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ABSTRACT

We report a geometric study of Lagrangian structures
in compressible, spatially evolving transitional boundary
layers at two Mach numbeMa., = 2.25 and 6, and devel-
op a simple model of the skin-friction coefficient based the
geometric analysis of two-dimensional scalar images. The
velocity fields are obtained by the direct numerical simula-
tion (DNS). The Lagrangian structures in the transition pro-
cess are extracted from the Lagrangian scalar field by a slid-
ing window filter in compact frames. The multi-scale and
multi-directional geometric analysis is applied to character-
ize the averaged inclination angles of Lagrangian structures
at different scales ranging from the boundary layer thick-
ness to several viscous length scales, where the inclination
angle is on the plane of the streamwise and wall-normal di-
rections. In general, the averaged inclination angle is in-
creased along the streamwise direction, and the variation of
the angles for large-scale structures is smaller than that for
small-scale structures. We develop a simple model of skin-
friction coefficient based on the inclination angle statistics
of the filtered component fields on the streamwise and wall-
normal plane at different scales. The trend of the increas-
ing averaged inclination angle is qualitatively similar to the
rise of the skin-friction coefficient, and our modelled skin-
friction coefficient agrees well quantitatively with the DNS
results for the two Mach numbers.

INTRODUCTION

The prediction on the skin-friction coefficient in
compressible boundary layers is critically important for the
design of high-speed vehicles and propulsion systems. The
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boundary-layer transition has a strong influence on aerody-
namic drag and heating, because much higher friction and
heating can be generated on the surface of aerospace ve-
hicles in turbulent flows than those in laminar flows. De-
spite considerable efforts in theoretical, experimental, and
numerical studies, the reliable prediction of the skin-friction
coefficient in compressible boundary layers is still challeng-
ing (Zhong & Wang, 2012).

Theoretical study on the empirical formula of in
compressible boundary layers is restricted in laminar or ful-
ly turbulent states. For compressible laminar boundary lay-
ers, the empirical formula of; is well established (van
Driest, 1952). For compressible turbulent boundary layers,
the empirical formula ot is transformed from that in in-
compressible turbulent boundary layers (van Driest, 1956;
Spalding & Chi, 1964; White & Christoph, 1972).

On the other hand, there is lack of theoretical model-
s for the laminar-to-turbulent transition stage. The exist-
ing approximate models for predicting transition, such as
theeN-method and parabolized stability equations (Herbert,
1997), are relied on empirical input or specific initial condi-
tions. In additiong; is not easy to be measured experimen-
tally in compressible boundary layers (Goyatel., 2003).
Despite the considerable effort devoted to skin-friction mea-
surement and the wide variety of available techniques, all
seem to suffer problems related to accuracy, repeatability
and practicality (Hutchins & Choi, 2002).

For the numerical simulations of compressible transi-
tional boundary layers, direct numerical simulation (DNS)
is useful for understanding transition mechanisms and e-
valuating transition-prediction methods (Zhong & Wang,
2012), but the DNS is computationally expensive. Large-



eddy simulation (LES) reduces the computational cost by
filtering small-scale motions, but its accuracy for the transi-
tion is influenced by the resolution of grids or the wall mod-
els (Ducrost al., 1996). The method of Reynolds-averaged
Navier—-Stokes (RANS) equations with low computational
cost usually requirea priori information of the transition
point, so it is not a complete predictive tool (Wang & Fu,
2009).

In the present study, we develop a simple model of
the skin-friction coefficientc; based the multi-scale and
multi-directional analysis of two-dimensional scalar images
which is relatively easy to be obtained in experiments by
imaging techniques. The Lagrangian scalar field is used as
an ideal tracer scalar without diffusion, which can reveal
rich geometry of scalar structures. This method have been
applied in isotropic turbulence (Yarg al., 2010), Taylor-
Green and Kida-Pelz flows (Yang & Pullin, 2010), the K-
type transition in channel flow (Zhaet al., 2016), fully
developed channel flows (Yang & Pullin, 2011), and the
transition in a weakly compressible boundary layer (Zheng
et al.,, 2016). With the tracking of the Lagrangian s-
calar field, a geometric diagnostic methodology (Yang &
Pullin, 2011) based on the mirror-extended curvelet trans-
form (Candeset al., 2006) is applied to characterize the
evolutionary geometry of Lagrangian structures within the
sliding window (Zhenget al., 2016). Finally we develop a
predictive model oft; based on the quantified multi-scale
scalar geometry.

SIMULATION DETAILS
Direct Numerical Simulation

The DNS of the spatially evolving flat-plate boundary
layers at two Mach numbeMa,, = 2.25 and 6 is performed
by solving the compressible Navier—Stokes (N-S) equation-
s using the OpenCFD code (&tial., 2010). The convection
terms in compressible N—S equations are approximated by
a seventh-order WENO scheme, and the viscous terms are
approximated by an eighth-order central finite difference
scheme. The time evolution is advanced by the third-order
TVD Runge-Kutta method.

