge amplitude taken across the entire span
of the panel is used for the definition of St. By defining St in
such a manner, variations in trailing edge geometry among
panels pitching with the same maximum trailing edge am-
plitude, e.g. among Panels 1-3 at the same value of φmax,
are captured so that a panel with a more forked trailing edge
has a lower St. The St range studied in the current work
was chosen to match the range used by swimming fish and
cetaceans (Triantafyllou et al. (1993)).

The details of the experimental setup and the five panel
geometries are given in Figure 1 and Tables 1-2. As de-
scribed in Table 1, Panels 1-2 had forked trailing edges that
were bent inwards, having a negative value of θ2 consis-
tent with the definition of trailing edge sweep angle in Fig-
ure 1(b). Panel 3 had a vertical, or straight trailing edge
where θ2 = 0◦, and Panels 4-5 had pointed trailing edges
that bent outwards, having a positive value of θ2. Given

Table 1. Definition of geometric and flow parameters for
each of the five panel geometries.

Panel θ1(
◦) θ2(

◦) c (mm) AR Rec(×103)

1 45 -20 27.4 6.7 2.2

2 45 -10 39.3 5.1 3.1

3 45 0 50.5 4.2 4.0

4 45 10 61.7 3.5 4.9

5 45 20 73.6 3.0 5.9

Table 2. Review of φmax and and its associated St for
each of the five panel geometries.

St

φmax (◦) Panel 1 Panel 2 Panel 3 Panel 4 Panel 5

5 0.09 0.10 0.11 0.12 0.14

10 0.17 0.20 0.22 0.24 0.27

15 0.25 0.29 0.33 0.36 0.40

20 0.33 0.38 0.43 0.48 0.53

25 0.41 0.47 0.53 0.59 0.66

these geometric definitions, increases in panel number cor-
respond to a more pointed trailing edge. For all five pan-
els, the leading edge sweep angle, θ1, was held constant at
45◦. The Reynolds number in the current work is defined
as Rec = Uc/ν , where c is the chord length of the panel
at the midspan and ν is the kinematic viscosity of the wa-
ter. The aspect ratio of each panel is defined as AR = b2/S,
where b is the span taken at the trailing edge and S is the
planform area. The range of AR reported in Table 1 agrees
well with the observed AR of the caudal fins of multiple bi-
ological swimmers (Nursall (1958); Magnuson (1978)). All
five panels had the same value of b = 254 mm. The not-to-
scale schematic of Figure 1(a) depicts the vertical motion
of the traverse motion that was use to collect 27 chordwise-
oriented stereoscopic PIV planes for all 25 flow scenarios
investigated. With the laser sheet and two overhead PIV
cameras mounted in a fixed position, PIV data for a given
panel geometry and pitching amplitude was collected at a
desired spanwise location at a rate of 4 Hz. At each span-
wise location, data was collected at 24 phases of the pitch-
ing cycle, with 15 image pairs captured for each individual
phase. The resulting instantaneous velocity vectors were
then subsequently phase-averaged. Once velocity data was
successfully gathered at a given spanwise location, the tra-
verse was used to move the panel vertically through the wa-
ter tunnel and this data collection process was repeated. The
spanwise spacing between PIV planes was constant, being
equal to 2.54 mm, or 2% of the span. A volumetric recon-
struction of the velocity field in the wake can be obtained
by mirroring the data within the 26 planes collected below
the symmetry plane about the symmetry plane.

Calculations of positive spanwise circulation, Γ, were
performed using the spanwise vorticity fields (ωz) obtained
from phase-averaged velocity data. In order to calculate Γ,
the local value of ωz was integrated over an area contained
within all contours of ωz = 1 s−1 in accordance with Stokes’
circulation theorem. This calculation procedure was sim-
ilar to that used in previous experimental work (Gharib
et al. (1998); Buchholz et al. (2011); DeVoria & Ringuette
(2012)). The total amount of positive spanwise circulation
generated during the entire duration of the pitching cycle
was tracked as it was shed from the trailing edge and sub-
sequently convected downstream. Only spanwise vorticity
located downstream of the trailing edge was used to define
the bounds of the circulation calculations. In order to inves-
tigate vortex saturation, the circulation contained within the
main vortex, as well as the total circulation produced during
the entire extent of the pitching cycle, was separately calcu-
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lated. The main vortex was defined by the region of the
closed vorticity contour containing the maximum amount
of circulation, which tended to be the contour enclosing the
largest area. Saturation is considered to occur when the to-
tal circulation produced exceeds the circulation contained
within the main vortex, indicating that the main vortex has
reached a maximum strength and is no longer accepts ad-
ditional vorticity created by the panel. The calculations of
Γ took place within a domain that was manually selected
at each pitching phase so that downstream edge of the do-
main could move with the wake structures as they convected
downstream. The other boundaries of the calculation do-
main remained fixed, with the upstream boundary touching
the trailing edge location when the panel is oriented paral-
lel to the free-stream flow direction. Due to the size of the
PIV data window, it was possible for vorticity to leave the
transverse edges of the calculation domain for larger values
of φmax.

