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ABSTRACT
The computational simulation of flows with immersed

bodies requires special treatments when cartesian grids are
used. The treatment of the velocity field for flows with im-
mersed bodies is the theme of several works found in the lit-
erature. However, for non-isothermal flows, turbulent flows,
using Unsteady Reynolds Average Navier-Stokes (URANS)
methodology, and scalar transport, it is necessary to con-
sider the treatment for such transported properties along the
immersed boundary. Several methodologies for represent-
ing immersed boundaries (IB) already exist. One of these
methodologies is the Multi-Direct Forcing (MDF), which is
approached in the present work. The IBM can be applied
not only in simulations of flows around complex geome-
tries but also in simulations of flows inside these geome-
tries. Thus, the present work presents a proposal to treat
the dissipation rate ε [m3/s2], when using a k − ε model
together with the MDF. The results are presented for a flat
channel and for the flow around a cylinder, in which the
responses for different characteristics of the flow are ana-
lyzed.

INTRODUCTION
The simulation of flows with immersed bodies using

regular and cartesian meshes is the object of several works
in literature, each one with a different proposal. These pro-
posals have positive and negative aspects. The difficulty of

implementation, the accuracy of results and computational
cost are different for each one. One possibility of working
with immersed bodies is to use two separate meshes, an Eu-
lerian mesh, and a Lagrangian mesh. The Eulerian mesh
corresponds to the computational domain that resolves the
fluid transport equations, and the Lagrangian mesh is used
to represent the immersed body geometry. The Multi-Direct
Forcing (MDF) proposed by Wang et al. (2008) is one
example of an immersed boundary method (IBM). In the
present work, the MDF is applied.

The objective of the MDF is to force the desired value
of some information at the body boundary. For example, the
velocity at the surface of a stationary sphere in a fluid flow
is null, so the desired value of the velocity forced by the
MDF at the sphere boundary is zero. Therefore, the MDF
includes a source term in the Navier-Stokes equations asso-
ciated with the forced value. This source term is obtained
by the difference between the estimated value of informa-
tion during the new time step, which is interpolated at the
Lagrangian mesh points, and the forced value. So, as the
source term is calculated in each Lagrangian mesh points,
it has to be distributed to the nearest Eulerian mesh points.
The interpolation and the distribution are performed using
the hat function. Finally, this process is repeated in a loop.
The use of the MDF method for velocity fields was studied
by several authors, but there are few studies based on the
MDF method associated with the Unsteady Reynolds Aver-
age Navier-Stokes (URANS) methodology.
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This work presents a novel methodology for using the
standard k-ε and MDF method with cartesian and non-
cartesian geometries.

METHODOLOGY
For the present work, it was used the standard k − ε

model, proposed by Launder & Spalding (1972) and, also
the two-layer wall treatment model to simulate internal
flows. The standard k− ε model requires two more trans-
port equations besides the Navier-Stokes equations and the
continuity equation.

The first equation of this model transports the turbulent
kinetic energy, k [m2/s2], and it is given by

∂ (ρk)
∂ t

+ ū j
∂ (ρk)

∂x j
=

∂

∂x j

[(
µ +

µt

σk

)
∂k
∂x j

]
+µtS2 −ρε,

(1)
where ρ is the specific mass of the fluid, µ and µt are the
molecular and the turbulent dynamic viscosities, respec-
tively, σk = 1.0 is a model constant and S =

√
Si jSi j, in

which Si j represents the strain rate tensor components.
For the MDF method, it is necessary to force a value

for the turbulent kinetic energy at the body boundary. As
the velocity at a wall is null, the boundary condition of the
immersed boundary for the turbulent kinetic energy is also
null.

The second equation transports the dissipation rate, ε

[m3/s2], and it is given by
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, (2)

where σε = 1.3, Cε1 = 1.44 e Cε2 = 1.92 are the model
constants.

The methodology for forcing k and ε

To deduce the methodology it is necessary to consider
two transport equations for the property, in this case the tur-
bulent kinetic energy, k.

