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ABSTRACT
Direct numerical simulations of turbulent planar Cou-

ette flow are performed with Lagrangian point particles cho-
sen to represent noninteracting, two-way coupled particles
in low volume concentration, moderate mass concentration
systems. Specifically, the behavior of polydisperse mix-
tures of small particles in wall-bounded turbulent flow is
examined in terms of the ability of the dispersed phase to
carry momentum alongside (and in place of) the turbulent
carrier-phase Reynolds stress. It is shown that for binary
mixtures of particles with distinct Stokes numbers, particle
stresses are nearly additive, indicating that the presence of
one size of particle does not influence the ability of another
to couple with the flow. This result is generalized by per-
forming an additional simulation with a continuous distribu-
tion of particle size, where it is again suggested that parti-
cles with acceleration timescales near that of the Reynolds-
stress-producing motions at the wall dominate the balance,
and that particles with larger Stokes numbers are similar in
their limited ability to carry momentum across the domain.
In the context of the low volume concentration, small parti-
cle assumptions, this has favorable consequences for mod-
eling efforts.

INTRODUCTION
Multiphase and particle-laden flows are ubiquitous

across a wide range of environmental and engineering pro-
cesses, and oftentimes the small-scale interactions between
phases play critical roles in determining important bulk-
scale behavior. One example of this is the phenomenon of
turbulence modification by a dispersed phase, where gen-
eral statements about the ability and degree to which small
particles modify turbulent flows remain elusive since the
bulk-scale modification to turbulence statistics depends on
the collective effect of direct interactions between individ-
ual particles and the surrounding turbulence (Balachandar

& Eaton, 2010; Tanaka & Eaton, 2008; Gore & Crowe,
1989). This emphasizes the need for understanding the de-
pendence of two-way coupling on particle characteristics
and flow type. In this context, the present study is broadly
motivated by natural flows where droplets or sand particles
are suspended in the atmospheric boundary layer, where an
underlying question is whether or not the presence of these
constituents modifies the turbulent fluxes of momentum and
scalars to/from the surface. The answer to this question has
profound impacts on large-scale processes such as hurricane
development (Andreas, 2011; Bao et al., 2011) and bedform
evolution (Bennett et al., 2013), but also has general engi-
neering significance.

A wide range of particle-laden simulations and exper-
iments in turbulent flows have demonstrated a strong sen-
sitivity of turbulence modification to, among other proper-
ties, particle inertia, as described by the dimensionless par-
ticle Stokes number (Balachandar & Eaton, 2010; Richter
& Sullivan, 2013; Ferrante & Elghobashi, 2003; Kulick
et al., 1994). By changing the ability of particles to pref-
erentially concentrate within turbulent flows, particle iner-
tia plays an important role in determining the degree and
nature of turbulence modification in wall-bounded flows.
For example, particles which can preferentially concentrate
on scales associated with near-wall vortices greatly weaken
these motions through direct momentum and kinetic en-
ergy exchange, which modifies both the carrier phase and
dispersed phase Reynolds stresses at the wall (Richter &
Sullivan, 2014). Particles with larger (or smaller) Stokes
numbers, on the other hand, remain more homogeneously
mixed throughout the flow and cannot attenuate turbulent
fluctuations as efficiently, yet still exhibit varying degrees
of Reynolds stress modification.

While experimental investigations of particle-laden
turbulence are essential to understanding two-way coupling,
numerical studies of dispersed phase turbulence flow are,
under certain conditions, uniquely equipped to provide in-
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sight, detail, and resolution which is unavailable to labo-
ratory observation. As with any numerical representation
of a physical process, however, idealizations must always
be made, and a common approximation invoked when per-
forming particle-laden simulations is that of a monodisperse
particle size distribution. In the present case, therefore,
we target one largely unaddressed yet important aspect of
particle-laden turbulence: characterizing the effects of poly-
dispersity on wall-bounded turbulence modification. In this
context, the present study aims at answering the following
questions: Given a disperse (i.e. low-volume-fraction) mix-
ture of particles with varying Stokes numbers, how can one
characterize the turbulence modification observed? Are the
effects additive, or does one particle size dominate the two-
way interaction? Is there a single particle size that can rep-
resent the effects of the mixture? In answering these ques-
tions, we provide information which is essential for model
and parameterization development for more realistic dis-
persed phase systems.

It is important to emphasize that by neglecting particle-
particle interactions, the particles only interact indirectly
through their modification to the carrier phase. Thus, the
focus of this study is to determine the if mixtures of parti-
cles whose individual two-way coupling effects are under-
stood can be represented by simply adding their effects —
that is, can it be assumed that this indirect coupling between
particles is small? While there are many physical systems
which can be represented under this low volume concentra-
tion assumption, the simulations presented lend insight into
the basic degree of coupling between distinct and separate
scales of turbulent flow.

