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ABSTRACT
We present well-resolved large-eddy-simulations (LES) of

a straight, high-aspect-ratio cooling duct (HARCD) at a bulk
Reynolds number of Re = 110 ⋅103 and an average Nusselt number
of Nu = 371. The geometry and boundary conditions have been de-
fined together with Rochlitz et al. (2015), who conducted the exper-
imental measurements for this case. Water was chosen as coolant.
The current investigation focuses on the influence of asymmetrical
wall heating on the flow field and specifically on the influence of
the turbulence-induced secondary flow on turbulent heat transfer,
the spatial development of the temperature boundary layer and the
accompanying viscosity modulation. Due to the viscosity drop in
the vicinity of the heated wall we observe a decrease in turbulent
length scales and in turbulence anisotropy, resulting in a decrease
of turbulent mixing and the secondary flow strength along the duct.

INTRODUCTION
The turbulent flow and heat transfer in a high aspect ratio (AR)

duct with rectangular cross section is of great interest for many engi-
neering applications. Examples range from ventilation systems over
cooling ducts in motors of hybrid electrical vehicles to the cooling
systems of rocket engines. In order to predict the cooling capability
and with it the lifetime of the respective system a detailed under-
standing of cooling duct flows is required.

The turbulent flow through a straight rectangular duct is
strongly influenced by the turbulence-induced secondary flow, the
so called Prandtl’s flow of the second kind. In each duct corner, a
pair of counter-rotating streamwise vortices forms as a consequence
of the anisotropy of the Reynolds stress tensor. Reynolds-averaged
Navier-Stokes (RANS) models based on the isotropic turbulence
assumption hence fail to predict these vortices. Even though the
secondary flow is relatively weak, 1−3% of the bulk velocity, it has
a significant influence on momentum and temperature transport and
increases the mixing of hot and cold fluid.
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Several experimental and numerical studies investigated duct
flows of different cross-section. Launder & Ying (1972) studied the
flow through adiabatic square ducts with special focus on secondary
flows experimentally. The influence of wall heating was analyzed
by Wardana et al. (1994) for a channel flow. Monty (2005) studied
the flow through an adiabatic high-aspect-ratio duct with AR = 11.7.
Salinas-Vasquez & Métais (2002) performed a first LES of a peri-
odic heated square duct and studied the influence of wall heating on
the flow field. Hébrard et al. (2005) extended this work to inves-
tigate the spatial development of the temperature boundary layer.
Choi & Park (2013) analyzed the turbulent heat transfer for rect-
angular ducts with moderate aspect ratios ranging from AR = 0.25
to AR = 1.5. Vinuesa et al. (2014) presented direct numerical sim-
ulations (DNS) of adiabatic periodic duct flows for various aspect
ratios ranging from AR = 1 to AR = 7. All the numerical studies have
been conducted at a much lower Reynolds-number than the present
study.

In this work, we investigate the influence of asymmetric wall
heating on an AR = 4.3 duct at a Reynolds-number of 110 ⋅103 with
a moderate temperature difference between coolant and heated wall
via LES. We also present a comparison of experimental PIV and
the LES results. The main focus of the LES study lies on the effect
of wall heating on the turbulence, the secondary flow field and the
temperature boundary layer growth.

NUMERICAL MODEL
As only small density variations are present, the flow is de-

scribed by the incompressible Navier-Stokes equations and the
Boussinesq approximation for the gravitational force term. The
temperature is treated as an active scalar. The temperature and den-
sity dependent thermodynamic properties of the fluid are obtained
using the IAPWS correlations, see IAPWS (2008).

The transport equations are discretized by a fractional step
finite-volume method on a block structured, staggered Cartesian
grid. As time advancement method an explicit third-order Runge-
Kutta scheme is applied, while the time-step is adjusted dynami-
cally to maintain a maximum Courant number of 1.0.

For discretizing the pressure Poisson equation and the diffusive

6C-2



Dper Dheat

TwTw

Lx,heat

TwTw

periodic BC

Lx,per

Tb

Lz

Ly

q̇w = 0

y

x
z

Ly

Lzq̇w

z

y

Figure 1: Sketch of the numerical cooling duct setup with periodic domain Dper and spatially resolved heated domain Dheat . At
the bottom the computational grid and blocking in the yz-plane is depicted (every 2nd grid line shown).

fluxes, second-order accurate central difference schemes are imple-
mented. The pressure Poisson equation is solved in every Runge-
Kutta substep using a Krylov subspace solver with an algebraic-
multigrid preconditioner for convergence acceleration. For dis-
cretization of the convective fluxes, the Adaptive Local Deconvo-
lution Method (ALDM) is used, respectively the computationally
more efficient simplified SALD method. ALDM is a nonlinear fi-
nite volume method that provides a physically consistent subgrid-
scale turbulence model for implicit LES, see Hickel et al. (2006)
and Hickel et al. (2014). For the extension and validation for the
Boussinesq equations see Remmler & Hickel (2013).