As shown in figure 1, the computational domain is
bounded by an inlet boundary and a non-reflecting outlet
boundary in the streamwisedirection, a wall boundary
and a non-reflecting upper boundary in the wall-norgral
direction, and two periodic boundaries in the spanwase
direction. The inlet boundary is given by a laminar com-
pressible boundary-layer similarity solution. In order to
trigger the laminar-to-turbulent transition, an upstream re-
gion of blowing and suction is introduced near the inlet.
The non-slip isothermal boundary condition is used at the
wall.

The parameters of the DNS are listed in Table 1. The
subscript %" denotes the free stream properties, amd “
denotes the quantities on the wall. The free stream Mach
number isMaw = Uw/Co, Wherec, is the free stream
sound speed. The free stream Reynolds numbBeis=
PoUwl/ o, WhereL = 1 inch is the reference length. The
sizes of the computation domain drex Ly x Lz, which are
nondimensionalized bly. The domain is discretized using
gridsNy x Ny x Nz with grid spacingg\x x Ay x Az. The su-
perscript “+” denotes the quantities normalized by the vis-
cous length scalé, = uw/(pwur) with the friction velocity
ur at the fully developed turbulent state.

The present DNS results are validated with existing ex-
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Figure T A schematic diagram of the computational
domain with boundary conditions and the inclination
angles of structures. Possible inclined structures are
sketched by dashed lines.

perimental and numerical results. The mean flow statistics
in the fully-developed turbulent region from DNS are shown
in figure 2, and they agree well with the experimental (not
shown) and DNS results in Pirozzadi al. (2004). Here,

the overbar denotes the Reynolds average over the span-
wise direction. Figure 3 shows the skin-friction coefficien-
tcr = rw/(%pwuo%) along the streamwise direction. The
rapid increase ofs signals the transition, and this appears
to be related to the generation of three-dimensional vortices
and the breakdown of large-scale coherent structures. The
regions between laminar and turbulent regimes are roughly
atx =2~ 4 andx =3~ 5 for Ma, = 2.25 andMa., = 6,
respectively. Figure 4 shows the normalized mean velocity
profiles and their van Driest transformsat 7 with the-
oretical fits. The van Driest transformed mean velocity is
Uvd = Jo'(P/pw)Y/?da. The tails of two-point correlation-

s of the velocity components in the spanwise direction are
sufficiently small at lateral boundaries (not shown), which
ensures thdt; is large enough so that the imposed periodic
boundary condition does not affect flow statistics (Pirozzoli
et al., 2004).

Lagrangian Scalar Field

The three-dimensional Lagrangian scalar figlck,t)
is a passive tracer field, and iso-surfacespaire material
surfaces in the temporal evolution. We remark tpas a
passive scalar field that is similar to temperature or species
concentration, but it has no diffusivity so that it can display
rich geometry of flow structures at very fine scales. The
scalar field is governed by the pure convection equation

e

.0p=0,
o TURe=0

@)

which is solved by the backward-particle-tracking method
(Yanget al., 2010; Yang & Pullin, 2011).

In the backward-particle-tracking method, the trajecto-
ries of fluid particles are calculated by solving the kinematic
equation

9X(Xo,tolt)

at &)

=V (xo,tolt) = u(X(xo,to[t), 1),

where X(xo,to|t) is the location at timet of a fluid
particle which was located atp at the initial timetg,
V (xp,tot) is the Lagrangian velocity of the fluid particle,
andu(X(xo,tolt),t) is its local Eulerian velocity.

The backward-particle-tracking method (see Yang
etal., 2010) is numerically stable and has no numerical dis-
sipation, which can ensure the mass conservation within a



Table T DNS parameters.

Ma, Rew Tw/To Tw(K) LyxLyxL; Ny x Ny x N, AX x Ay x Azt
225 635x10° 1.90 169.44 1% 0.6x0.2 4800x 200x 320 1130x0.91x 5.65
6 169x10° 6.98 169.44 1% 0.6x0.2 4800x 200x 320 462x0.37x2.31
%0 Ma., :225,@@ '
2sf = Ma,=225u ]
e
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Figure 2 Mean profiles in the fully- Figure 3 Skin-friction coefficient. Figure 4 Mean velocity profile nor-

developed turbulent region &a,, =
2.25 (lines: present DNS; symbols:
DNS in Pirozzoliet al. (2004)).

closed material surface. In the numerical implementation,
this method is used to calculate the Lagrangian scalar field
at a given time as follows (Zhengt al., 2016).

(1) The full Eulerian velocity field on the grids, x Ny x Nz
within a time interval frontg tot > tg is solved and then s-
tored in disk. The time step is selected My< dy /u; to
capture the finest resolved scales in the velocity field.