METHOD
For the class of flows of interest (e.g. large-scale geo-

physical flows), where particle/carrier phase density ratios
are large and where volume fractions are small (O(10−5)
or less), the non-interacting point particle approximation is
an appropriate model. We incorporate Lagrangian particles
into direct numerical simulations of turbulent planar Cou-
ette flow, where two-way momentum coupling is enforced
between the two phases.

Thus, an incompressible flow solver (Richter & Sul-
livan, 2013) is used to solve the (Eulerian) fluid and (La-
grangian) dispersed phase mass and momentum conserva-
tion equations:

∂u j

∂x j
= 0, (1)
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These equations govern the following dependent vari-
ables: ui is the carrier phase (i.e. air) velocity, xi is the
particle location, vi is the particle velocity, and p is the car-
rier phase pressure, solved via a Poisson equation to guar-
antee a divergence-free velocity field at each time step. ρ f
refers to the carrier phase density; ν f is the carrier phase
kinematic viscosity; u f ,i is the carrier phase velocity inter-
polated using sixth-order Lagrange polynomials to the par-
ticle location; and τp is the particle acceleration timescale
for Stokes flow around a cylinder: τp =

(
ρp/ρ f

)
d2

p/18ν f ,
where ρp is the particle density and dp is the particle di-
ameter. mp is the individual particle mass, and g∗ is a
Reynolds number correction to the Stokes drag on a sphere:
g∗ =

(
1+0.15Re0.687

p
)
, where Rep = |u f ,i−vi|dp/ν f is the

particle Reynolds number (Clift et al., 1978).
Two-way coupling is modeled via the Fi term in equa-

tion 2, which is computed by projecting the negative of the
individual particle force fi onto the surrounding compu-
tational nodes for every individual particle (Boivin et al.,
1998). By incorporating only a drag force on each par-
ticle (equation 4), it is assumed that the systems which
these simulations represent have values of ρp/ρ f which are
large (Maxey & Riley, 1983). Similarly, since the volume
fractions of the physical systems of interest are small (the
simulations have volume fractions φV = O(10−4) or less),
particle-particle collisions are neglected. Finally, gravity is
also neglected to ensure the simplest possible interaction
between the dispersed phase and surrounding turbulence.

The numerical solver is pseudospectral in the peri-
odic streamwise (x) and spanwise (y) directions, and uses
second-order finite differencing for spatial discretization in
the wall-normal z direction. A low-storage, third-order
Runge-Kutta scheme is used to integrate the equations in
time (Spalart et al., 1991). Additional details regarding the
two-way coupled model and/or the numerical method can
be found in Richter & Sullivan (2013).

The flow which is simulated is turbulent Planar Couette
flow, which develops between two infinite, parallel planes
moving in equal and opposite directions with a velocity
of difference of U0, separated by a distance H. The bulk
Reynolds number of all simulations presented are Reb =
U0H/ν f = 8000 (Reτ ≈ 120). Planar Couette flow is cho-
sen instead of the more common channel flow because of
two convenient properties: (1) the flow exhibits a constant
total flux across the domain, making the modifications to
Reynolds stresses unambiguous when comparing varying
particle characteristics and (2) in addition to typical wall-
bounded turbulent structures (hairpins, quasi-streamwise
vortices, high/low speed streaks, etc.), Couette flow exhibits
large streamwise structures characterized by an additional
time and length scale with which the particles can interact
(Tsukahara et al., 2006; Pirozzoli et al., 2014), thus pro-
viding a richer set of flow processes than can be found in
channel flow. This latter feature is important in the context
of polydisperse systems since particles will therefore pref-
erentially concentrate on distinct spatial and temporal time
scales depending on their inertia.

NUMERICAL EXPERIMENTS
We initially focus on three distinct particle sizes, with

Stokes numbers (StK based on the Stokes acceleration
timescale and the centerline Kolmogorov timescale: StK =
τp/τK,centerline) of O(1), O(10), and O(100). In the simula-
tions the Kolmogorov timescale varies roughly by a factor
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of 5 between the centerline and the wall; we choose the
centerline value because this is more easily obtained and
reported in experimental investigations, but the general be-
havior from each of the three classes remains similar regard-
less of definition.

We choose these specific Stokes numbers particularly
because the monodisperse behavior of each has been in-
vestigated in detail in past numerical studies (Richter &
Sullivan, 2013, 2014; Richter, 2015), and each responds
in a distinct way to the timescales available in the flow.
In general, the StK = O(1) particles are most susceptible
to preferential concentration at the scale of the near-wall
streaks, and by themselves show the highest degree of car-
rier phase Reynolds stress attenuation. The StK = O(10)
particles show a high degree of preferential concentration
on the scales associated with the large-scale Couette struc-
tures, which yields an enhancement of streamwise veloc-
ity fluctuations but a reduction in Reynolds stress. The
StK = O(100) particles remain homogeneously distributed
throughout the domain and show similar changes in magni-
tude to the carrier phase Reynolds stresses as for StK = 10.