SIMULATION SETUP
The experimental setup of the water cooling duct is constructed

as follows. First water at Tb = 333.15K is pumped with a constant
flow rate of 50 l/min from a reservoir into a 600 mm unheated feed
line. After a flow straigthener the fluid enters into the heated test
section of equally 600 mm, where a constant wall temperature of
Tw = 373.15K is applied at the lower wall. Both sections are straight
ducts of equal cross-section. For further details we refer to Rochlitz
et al. (2015).

Figure 1 depicts the numerical setup consisting of the adiabatic
periodic domain Dper and the heated domain Dheat . The feed line
is modeled as a short periodic duct piece and serves as turbulent in-
flow generator for the heated duct. For each time-step, the outflow
velocity profile of Dper is prescribed at the inlet of Dheat . At the
end of the heated duct, a second-order Neumann boundary condi-
tion is applied for velocity and density fluctuations and Dirichlet for
pressure.

The duct has a height of Ly = 25.8 mm and a width of Lz =
6 mm, which results in an aspect ratio of AR = 4.3 and a hydraulic
diameter of dh = 9.74 mm. The streamwise length of Dper is cho-
sen to Lx,per = 7.5 ⋅dh to resolve the large-scale turbulent structures
following Vinuesa et al. (2014). The heated duct is spatially fully
represented with a length of Lx,heat = 600 mm, corresponding to
61.6 dh. All walls are defined as smooth adiabatic walls except the
lower wall of the heated duct section, where the constant tempera-

Table 1: Main flow and simulation parameters.

Re Nu Prb Reτ,y Reτ,z Tb [K] Tw [K]

110 ⋅103 371 3 4800 5500 333.15 373.15

ture Tw is prescribed.
As initial solution for Dper the velocity distribution for a fully

developed laminar duct flow superimposed with white noise of am-
plitude A ≈ 5%ub is defined on a coarse grid. After the state of a
fully developed turbulent duct flow is reached, the solution is inter-
polated onto the fine grid and the simulation continued for several
flow-through times (FTT). The final flow state of Dper forms the
initial condition for the full coupled setup of both flow domains,
where Dheat is built as a sequence of periodic duct sections. The
heating is switched on by setting the isothermal wall temperature
to Tw = 373.15K. After 1.33 FTT with respect to Lx,heat and ub,
statistical sampling is started with a constant temporal sampling in-
terval of ∆tsample = 0.025 ⋅ (dh/ub). The sampling extends over 20
FTT. The main flow and simulation parameters are listed in table
1. All Reynolds-numbers are formed using dh as reference length.
The friction Reynolds-numbers are measured in the center of their
respective sidewall and represent the adiabatic case. When heating
is applied to the lower wall, Reτ,y increases to 7300. The Prandtl-
number is a function of local temperature. The Nusselt-number rep-
resents the mean value for the whole domain Dheat .

To determine the required grid resolution for a well-resolved
LES, an extensive grid sensitivity analysis has been performed for
the adiabatic duct. As can be seen in figure 1, a 2:1 connection at
the interface of wall blocks and the two inner blocks is applied to
reduce the computational cost. The boundary layer blocks possess
a hyperbolic grid stretching in the respective wall-normal direction.
In the streamwise direction a uniform discretization is applied for
all blocks. For Pr > 1 thermal length scales are smaller than the mo-
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Table 2: Main parameters for grid shown in figure 1.

Dper ∣lower Dper ∣upper Dheat ∣lower Dheat ∣upper

Nx×Ny×Nz 576×501×141 576×501×141 4740×501×141 4740×501×141

∆x+×∆y+min×∆z+min 62.7×0.73×1.42 62.9×1.24×1.42 94.5×1.09×1.42 62.8×1.24×1.42
∆ymax
∆ymin

× ∆zmax
∆zmin

33.2×27.3 24.2×27.3 33.2×27.3 24.2×27.3

0.6 0.7 0.8 0.9 1 1.1 1.2
u/ub [−]

−1

−0.5

0

0.5

1

y
·
2/
L
y
[−

]

-0.01 0 0.01
v/ub [−]

(a) (b)