(2) At the given timet, particles are placed at the uniform
grid points ofN{ x Ny’ x NP in the subdomain of interest
for further geometric analysis. In principle, the time inter-
val AT =t —tg for backward particle-tracking should be s-
elected to ensure that all the particles at the outlet boundary
of the subdomain can travel backward to the inlet location
x = 0, but in the spatially developed wall flows, it can take
very long time for the particles very close to the wall travel-
ing back toxg owing to the very small streamwise velocity.
In the implementation, we find that the statistical results are
not sensitive to the value &T for AT > 1 from numerical
experiments. Therefore, we s&T = 1 to greatly reduce
the computational cost with negligible deviations.

(3) The particles are released and their trajectories are cal-
culated backward in time withidT or until they arrive

at xg = 0.2, where the initial material surfaces are consid-
ered as flat sheets. A three-dimensional, fourth-order La-
grangian interpolation scheme is used to obtain fluid veloc-
ity at the location of each particle, and an explicit, second-
order Adams-Bashforth scheme is applied for the time inte-
gration.

(4) After the backward tracking, we can obtain initial loca-
tionsxg of the particles and the flow map

Fo(X) : X(Xo,tolt) — Xo, t >to. @)

Then the Lagrangian fiel@(x,t) at any given time can be
obtained as

9(x.t) = (R (X) o) = @(Xo.to)- @)
The initial Lagrangian field is uniquely determined as
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malized by the wall shear velocity at
X=7.

@(Xo,t0) = y based on the criteria (Zhaei al., 2016) of
the best approximation to vortex sheets and geometric in-
variance ofgp in the laminar state.

Diagnostic Methodologies

For the diagnostic of flow structures, a sliding window
filter developed in Zhengt al. (2016) is used to extract the
spatially evolving Lagrangian structures and capture their
major deformations in compact frames at different stream-
wise locations. The filter is defined as

)]

wherexc is the central position of the window is the
width of the window, andh is a positive even integer. Fig-
ure 5 illustrates typical profile of the proposed filter. From
Eqg. (5), the window widtH = 2(x— x¢) of the filter at the
valuef is

f(x) = exp {—n ( (5

— =2exp

I:N {In(flrr:f/n)} ©)

The two-dimensional scalar field for further analysis is ex-
tracted within a compact region with the cutoff window
width | =1l and f = 0.0001 at the boundaries. Moreover,
the major features of the extracted scalar field with large s-
calar gradientlg are captured within the subdomain with
the effective window widtH =l and f > 0.9. As shown
in figure 5, we choosa = 16 to smooth the transition df
from f =0to 1 withl¢/lw = 1.93 andle/lw = 1.46, and we
fix the effective window width ak = 1.

With givenx. andly, the extracted Lagrangian scalar
field g (X,t) can be obtained as

%; (th) = (p(X,t)f + (p(x07t0)(17 f) (7)
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Figure 5 Profile of the sliding window function to ex-
tractgr from the entirep.

The extracted Lagrangian field in the sliding window has a
smooth transition from an evolving scalpfx,t) to the ini-

tial scalarg(xo, tp) at window boundaries. Thus, the bound-
ary condition of the window in the streamwise direction
can be considered as periodic for the fast Fourier transform
(FFT).

The multi-scale and multi-directional geometric analy-
sis (Yang & Pullin, 2011) is applied to characterize the evo-
lutionary geometry ofp within the sliding window and on
a series of streamwise and wall-normahy) planes. This
provides quantitative statistics on the inclination angle of
Lagrangian structures at different scales and streamwise lo-
cations during the transition.

Geometric features of a two-dimensional scalar field
can be extracted at a characteristic length sc#le=
271 j € N and the averaged deviation angles away from
the horizontal axis at each scalan physical space. As
shown in figure 1, we define the inclination angtebe-
tween an inclined structure projected on the streamwise and
wall-normal §-y) plane and the-direction. The normal-
ized characteristic length scales of structures in the multi-
scale decomposition are given in Table 2. Subsequently,
Zj > 0.55 will be referred to as “large scaleX} < 1005,
as “small scale”, and in between as “intermediate scale”.

RESULTS
Lagrangian Structures on the Streamwise
and Wall-normal Plane

Instantaneous Lagrangian fields on thg plane in the
transition process at two Mach numbers are shown in fig-
ure 6. The vortical structures are generated at the wall and
then lifted to form inclined structures.

