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ABSTRACT
While the setup of a wing in freestream may appear

simple, the flow generated in its wake exhibits complex dy-
namics. This is especially true for a finite-aspect-ratio wing
at a post-stall angle of attack. The wing aspect ratio, angle
of attack, sweep angle, wing root condition, and Reynolds
number all uniquely contribute to the rich wake dynamics.
Although low-aspect-ratio wings are ever more prevalent in
aeronautical designs, understanding of these flows is limited
due to the vast parameter space. To gain the fundamental
insights into low-aspect-ratio wing flows at low Reynolds
numbers, we examine the importance of three-dimensional
separation and wake behavior. In this paper, we present re-
sults of our ongoing endeavor on analyzing separated flows
over finite-aspect-ratio wings based on computational, ex-
perimental, and theoretical analyses through a collaborative
effort by the University of California, Los Angeles (UCLA),
the Rensselaer Polytechnic Institute (RPI), and the Univer-
sity of Liverpool (UoL).

INTRODUCTION
The vast majority of studies of flow separation over air-

foils and wings have addressed the 2D limit, in the sense
that velocity components along the transverse spatial di-
rection have been considered to be small enough to be ig-
nored. However, flows over finite-aspect-ratio wings ex-
hibit a large-spanwise variation due to the tip effects and the
spanwise instabilities that develop in the wake. For translat-
ing finite-aspect-ratio wings, the study by Taira & Colonius
(2009) reported the 3D nature of the vortical wakes at post-
stall conditions. Although the geometry of the wing may
be simple, the wake dynamics can exhibit a variety of com-
plex features as summarized by Eldredge & Jones (2019)
for a variety of wing maneuvers. The three-dimensionality

of the wake also causes the aerodynamic forces exerted on
the wings to depart from their 2D limits, as reported by Tor-
res & Mueller (2004).

For 3D wing configurations, recent studies e.g., Yavuz
& Rockwell (2006) have showed that neglecting the span-
wise component of velocity is too strong of an approx-
imation, as this component was demonstrated to play a
large role in the flow field, as a number of recent studies
have shown. In particular, Wygnanski et al. (2011) and
(2014) emphatically stressed that the third dimension can-
not be ignored in discussion the flow physics of 3D separa-
tion. Particularly interesting about a quasi-2D flow is that
even where end effects are small, 3D phenomena such as
stall cells (Bippes & Turk, 1980) can be present. Weihs
and Katz (1983) discovered that there is a relationship be-
tween the geometric parameters and the number of cellular
shapes that form on a rectangular wing during stall condi-
tion. These stall cells can result in loss of lift and other
potential detrimental effects. Recently, DellOrso & Amitay
(2018) mapped out the flow regime at Reynolds number of
O(105 �106) where these stall cells occur.

Rodrı́guez & Theofilis (2011) observed stall cells aris-
ing from linear instability of a 3D (spanwise periodic) self-
excited global mode on a stalled symmetric airfoil at Re =
200. More recent modal and non-modal instability anal-
ysis (He et al., 2017a) has refined these predictions and
showed that the stationary 3D mode reported by Rodrı́guez
& Theofilis (2011) is more amplified than the 3D Kelvin-
Helmholtz (KH) instability only at small spanwise periodic-
ity lengths Lz (concretely, at b = 2p/Lz > 3), while for large
Lz (0 < b < 3) the KH mode is the dominant global flow in-
stability. This result holds at all three airfoils examined by
He et al. (2017a), independently of thickness and camber,
and all angles of attack. The implication is that the wake be-
hind stalled airfoils at low Reynolds numbers first becomes
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unsteady due to linear amplification of the KH mode, fol-
lowed by 3D secondary (Floquet) instability that has been
documented by He et al. (2017a) to peak around b = 11 at
all Reynolds number values examined, up to Re = 600.

Questions left open in the above studies mainly
concern the physical mechanisms by which finite-wing-
geometry affects the flow separation and the wake forma-
tion at moderate to high angles of attack. We are in par-
ticular interested in the genesis of flow structures that per-
sist at flight Reynolds numbers and thus examine the influ-
ence of aspect-ratio, sweep angle, Reynolds number, angle
of attack, and the root plane boundary condition on such
structures. The present effort addresses these questions in a
three-pronged collaborative research effort: computational
(UCLA), experimental (RPI), and stability (UoL) analyses.
The findings from each group are combined to take advan-
tage of the strengths from each of the efforts and comple-
ment each components of the overall research endeavor. Be-
low, we describe the approach taken, present some research
highlights, and offer some concluding remarks.

PROBLEM SETUP AND APPROACHES
In this study, we study the separated flows behind

finite-aspect-ratio wings with a cross section of NACA0015
airfoil in pure translation. In order to gain fundamental
knowledge into the wake dynamics, we consider the flows
in the laminar regime. The chord-based Reynolds number is
Re = 400 to 600, since experiments and numerical simula-
tions performed in the framework of this effort have verified
that qualitative changes exist in flows in the above Reynolds
number range, or at Re = 1000 and above. To examine the
influence of tip effects on the three-dimensional flow sepa-
ration and wake dynamics, we consider wings over a range
of aspect ratios. The aspect ratio is reported as AR = b/c,
where b is the span and c is the chord length. Different
boundary conditions, namely the symmetry, no-slip wall
and free end conditions, have been used at the root of the
wing. Unless otherwise stated, the aspect ratios reported
within this work are all based on the actual span in the nu-
merical or experimental setup.