The first transport equation is to estimated k, named k∗.
It is the (1) for k∗, given by:

∂ (ρk∗)
∂ t

+ ū j
∂ (ρk∗)

∂x j
=

∂
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µt
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)
∂k∗

∂x j

]
+Sk, (3)

where Sk = µtS2 −ρε .
The second equation is the Eq. (1) with a term fk,

which fk is a term relative to MDF.
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(4)
Using the Euler method for discretization of the tem-

poral term at Eq. (3) and (4) and includes a term equivalent

to zero in the Eq. (4):

ρ(n+1)k(n+1)−ρ(n−1)k(n−1)

∆t
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where ρ is the density of fluid.
Rearranging the Eq. (5) it is possible to obtain a system

with two equations. The Eq. (6) is the transport equation for
k and the Eq. (7) gives the source term of the MDF.

ρ(n+1)k∗(n+1)−ρ(n−1)k(n−1)

∆t

+ ū j
∂ (ρk)

∂x j
=

∂
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σk

)
∂k
∂x j

]
+Sk, (6)

fk =
ρ(n+1)

∆t
(k(n+1)− k∗(n+1)). (7)

The first step in the MDF is to interpolate the values of
k∗ to the Lagrangian point, obtaining the value of k∗ in each
Lagrangian point, k∗(L). After the interpolation, it is pos-
sible to calculate the Lagrangian force Fk(L) with the equa-
tion:

Fk(L) =
ρ(n+1)

∆t
(k(n+1)

(L) − k∗(n+1)
(L) ), (8)

where k(n+1)
(L) is a correct value of the property at immersed

boundary.
After the calculus of Fk(L) it is necessary to distribute

this value to Eulerian points with the same scheme was used
in the interpolation obtaining fk(E). This value is used for

calculating k(n+1)
(E) with the equation:

k(n+1)
(E) =

fk(E)∆t

ρ(n+1)
+ k∗(n+1)

(E) . (9)

The value of k(n+1)
(E) is used to update k∗(n+1) which is

used in the next time step.
This methodology is valid for the transport equations

of k and ε when the information value is imposed at wall.
The process is not valid for imposing an value of normal
derivate property.

Boundary conditions for ε at walls
Use the dissipation rate coupled with the MDF method

presents a significant difficulty, once there are different
forms to consider its boundary condition. The first way is to
impose a null derivative at the normal direction of the wall
(Wilcox, 1994):

∂ε

∂n
= 0. (10)
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Kinoshita et al. (2016) reported that the imposition of
derivative using the MDF method is not possible, because
the multiple forcing cannot be done. In other words, the
process does not pass through a loop, which can compro-
mises the convergence and, consequently, the obtained re-
sults. Thus, it is desirable to use a boundary condition of
the Dirichlet type for a immersed boundary.

Besides Neumann boundary condition for ε , there are
some authors that consider the Dirichlet boundary condition
for ε at a wall, as shown by Wilcox (1994):

ε = ν
∂ 2k
∂n2 , (11)

where ν is the kinematic viscosity of the fluid and n is the
normal direction of the wall. There is still a way presented
by Wilcox (1994), which is

ε =
C3/4

µ k3/2
P

κδP
, (12)

where Cµ = 0.09 for the standard k − ε model, kP is the
turbulent kinetic energy at the nearest point of the computa-
tional domain, κ = 0.41 and δP is the distance between the
wall and the nearest point.

There are some other works consider the Dirichlet
boundary condition for ε equals to zero:

ε = 0. (13)

However, this boundary condition (Eq. 13) is not physically
consistent in some problems, like the plane channel.

The methodology is equivalent using the Eqs. 11, 12
and 13 changing just the value of k(n+1)

(L) at Eq. 8.

COMPUTATIONAL SIMULATIONS
The proposed methodology was implemented in a

in-house code developed at Fluid Mechanics Laboratory
(MFLab), located in Federal University of Uberlandia
(UFU), the MFSim code.

The MFSim is based in an adaptive block-structured
regular and cartesian mesh which reduces the computa-
tional cost. Using this code, it is possible to simulate fluid-
structure, multi-phase, reactive and turbulent flows with
Large Eddy Simulation (LES) and URANS considering 3D
domains and parallel processing (Neto et al., 2019; Melo
et al., 2018; Denner et al., 2014; Gasche et al., 2012).