0 0.5 1 1.5

u′u′/u2
b · 10

−2 [−]

-1

-0.5

0

0.5

1

y
·
2/
L
y
[−

]

-2 -1 0 1 2

u′v′/u2
b · 10

−3 [−]

0 1 2 3 4 5

v′v′/u2
b · 10

−3 [−]

(c) (d) (e)

Figure 2: Comparison of experimental ( ) and numeri-
cal ( ) results for the heated duct. Figures (a)/(b) show
the streamwise and heated wall-normal velocity respectively
and figures (c)/(d)/(e) the Reynolds stress distribution along
the duct center line.

mentum length scales and the temperature boundary layer is com-
pletely contained inside the momentum boundary layer. To resolve
the wall-normal temperature gradient, the wall-normal resolution at
the heated wall is increased leading to an asymmetric grid with re-
spect to the y−axis. The same mesh is applied for Dper and Dheat as
a matching interface is used.

The main grid parameters for both domains are listed in table
2, separately for the heated lower and the adiabatic upper wall. The
number of cells in each direction is denoted by Nx, Ny and Nz lead-
ing to ≈ 280 ⋅ 106 cells for the discretization of the complete con-
figuration. The dimensionless wall distances of the first respective
cell are denoted by ∆x+, ∆y+min and ∆z+min and are normalized by the
inner length scale l+ = νw/uτ with the friction velocity defined as
uτ =

√
τw/ρw. The quantities are evaluated at the respective wall

center. The coarsening ratios ∆ymax
∆ymin

and ∆zmax
∆zmin

relate the largest cell
size to the smallest cell size in the boundary layer blocks.

RESULTS
Validation with experimental data

Figure 2 shows the comparison between the LES and the PIV
results. An averaging in streamwise direction over the field of view
(FOV) ranging from 350−400mm and across the laser sheet thick-
ness of ∆LS = 1mm is performed. For the latter a constant Gaussian
laser intensity distribution along the y-axis is assumed. Due to fab-
rication tolerances the experimental duct is on average slightly nar-
rower than in the LES leading to a difference in the aspect ratio of
ARLES = 25.8/6.0= 4.30 and ARPIV = 26.1/6.23= 4.19 respectively.
To account for the different aspect ratio a scaling with respect to the
y-axis is performed for the LES data with a factor of ARPIV /ARLES.

For the velocity profile in figure 2 (a) we observe a very good
agreement. Until approximately 2y/Ly = ±0.75 the streamwise ve-
locities coincide perfectly. The shoulder section profiles from −0.75
to −0.5 agree well. At the opposite wall larger deviations are present
due to the slight asymmetry of the experimental data. The core ve-
locity is slightly higher because of the narrower cross-section, com-
pared to the PIV results u/ub is 1.71% larger. The numerical and
experimental v-profiles also agree well. The peak positions indi-
cating the influence of the corner vortices on the duct center match
perfectly. However, the maximum values are again slightly higher.
We observe a relatively large deviation for the v-minimum at the
y = ymax wall, which we attribute to the aforementioned asymmetry
of the experimental data.

The comparison of the Reynolds stresses is depicted in figure
2 (c)/(d)/(e). The streamwise component u′u′ shows a satisfactory
agreement with the LES having consistently lower values than the
PIV. This difference is probably due to measurement noise. The
coarser grid in the duct core as source of this deviation can be ruled
out as an increase of the resolution leads to the same result. The
u′v′ profiles match very well except in the vicinity of the walls,
where the LES has higher extrema. The v′v′ profiles coincide in the
vicinity of the heated wall. In the duct center we observe a similar
offset like that in u′u′. At the upper wall large deviations are visible
due to an overshoot in the experimental data.

The experimental data exhibits uncertainties with respect to
laser sheet misalignment and its effective thickness, so that the latter
might be larger than the nominal thickness of ∆LS = 1mm, which
we assumed for postprocessing the LES results. We investigated the
influence on the LES data and observed, that both misalignment and
an increased ∆LS lead to an improved agreement of LES and PIV.

The flow field of the adiabatic and the heated duct
In the following we analyze the turbulent heat transfer in the

asymmetrically heated duct based on the LES results. The main
focus lies on investigating the differences of the adiabatic and the
heated duct flow field, i.e. on the influence of the wall heating along
the duct. As a consequence of the heating, the temperature in the
vicinity of the wall increases with the streamwise distance, reducing
the local viscosity, which may drop up to ν(Tw)/ν(Tb) = 0.62.
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Figure 3: Development of the temperature boundary layer and accompanying change in secondary flow velocity along the duct
length in the vicinity of the heated wall. Figure (a) shows the counter-rotating vortices and figures (b)/(c)/(d) the temperature
increase at 50mm, 200mm and 600mm respectively. Figures (e)/(f)/(g) depict on the left of the duct center the wall-normal
velocity v and on the right the change in v with respect to the unheated periodic duct, ∆v = v−vper.