Figure 7 illustrates the multi-scale decomposition of a
Lagrangian field on the-y plane. The original field is ex-
tracted by the sliding window filter within the transitional
region atx = 3 ~ 4 for Ma,, = 6. The characteristic length
scale.j for each scale index is quantified in Table 2.
The averaged inclination angle) is calculated from 18—

y planes at equispaced spanwise locations using the multi-
directional decomposition with curvelet window function-

s (Yang & Pullin, 2011), and the results are sketched by

dashed lines in figure 7. We find that the filtered component
fields at different scales show different preferential orienta-

tions as the observation in Zhergal. (2016). In general,
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Figure 8 Instantaneous Lagrangian fields on thg
plane in the transitional boundary layers at two Mach
numbers.

the averaged inclination angl@) increases with the de-
creasing length scales.
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Figure 7 Scale decomposition of the Lagrangian field
on thex-y plane in a transitional boundary layer at
Ma,, = 6. The cutoff and effective window widthHg
andle for the sliding window filter are marked. Av-
eraged inclination angles calculated from multi-scale
geometric analysis are sketched in dashed lines.

Image-based Modeling of the Skin-friction
Coefficient

From the inclination-angle statistics of the filtered
component fields on the-y plane at different scales, we
propose a simple image-based model of the skin-friction co-



Table 2 Characteristic length scales = 21 with the scale index are normalized by the boundary-layer thickness

0 and viscous length scafg .

Ma, Length Scalel Scale2 Scale3 Scale4 Scale5 Scale6 Scale7 Scale8 Scale9
2 95 Z;/o 5.56 2.78 1.39 0.694 0.347 0.174 0.0868 0.0434 0.0217
' Zj/dy 4545 2273 1136 568 284 142 71.0 35.5 17.8
5 Z;/o 5 2.5 1.25 0.625 0.313 0.156 0.0781 0.0391 0.0195
Zi /o 1825 912 456 228 114 57.0 28.5 14.3 7.13
efficient as Based on the error analysis, we use the valuegxof
at the length scaleZj ~ 303, in the model Eqg. (8). The
ct 1 (X7) — ¢t L (X0) physical assumption for this model is that the lift of vorti-
i (X, L) = ——————— 5 (A (X)) +Ct L(XD), cal structures during the transition, usually as the genera-

(a(x7,.27))
8

where the subscript’” denotes laminar quantities, and™
denotes quantities in the fully-developed turbulent region.
In particular, reference locationg and X of laminar and
fully turbulent states are determined from the profiles of
(a(x,.Z})). The averaged inclination angle is almost 0
atx_ in the laminar state, and increases sharply in the tran-
sitional region. Finally it converges to a statistically steady
value atxt in the fully turbulent state.

The value of modelleds is bounded by the empirical
formulae at two extreme states. The compressible laminar
skin frictioncs | is evaluated as

_ 0.664
VRE

ctL(X)

©)

with Re, = p*Uox/u* (see Anderson, 2010) at the refer-
ence temperaturé*

T*=1+0.03Ma2 +0.58(Ty — 1). (10)

The formula for turbulent skin-friction used here is

-2
0.455 0.06 1 /1
with Re = Resx, S = Yol and A =

1/2
(r%lMaﬁ, T%) / (see White, 2006).
As shown in figure 8, we use the absolute error

(| —C dx
- Ji 1€ model | f,DNS| (12)
and the relative error
i |c —C dx /I
o Ji Ict model —Ct,pNs| X/ < 100% (1)

Jicepnsdx/1

to evaluate the image-based model Eg. (8) based on aver-
aged inclination angles at different length scales. The min-
imum error of the model is achieved at the length sc#]e
between 10, and 5@, for two Mach numbers.
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tion of inclined, tube-like structures, can generate inclined
strong shear layers (Zhabal., 2016) and induce the nega-
tive streamwise velocity to increase. As shown in figure

9, the trend of the increasing averaged inclination angle is
qualitatively similar to the rise afs, and the modelled; in

Eq. (8) agrees well quantitatively with DNS results for both
Mach numbers. This implies that it is possible to quanti-
fy cf, which is hard to be measured in hitypa boundary-
layer transition, from two-dimensional scalar images that
are relatively easy to be obtained from experiments.

CONCLUSIONS

A simple model of the skin-friction coefficient is pro-
posed based on the inclination angle statistics of the La-
grangian fields on the streamwise and wall-normal plane at
different scales. The DNS of the spatially evolving flat-
plate boundary layers is performed at two Mach numbers
Ma, = 2.25 and 6. The Lagrangian scalar field is the cal-
culated in the high speed transitional boundary layers. The
multi-scale and multi-directional geometric analysis with
the sliding window filter are applied to characterize the ge-
ometry of spatially evolving Lagrangian structures. The av-
eraged inclination angle is increased along the streamwise
direction, and the trend is qualitatively similar to the rise
of the skin-friction coefficient. The modelled skin-friction
coefficient agrees well quantitatively with DNS results for
both Mach numbers. The minimum error of the model is
achieved at the length scal#; between 16, and 5@, .

The applicability of our proposed image-based model will
be investigated extensively with experimental imaging in
the future work.
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