The MFSim has some temporal and advective dis-
cretization schemes and the possibility of using the SIM-
PLE method or fractional-step method for the pressure-
velocity coupling.

Plane Channel
The first case simulated is a plane channel using peri-

odic conditions in the stream-wise and span-wise directions
and symmetry in the center of the channel. For the stream-
wise direction a dynamic pressure gradient was used. This
choice is justified by the possibility of perform simulations
with and without the immersed boundary. The computa-
tional domain have 0.1× 0.0125× 0.01 m3 and it was dis-
cretized in a hexahedral uniform grid. It was used y+ ≈ 8

and y+ ≈ 4 in the simulations. The Reynolds number (Re)
of the flow is 13,750 which is the same one simulated by
Mansour et al. (1988).

The Reynolds number and the wall coordinate y+ are
given by:

Re =
ū · (H/2)

ν
, (14)

and

y+ =
uτ y
ν

, (15)

where

uτ =

√
ν

(
∂u
∂y

)
wall

. (16)

After choosing the case, four simulations without the
immersed boundary were performed and the only difference
between them was the expression used for the boundary
condition at the wall for ε (Eqs. 10, 11, 12 and 13). Con-
sidering the immersed boundary, only one simulation was
performed for each mesh, in which was applied the value of
Eq. 12 for ε at the wall. The final time of simulation is 0.35
s.

Flow Around a Cylinder
In order to observe the methodology in non-cartesian

domains a second case were performed: the flow around a
cylinder with Re = 200 000, based on cylinder diameter.

At the bottom and top walls, the Neumann condition
for velocities was applied. At the inlet, the Dirichlet condi-
tion was used and at the outlet, an advective condition was
considered, both for velocities. In the span-wise direction,
periodic condition was used for all properties.

The computational domain has 60D×40D×2.5D m3.
The cylinder is fixed in x = 20D and y = 20D, with the origin
of the domain at zero.

These simulations were performed with an adaptative
mesh composed by five levels. The coarse level is a hex-
ahedral uniform grid composed by 24.576 volumes. The
finest level covers dynamically the immersed boundary and
regions with high vorticity. For the simulations, a cylinder
with D = 0.1 m and a flow with U∞ = 1 m/s were considered.

Two simulations were performed and the drag coeffi-
cient obtained in both was compared with compared with
experimental data. In the first simulation Eq. 13 was im-
posed in the immersed boundary. In the second case, Eq.
12 was forced in the immersed boundary.

All simulations were performed forcing k = 0 at the
walls with the MDF method.

RESULTS AND DISCUSSION
Plane Channel

Through simulations without the immersed boundary,
it was possible to verify that the k and velocity fields did
not show any changes due to the different boundary condi-
tions for ε . Even for the ε , it was noticed the same behavior
for the interior of the channel. Fig. 1 shows this behav-
ior for the velocity field. Given these results and based
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on the arguments presented throughout the methodology,
it was decided to perform only one simulation using im-
mersed boundary.
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Figure 1. Normalized velocity profile obtained by simula-
tions without immersed boundary using different boundary
conditions for ε .

0 20 40 60 80

y +

0.3

0.2

0.1

0.0

0.1

ε +

Mansour DNS data

Eq. (10)

Eq. (11)

Eq. (12)

Eq. (13)

Figure 2. Normalized dissipation rate profile obtained by
simulations without immersed boundary using different
boundary conditions for ε .

The profiles obtained for k, ε and for the velocities field
u and uτ were compared with results from Direct Numerical
Simulation (DNS) obtained by Moser et al. (1999).

Comparing the results, it was possible to observe a rea-
sonable agreement between the simulation results with im-
mersed boundary and without immersed boundary and the
DNS results for the velocity field as shown in Fig. 3.

In the Fig. 4 it is possible to observe that the agree-
ment between the MFSim simulation results and DNS data
improves as the value of y+ decreases. Furthermore, the re-
sults without immersed boundary are better than the results
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Figure 3. Non-dimensional mean velocity profile for the
plane channel with Re = 13 750.
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Figure 4. Non-dimensional velocity profile in wall coor-
dinates for a plane channel with Re = 13 750.

with immersed boundary, evidencing that the MDF have an
intrinsic error.