The developing temperature boundary layer is highly influ-
enced by the secondary flow structures. Figure 3 (a) shows the
pairs of counter-rotating vortices forming in the duct corners. In the
left corner, a smaller counter-clockwise (CCW) rotating vortex is
forming along the short sidewall and a larger clockwise (CW) rotat-
ing vortex along the large sidewall (mirror-inverted for the opposite
half of the duct). Each vortex extends to the respective symmetry
plane, where it meets the vortex from the opposite side. The vortex
strength is relatively weak. The maximum cross-flow velocity for

the adiabatic duct is uc f /ub =
√

v2+w2/ub = 1.93% and lies per-
fectly within the 1−3% range reported in the literature, see Salinas-
Vasquez & Métais (2002). Figures 3 (b)/(c)/(d) depict the axial de-
velopment of the temperature boundary layer at different positions.
The thermal boundary layer thickness increases in streamwise di-
rection due to conduction, turbulent mixing and through transport
by the mean secondary flow. The latter is responsible for the char-
acteristic bent shape of the temperature profile. In the left half of the
duct, the CW vortex is transporting hot fluid away from the heated
wall along the large sidewall into the duct core and cold fluid down-
wards along the center line. The CCW vortex conveys hot fluid
from the corner along the heated wall to its center at z = 0 and then
upwards along the symmetry line until it mixes with the cold fluid
transported downwards. Both vortices push cold fluid into the left
corner.

Even though the temperature increase and the accompanying
viscosity decrease is relatively moderate, a weakening of the sec-
ondary flow strength can be observed in figures 3 (e)/(f)/(g). De-
picted is the heated wall-normal secondary flow component v at
the same spatial positions as the temperature boundary layer plots
above. The mean vertical velocity v is shown in the left quadrant of
each picture and in the right quadrant the difference of the v-field
with respect to the adiabatic case is presented. Comparing ∆v along
the heated duct, we observe a significant reduction of the vortex
strength. The upward transport of hot fluid in the vicinity of the

large sidewall is slowed down increasingly along the duct length, in
the end cross-section at 600mm the maximum ∆v/ub is ≈ −0.004
with a velocity of v/ub ≈ 0.015, which corresponds to a reduction
of slightly over 25%. The positions of the vortices remain approx-
imately constant and are defined by the duct geometry. Only for
the larger vortex we observe a slight shift in the direction of both
sidewalls. As the corner vortices are Reynolds stress induced sec-
ondary flows, we will further analyze the influence of the reduced
wall viscosity on the turbulence.

In figure 4, we investigate the influence of the wall heating on
the turbulent boundary layer in the duct center at z = 0 by com-
paring the adiabatic domain Dper with Dheat . A spatial averaging
is applied, for Dper over Lx,per = 7.5dh and for Dheat over the last
7.5dh of Lx,heat . For both, the adiabatic and the heated duct, the law
of the wall velocity profile is obtained, u+ = y+ for the viscous sub-
layer and u+ = 1/κ ⋅ lny+ +B for the log-law region. Analogous to
Lee et al. (2013), we observe in figure 4 (a), that the heating leads
to a shift in the log-law region of the velocity profile, the integration
constant increases from B = 5.2 to B = 6.0 for the heated case. The
slope and with it the von Kármán constant remains unchanged at
κ = 0.41. Figure 4 (b) depicts the change in the Reynolds stress pro-
files. The peak in u′u′ is shifted slightly closer to the wall, whereas
the maximum value remains unaltered. Similarly to Zonta et al.
(2012) the turbulence intensities in all directions are reduced, when
heating is applied to the flow. Although counterintuitive, as one
would expect an increase in turbulent fluctuations with lower vis-
cosity, this observation is in agreement with previous studies show-
ing that the heating of the fluid leading to a drop in viscosity has a
stabilizing effect on the boundary layer, see Lee et al. (2013) and
Zonta et al. (2012).