RESULTS AND CONCLUSIONS
Results showing the time evolution of spanwise circu-

lation in the midspan plane for all five panel geometries at
all five angular pitching amplitudes are displayed in Fig-
ure 2. Spanwise circulation contained within the main vor-
tex and in the total flow field are shown as functions of
the non-dimensional pitching time, t∗, which is defined as
t∗ = t/T . A full pitching cycle has a period of length T ,
and the period is considered to start at the beginning of the
downstroke, i.e. when the panel is at a motion extreme and
is beginning to pitch in the clockwise direction. Although
the downstroke is the portion of the pitching cycle where the
majority of the positive circulation is generated, relatively
small amounts of positive circulation are also shed into the
wake during the upstroke. Therefore, the time t∗ = 0 does
not neatly correspond to an instant when positive circulation
is generated in a flow field free of positive ωz. However, the
beginning of the downstroke is a convenient time to use as
the approximate time when spanwise vorticity begins to be
shed by the trailing edge. The circulation contained within
the main vortex is denoted by Γmain and the total circula-
tion is expressed as Γtotal.

The results shown in Figure 2 demonstrate that dimen-
sional spanwise circulation generally increases as the trail-
ing edge geometry becomes more pointed and the chord
length at the midspan of the panel becomes larger. This
trend is reflected in the observations of the total circulation
and the circulation within the main vortex. The most forked
trailing edge geometry, i.e. Panel 1, generates the lowest
amount of total circulation and weakest main vortices while
Panel 5 tends to generate approximately three times the
amount of circulation as Panel 1. Furthermore, increases in
Strouhal number, i.e. peak-to-peak trailing edge excursion,
are associated with greater total production of spanwise cir-
culation and stronger main vortices. Although φmax was in-
creased in constant increments of 5◦, greater circulation was
generated when larger pitching amplitudes were increased,
and behavior that was observed regardless of panel geom-
etry. For example, the maximum value of Γtotal for Panel
3 grows by approximately 0.002 mm2/s as St is increased
from St = 0.11 to St = 022. But, the maximum value of
Γtotal grows by approximately 0.007 mm2/s when St in-
creases from St = 0.43 to St = 0.53. Similar results occur
with respect to the circulation contained within the main
vortex. For a given panel geometry, as pitching amplitude

is increased, the larger chord lengths and pitching ampli-
tudes produce greater amounts of local angular acceleration
at the trailing edge of the panel, which likely plays a role in
the increased production of spanwise circulation. Previous
experimental work has also linked increases in circulation
to the presence of stronger streamwise pressure gradients
on the surface of the panel (Buchholz et al. (2011); DeVoria
& Ringuette (2012)). The strength of this streamwise pres-
sure gradient is related in part to the low-pressure region
associated with the development of the trailing edge vortex;
so, additional angular acceleration likely contributes pos-
itively to the development of streamwise gradients along
the panel. Figure 2 demonstrates that positive circulation
is generated almost exclusively during the downstroke por-
tion of the pitching cycle, i.e when 0 ≤ t∗ ≤ 0.5. A gradual
increase in circulation develops during the downstroke for
Panel 1 at all St; however, this increase in circulation be-
comes more dramatic and increasingly nonlinear for the re-
maining four panel geometries, especially at larger St. The
time evolution of Γ for Panels 4-5 at the largest pitching
amplitudes after the completion of the downstroke reveals
that Γ appears to rise or fall sharply rather than maintain a
plateau. This behavior is a spurious result that stems from
the manner in which Γ was calculated. As wake structures
convect downstream and undergo phenomena such as diffu-
sion, annihilation, and wake breakdown, the isocontours of
vorticity used to calculate Γ may interact with those gener-
ated during a previous pitching cycle, creating a misleading
result for Γ.

Unlike the results of DeVoria & Ringuette (2012) for
a trapezoidal panel rotated about its leading edge, there is
minimal evidence of vortex saturation for the wakes studied
in the current work. As the panel rotates during the down-
stroke portion of the pitching cycle (0 ≤ t∗ ≤ 0.5), vorticity
is fed into the wake until the generation of positive vorticity
stops and the total circulation attains a peak value. Except
for Panel 4 at St = 0.59 and Panel 5 at 0.53 ≤ St ≤ 0.66,
the total circulation tends to closely match the amount of
circulation contained within the main spanwise vortex. Vor-
tex saturation would be evidenced by a significantly greater
amount of total circulation in comparison to the circulation
contained within the boundaries of the main vortex. It is
not currently understood why the majority of the flow fields
studied in the current work fail to saturate, while prior ex-
periments have produced saturated vortices in similar sce-
narios (Rival et al. (2009); Milano & Gharib (2005); DeVo-
ria & Ringuette (2012)).