Numerical simulations
In the computational component of the work, we nu-

merically solve the three-dimensional Navier-Stokes equa-
tions to investigate the wake dynamics behind the finite-
aspect-ratio wings. The direct numerical simulations are
carried out with the incompressible flow solver Cliff (in-
cluded in the CharLES software package, Cascade Tech-
nologies, Inc), which employs the finite-volume formula-
tion with second-order accuracy in time and space (Ham &
Iaccarino, 2004; Ham et al., 2006).

Experiments
The experiments are conducted in a closed return,

closed test section water tunnel downstream of finite span,
cantilevered or free ends NACA 0015 airfoils by the use
of stereo-particle velocimetry (SPIV ). For the free ends
model, the airfoils have to be mounted away from the wall,
outside of the boundary layer effect by the use of a single
thin rod at one end of the airfoil. The flow fields are cap-
tured using a LaVision SPIV system with a dual Nd:YAG
laser with a maximum output of 120 mJ/pulse and two 2
Megapixel ImagerPro X CCD cameras. A laser sheet is

emitted through the tunnel floor to collect data in multiple
streamwise planes, which are 1 mm apart. At each plane
500 image pairs are collected, averaged and then combined
to form a time-averaged flow volume.

Stability analysis
The 3D nature of the problem, in which no homoge-

neous spatial direction is assumed, implies the need to per-
form TriGlobal linear stability analysis (Theofilis, 2003).
The incompressible Navier-Stokes and continuity equa-
tions are linearised by decomposing the velocity and pres-
sure components into a base flow and a superposed small-
amplitude perturbation. The numerical work, of which
here only modal stability analysis results are shown, has
been performed in the framework of the hp-spectral element
open-source code Nektar++ (Cantwell et al., 2015). Base
flows around 3D finite aspect ratio wings with a mid-span
symmetry boundary condition are computed on a structured
C-type grid. For naturally unstable flows, such as those oc-
curring at high angles of attack, selective frequency damp-
ing (SFD) (Åkervik et al., 2006) is used to construct the
steady base flow, that could subsequently be interrogated as
regards its linear modal instability.

RESULTS
Unswept wings

The wake structures behind the unswept wing ob-
tained from DNS with the symmetry boundary condition
at the mid-span are shown in figure 1 for the cases of
(a,AR,Re) = (22�,1� 6,400). As it can be clearly seen,
the wake exhibits strong three-dimensionality over the en-
tire flow field. The wake structures are comprised of dif-
ferent vortical features. The tip vortex remains steady over
time (except for AR = 1) with the unsteady shedding vor-
tices influenced by the aspect ratios. At small aspect ra-
tio of 2, vortex cores with wx and wy shed periodically
from the wing into the wake. With the increase of aspect
ratio, long spanwise vortices become prominent. Above
AR = 6, vortex dislocation occurs, dividing the spanwise
shedding region into two cells. This phenomenon has also
been observed in general bluff body flows with inhomo-
geous boundary conditions (Williamson, 1989; Noack et al.,
1991).

Figure 2 shows the most unstable global eigenmode in
the wake of an aspect ratio 4 wing at Re = 400 and angle
of attack of 22�. The three-component normalized vorticity
amplitude function is visualized at ŵ 2 [�0.1,0.1]. It can
be seen that the dominant structure is associated with the
wake region close to the symmetry plane. This structure is
interpreted as two parallel branches, both of which are akin
to Kelvin-Helmholtz instability, a result that is reminiscent
of the analogous findings of He et al. (2017b) in the wake of
an elliptic wing. Interestingly, in the elliptic wing case cuts
through the amplitude function of the three-dimensional
global mode, made perpendicularly to the mean flow direc-
tion at arbitrary locations in the wake, matched closely the
amplitude functions delivered by classic linear local (spa-
tial) instability analysis based on numerical solution of the
Orr-Sommerfeld equation. The region that exhibits instabil-
ity and the region that exhibits the highest level of unsteadi-
ness based on DNS are in agreement. There are ongoing
efforts to further examine the correlation between the find-
ings from simulations/experiments and the global stability
analysis.
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Figure 1: Vortical structures visualized by Q = 1 (transparent) and Q = 2 (green) behind an unswept wings with
different aspect ratios. Shown are the cases (a,Re) = (22�,400). (a)� ( f ): AR = 1,2,3,4,5 and 6. Symmetry
boundary condition is prescribed at the mid-span for the current cases.
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Figure 2: The most unstable mode of finite wing (a,AR,Re) = (22�,4,400) with midspan symmetry boundary
condition. Visualized by three-component vorticity. The symmetry plane is at right.