To analyze the turbulence anisotropy, Banerjee et al. (2007) in-
troduced the barycentric map as an extension of anisotropy invariant
maps providing a more intuitive visualization technique. The con-
struction is based on the eigenvalues λi of the anisotropy tensor of
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Figure 4: Profiles of (a) mean streamwise velocity and (b)
Reynolds stresses along the duct height at z = 0 for the adia-
batic ( ) and the heated duct ( ). The law of the
wall is represented by ( ).

the Reynolds stress tensor and relies on the fact, that any realizable
turbulence state can be represented as a combination of the three
limiting states of 1-, 2- and 3-component turbulence. The limit-
ing states are defined as the corners of an equilateral triangle with
x1c = (1,0), x2c = (0,0) and x3c = (1/2,

√
3/2). The coordinates of

a turbulent state are then computed as x =C1cx1c +C2cx2c +C3cx3c
with the weights Cic deduced from λi. Finally the coefficient vec-
tor Cic is mapped to the RGB triplet. The comparison of the duct
corners for the adiabatic and the heated case in figure 5 reveals, that
the anisotropy in the vicinity of the heated wall is reduced, in this
case the fraction of 2-component turbulence. The flow becomes
more isotropic leading to a weaker production term in the stream-
wise vorticity equation and in turn to a weaker secondary flow.

Figure 6 shows instantaneous streamwise fluctuations in a
plane parallel to the heated wall for both the adiabatic and the heated
duct. For the latter the last 7.5dh section is shown. We observe very
small turbulent structures as the Reynolds-number is relatively high
and hardly any difference between the heated and non-heated result
due to the moderate heating. Figure 7 presents streamwise auto-
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Figure 5: Barycentric anisotropy map illustrating regions of
1-, 2- and 3-component turbulence with (a) adiabatic duct,
(b) zoom into the corner and (c) the same view for the heated
duct. Isolines signify a constant 3-component fraction.
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Figure 6: Streamwise velocity fluctuations at the heated wall
for (a) adiabatic (y+ = 16.1) and (b) heated duct (y+ = 24.2).

correlation functions Rx
uu taken in the duct center z = 0 at different

y-locations in the vicinity of the heated wall. For the definition of
the longitudinal correlation of the u-velocity we assume local ho-
mogeneity in streamwise direction over Dper and the last 7.5dh of
the heated duct.

Two observations can be made: first, the structures grow larger
with increasing distance from the wall and second, the heating leads
to a slight shortening of the turbulent structures. The integral length
scale is defined as Lx

uu = ∫
∞

0 Rx
uu. In our case we set the upper in-

tegration boundary to the point, where the correlation crosses the
line 1/e2. The heating-induced shortening of Lx

uu is listed in table 3.
As the temperature increase is highest close to the lower wall, we
observe the strongest shortening in Lx

uu there with a maximum value
of −9.0% for y+ = 16.1. Similarly, the transversal length scales for
both streamwise and spanwise velocity reduce with the heating.
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Table 3: Integral length scales Lx
uu and shortening ∆Lx

uu .

y+ 16.1 30.1 60.5 120.6 627.0

Lx
uu∣per/dh ⋅10−2 5.1 7.1 10.9 15.3 20.8

Lx
uu∣heat/dh ⋅10−2 4.7 6.7 10.5 14.5 20.6

∆Lx
uu 9.0% 6.3% 4.2% 5.2% 1.2%

CONCLUSION
We investigated the three-dimensional flow field of a straight

high aspect ratio cooling duct operated with water at a Reynolds-
number of 110 ⋅103 with an asymmetric wall heating of ∆T = 40K
using a well-resolved LES. Good agreement with experimental PIV
measurements by Rochlitz et al. (2015) for the same configuration
has been achieved for mean velocity and Reynolds stresses.

We analyzed the influence of the turbulence induced secondary
flow on the shape of the developing temperature boundary layer
along the duct. The counter-rotating vortices forming in each duct
corner are relatively weak (the maximum cross-flow velocity is
≈ 2%ub in our case), but their significant effect on the tempera-
ture profile is clearly visible. The temperature rise is accompa-
nied by a drop in viscosity. Even though the heating is relatively
moderate, we observed a significant weakening of the strength of
the secondary flow along the duct length. As the secondary flow
is turbulence-induced, we investigated the effects of the viscosity
drop on the near wall turbulence and velocity. In agreement with
Zonta et al. (2012) and Lee et al. (2013), we observed a constant
shift of the boundary layer velocity profile and a reduction of tur-
bulence intensity in all directions. Using autocorrelation functions,
we quantified the shortening of the turbulent length scales. Apply-
ing the barycentric anisotropy map to the flow field, we showed
that the turbulence anisotropy in the vicinity of the duct corners is
reduced by the heating. The flow becomes more isotropic leading
to a weaker production term for streamwise vorticity and a weaker

secondary flow.
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