Discussions of vortex saturation often focus on a non-
dimensional vortex formation number, which is defined as
the non-dimensional formation time when the main vortex
is no longer able to accept additional vorticity (Gharib et al.
(1998); Dabiri (2009)). After this formation time occurs,
the vortex generator may still continue to create vorticity;
however, the vorticity will remain outside the boundary of
the main vortex. In previous works, various definitions of
the vortex formation time have been used in order to ac-
count for the specific details of the vortex generator. The
current work uses a definition of the formation time, T̂ , sim-
ilar to that employed by Rival et al. (2009) in their study of
the leading edge vortex vortices produced by a plunging air-
foil. T̂ is calculated as shown in Equation 1,

T̂ =
Γ

c∆U
(1)
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In Equation 1, ∆U is a velocity scale that characterizes the
shear layer strength. Here, ∆U is taken as the maximum
velocity of the trailing edge, 2π f cφmax. Using this defini-
tion, the maximum formation time for Panels 1-5 was 4.3,
2.8, 2.4, 2.3, and 1.2, respectively. It has been suggested
that unsteady vortical flows universally saturate at a forma-
tion number of T̂ ≈ 4 Dabiri (2009); so, the lack of satura-
tion in the current work could be due to the relatively low
formation times studied.

The results displayed in Figure 2 are restricted to the
plane of the midspan, and do not provide a picture of how
spanwise circulation varies vertically throughout the wake.
In order to investigate the variation of Γtotal with respect
to spanwise location, z, the vorticity fields were analyzed at
t∗ = 0.5, the time corresponding to the completion of the
downstroke. This time was chosen so that the circulation
generated by the panel could be discussed prior to signifi-
cant diffusion and annihilation of vorticity. It was found that
vortex structures that were coherent near the midspan plane
tended to lose their coherence away from midspan. Accord-
ingly, it was difficult to establish the behaviors of the main
vortex as distance from the plane of symmetry increased,
and Figure 3 only depicts the values of Γtotal with respect to
z. All panel geometries produce wakes that contain a region
where Γtotal is approximately independent of z, and does
not vary appreciably with distance away from the midspan
plane. In agreement with the results of Figure 2, a panel
with a more pointed trailing edge tends to produce greater
amounts of circulation in the planes where total circulation
is not strongly influenced by spanwise location. For planes
closer to the spanwise tips of the panel, Γtotal decreases and
becomes a function of the spanwise location, ultimately ap-
proaching a value near zero in the plane above the tip of the
panel. The extent of the region where Γtotal is independent
of z is influenced by panel geometry and pitching amplitude.
The size of this region is larger for panels that are more
forked and for pitching amplitudes that are smaller. For ex-
ample, with respect to Panel 1, Γtotal becomes a relatively
strong function of z at z/2b ≈ 0.75 when St = 0.25 and at
z/2b ≈ 0.65 when St = 0.41. However, these locations de-
crease for Panel 5, where Γtotal becomes a strong function
of z at z/2b ≈ 0.65 when St = 0.40 and at z/2b ≈ 0.4 when
St = 0.66. A more pointed panel typically generates greater
circulation than a more forked panel. Even when both pan-
els pitch with the same kinematics, more circulation is gen-
erated at a z location where Γtotal is independent of z for the
former, but not the latter. For instance, Γtotal ≈ 0.01 mm2/s
at z/2b= 0.5 for Panel 1 when St = 0.41. But at z/2b= 0.5,
Γtotal ≈ 0.015 mm2/s when St = 0.53, and Γtotal ≈ 0.03
mm2/s when St = 0.66, for Panel 3 and Panel 5, respec-
tively. Therefore, more forked panels tend to generate less
spanwise circulation, even in spanwise regions where the
total circulation shed by more pointed panels has decreased
from what was generated closer to the midspan.
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(a) Schematic showing the pitching panel, laser sheet, PIV
cameras, traverse motion, direction of the free-stream flow,
and coordinate definitions.

(b) Schematic showing
variables that define
panel geometries.

Figure 1. Schematics detailing experimental setup of water tunnel and definitions used for panel geometries.

(a) Total circulation and main vortex circulation as a function
of non-dimensional time for Panel 1.

(b) Total circulation and main vortex circulation as a function
of non-dimensional time for Panel 2.

(c) Total circulation and main vortex circulation as a function
of non-dimensional time for Panel 3.

(d) Total circulation and main vortex circulation as a function
of non-dimensional time for Panel 4.

(e) Total circulation and main vortex circulation as a function
of non-dimensional time for Panel 5.

Figure 2. Total circulation and main vortex circulation as a function of non-dimensional time for all five panel geometries.
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(a) Total circulation as a function of spanwise location for
Panel 1.

(b) Total circulation as a function of spanwise location for
Panel 2.

(c) Total circulation as a function of spanwise location for
Panel 3.

(d) Total circulation as a function of spanwise location for
Panel 4.

(e) Total circulation as a function of spanwise location for
Panel 5.

Figure 3. Total circulation as a function of spanwise location for all five panel geometries.
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