The Fig. 5 show a non-dimensional profile of kinetic
turbulent energy and the Fig. 6 shown a non-dimensional
profile of dissipation rate, given by:

ε
+ =−ν ε

u4
τ

. (17)

Second order moments, like k and ε have harder pre-
diction than first order moments, like velocity. The results
for k and ε with immersed boundary are worse than the re-
sults without immersed boundary.

The Multi-Direct Forcing is not the best method for
boundary layer predictions because it involves many in-
terpolations. The method and order of interpolations can
change the results, mainly close to the wall. The MFSim
have four types of interpolation function but in the simu-
lations of the present work, only the hat interpolation was
used because it presents the lowest computational cost.

Flow Around a Cylinder
The velocity field in x-direction is show in the Fig. 7

at t∗ =
t U∞

D
≈ 95. It can be observe that the domain bound-
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Figure 5. Non-dimensional profile of kinetic turbulent en-
ergy (k) for the plane channel with Re = 13 750.
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Figure 6. Non-dimensional profile of dissipation rate (ε)
for the plane channel with Re = 13 750.

aries are sufficiently far of the cylinder.
An interesting possibility of MFSim code is the dy-

namic adaptative mesh. Using dynamic adaptative mesh it
is possible to cover a specific region of the domain with a
fine grid. The regions with fine mesh can be defined by high
gradients of informations or by the presence of immersed
boundaries, for example.

In the simulations of the external flow around a cylin-
der a dynamic adaptative mesh was used based in immersed
boundary and vorticity. The Fig. 8 shows the mesh in a re-
gion close to the cylinder at the same time of the flow field
shown in Fig. 7.

Covering the domain only with the fine grid is expen-
sive and covering the domain only with coarse grid leads to
poor results. The most important parts of the flow are the
wall of cylinder and regions with high vorticity.

Schlichting et al. (1974) presents drag coefficient ac-
cording to the Re number for the flow around a smooth
cylinder. For Re = 2× 105, the drag coefficient is approx-
imately 1.18 (CD = 1.18). Bearman (1969) found a drag
coefficient of CD = 1.14 in his experimental work for Re =
2×105.

In Tab. 1, the results for drag coefficient are presented
for the simulations with MFSim, and also the relative error
between these results and the value found in the work of

Figure 7. x-Velocity field at t∗ ≈ 95.

Figure 8. Detail of Fig. 7 for show the dynamic mesh with
five levels.

Table 1. Drag coefficient for the flow around a cylinder
with Re = 2×105.

CD Error (%)

Bearman (1969) 1.14 -

IB Eq. 13 1.225 7.46

IB Eq. 12 1.196 4.91

Bearman (1969).
The error using ε = 0 in the wall is 7.46 %. It is a non-

physical condition for many flows but it is correct in cases
like an internal flow in a circular pipe (Laufer, 1954). Using
the wall law derivative condition, given by Eq. 12, the error
is 4.91 %. This is a physical condition for ε in walls.

In terms of computational cost per iteration, the two
simulations are very close but the transient time for the sim-
ulation using Eq. 12 is bigger than using Eq. 13. The dif-
ference is about 60 t∗.

CONCLUSION
The simulations show that the methodology presents

good results for a simple case: the plane channel. The ob-
tained profiles had a concordance with DNS results and with
URANS simulations without immersed boundary in MF-
Sim. The MDF is a ship method for immersed boundary
simulations and its objective is cost-benefit, non high accu-
racy.

The flow around cylinder shows that the methodology
have a good behavior in simulations with non-cartesian ge-
ometries and coarse meshes. The values obtained for drag
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coefficient are close with experimental result.
It can be concluded that the Multi-Direct Forcing with

k-ε is a good alternative for simulations involving flow with
immersed boundaries. This have a good performance in fine
and coarse grids using together with the two-layer enhanced
wall treatment.

More investigations with this methodology is being
carried out to observe the behavior in many types of flows
and to and to improve the developments.
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