The influence of the mid-span boundary condition is
also being considered in this work. With the prescription of
the no-slip boundary condition (representative of the exper-
imental setup), the wake dynamics is altered. The least sta-
ble TriGlobal mode from stability analysis that corresponds
to the full water tunnel case (a,AR,Re) = (20�,6,600) is
shown in Figure 3. In qualitative analogy to the mid-span
symmetry configuration the dominant mode of the full tun-
nel setup is associated with the wake region.

Swept wings
As discussed above, the wakes behind unswept wings

possess complex dynamics. The nature of the dynamics is
significantly altered for swept wings. We compare the wake
flow behind a wall-mounted wing obtained in water tunnel
experiment as shown in figure 4. For the experiments, there
is a no-slip wall at the root with a formed boundary layer
(figure 4(top)). In the simulations, we prescribe the symme-
try boundary condition at the mid-span (figure 4(bottom)).
Despite the difference in the boundary conditions, these two
cases show great similarity in terms of the strong axial flow
in the near wake. Such spanwise flow alters the wake in a
drastic manner, compared to those seen in figure 1.

The added richness of the wake dynamics from sweep

is summarized in figure 5 based on DNS results in which
mid-span symmetry has been imposed. The vortical struc-
tures are visualized for the cases of (a,AR,Re,L) =
(22�,4,400,7.5� � 45�). For L = 7.5�, the wake behind
the swept wing consists of the tip vortex at the free end and
the periodically shedding vortices near the mid-span. Such
wake structures resemble that of the unswept cases shown
in figure 1. Increasing the sweep angle to 15�, leads to the
formation of a steady wake near the mid-span region. The
unsteady shedding vortices are pushed towards the wing tip,
breaking down the originally steady tip vortex. With a fur-
ther increase of L, the whole flow field becomes steady, and
the tip vortex disappear. The wake is characterized by spiky
vortical structures trailing into the wake. It is indeed re-
markable that an increase of the sweep angle offers a sta-
bilizing effect to the flow field in terms of a reduction the
region of instability. While the quantification of the causal
relationship between sweep angle and flow instability is cur-
rently underway, our work clearly shows that at high sweeps
the flow at this Reynolds number looses the spanwise shed-
ding instabilities.

We further note that the mid-span boundary condition
plays an important role in determining the wake dynamics.
As an illustration, we present experimental and computa-
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Figure 3: The most unstable TriGlobal mode for
the full water tunnel configuration (a,AR,Re) =
(20�,6,600) visualized by Q = 0.001 and coloured
by the streamwise velocity û.

Figure 4: (a): Dye flow visualization for the case
(a,AR,Re,L) = (22�,2,600,30�). (b): Stream-
line from CFD for the case (a,AR,Re,L) =
(20�,2,600,30�). Note that in the experimental setup,
no-slip wall is used at the root, whereas the computa-
tional setup employs the symmetry boundary condi-
tion at the mid-span.

tional results of the flow field for a wing with two free ends,
as visualized in figure 6. In both of these results strong
agreement of the respective wake structures can be seen,
accompanied by a family of streamwise vortices in forma-
tion. A distinct tip vortex is also observed at one end of the
airfoil that is colored by positive vorticity with a counter-
clockwise rotation. However, due to the sweep, the rest of
the vortical structures are pushed outboard, toward the left
side of the image. Due to the interaction of the vortices with
the spanwise velocity and among themselves, they are less
coherent.

CONCLUDING REMARKS
We have presented our collaborative efforts on reveal-

ing the physics of 3D separated flows past finite-aspect-ratio
wings in uniform translation. The computational, exper-
iment, and stability analyses are performed in a comple-
mentary manner aiming at uncovering physical mechanisms

governing the complex wake dynamics. The results pre-
sented herein showed that each component of the efforts is
in agreement with one another and highlights each of their
strengths to understand the detailed physics over a vast pa-
rameter space comprised of wing aspect ratio, angle of at-
tack, sweep angle, Reynolds number, and root boundary
condition. All of these parameters are found to have sig-
nificant influence on the wake dynamics in unique ways.

There is a range of ongoing work with this project.
In addition to exploring the boundaries of this multi-
parametric problem, two major thrusts are pursued. First is
to analyze the implications of instabilities in the wake for-
mation and separation. Preliminary results show that global
instabilities can provide guidance on the emergence of sur-
face separation patterns, as shown in figure 7. Second is to
examine the full wing geometries, while allowing spanwise
motion across the midspan. As shown in figure 8, such con-
figurations are inspired by 3D wing configurations akin to
those found on air vehicles.

Finally, it should be noted that in all configurations
studied in the present work have considered wakes that
are symmetric with respect to the mid-span plane, in both
unswept and swept wings. Such symmetry is expected to
break down at higher Reynolds number or angles of attack,
as reported by Taira & Colonius (2009). Efforts in this
direction are also underway and will be reported in future
work.
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Figure 7: Dominant surface streamline patterns from leading global instabilities.

Figure 8: Wake structure behind full wing models. (a) An unswept wing with (a,AR,Re) = (22�,4,400) and (b)
an swept wing with (a,AR,Re) = (20�,8,400). Iso-surfaces of Q = 1 are shown in darker gray and |w| = 2 in
transparent.
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