In first set of simulations, binary mixtures are pre-
scribed where the total constant dispersed phase mass frac-
tion φm = 0.25 is split into specific proportions. Due to lim-
ited space, only results from 50/50 mixtures, where 50%
of the total particle mass comes from one particle type and
the other 50% comes from a second, will be shown, but
additional simulations have been done for 90/10 and 75/25
mixtures as well. 50/50 blends of each of the 3 combina-
tions of StK = O(1), StK = O(10), and StK = O(100) are
performed. Key simulations parameters are provided in ta-
ble 1. In all simulations and for all Stokes numbers, the
particle diameter is maintained constant at dp/H = 0.001;
the Stokes number is varied by modifying ρp.

Table 1. Simulation parameters for binary mixtures

Case StK,1 StK,2 Np,1 Np,2 φm,1/φm,2

1 - - 0 0 -

2 1 10 2.1e6 2.1e5 50/50

3 10 100 2.1e5 2.1e4 50/50

4 1 100 2.1e6 2.1e4 50/50

Finally, a continuous polydisperse simulation has also
been performed, where particle Stokes numbers are chosen
from a power law distribution of StK ranging between StK =
1 and StK = 100. This is done by maintaining a constant
particle diameter and choosing ρp to specify each Stokes
number, and adding particles until the desired total mass
fraction is attained.

RESULTS
To provide a qualitative illustration of the behavior of

the simulated binary mixtures, as well as demonstrate the
preferential concentration tendencies of the three magni-
tudes of StK , figure 1 shows the instantaneous locations
of each type of particle in the 50/50 mixtures of StK =
O(1) and O(10) particles (figure 1(a)) and StK = O(10)

and O(100) particles (figure 1(b)) at a horizontal plane
located at z/H = 0.1. The descriptions above are seen
clearly: StK = O(1) particles collect in small-scale, low-
speed streaks, StK = O(10) particles collect in the larger-
scale Couette upwelling regions, and StK = O(100) parti-
cles show no preferential concentration.

For the current discussion, the quantity of interest is
the wall-normal momentum flux across the Couette cell. As
mentioned above, a convenient feature of planar Couette
flow is that momentum fluxes are uniform with height in
this arrangement, and in the presence of a two-way coupled
dispersed phase this constant total vertical momentum flux
τtotal can be partitioned into three components:

τtotal = ρ f
〈
u′w′

〉
−ρ f ν f

∂ 〈U〉
∂ z
−
∫ z

0
〈Fx(z∗)〉dz∗, (5)

where the first term on the right hand side is the turbulent
Reynolds stress, the second term is the viscous stress, and
the third term is the particle stress. A momentum balance
on the dispersed phase shows that the particle stress, which
physically represents horizontal momentum of the parti-
cles being carried upwards by simultaneous vertical parti-
cle velocities, can be written in terms of the concentration-
weighted dispersed phase Reynolds stress:

−
∫ z

0
〈Fx(z∗)〉dz∗ = 〈c〉

〈
u′pw′p

〉
c , (6)

where u′p and w′p are fluctuating particle velocities, c is the
dispersed phase mass concentration, and the brackets with
subscript “c” refer to a mass-weighted average only over the
particle phase.

Figure 2(a) shows the vertical profiles of the stress
components, each normalized with ρ f U2

0 for several of the
binary mixtures. The black curves show the momentum
fluxes for an unladen case for comparison. As expected, the
particle stress for the unladen case is zero, and the turbulent
Reynolds stress represents nearly all of the total stress near
the channel center.

For sake of brevity, figure 2 shows only the cases with
the 50/50 blends of particles. Figure 2(a) shows that for
each of these three cases, the turbulent Reynolds stress de-
creases to a similar degree, which is nearly offset by a
rise in the particle stress. The two cases which include
StK = O(1) particles (red and blue) have nearly identical
particle stresses, while the case which contains StK =O(10)
and StK = O(100) particles shows a small but systematic
difference both in the Reynolds stress and particle stress
profiles.

This tradeoff between the turbulent flux of momen-
tum and the particle stress has been studied extensively
for monodisperse systems (Richter & Sullivan, 2013, 2014;
Richter, 2015), and at this low Reynolds number results
from momentum exchange between the particles and near-
wall motions. Turbulent ejection events carrying low-
momentum fluid are instead weakened by the acceleration
and vertical “launching” of inertial particles (thus reducing
the Reynolds stress through sharp reductions in w′), and
the vertical movement of these horizontally-moving parti-
cles represents the vertical momentum transport that would
have been performed by the Reynolds stress in unladen con-
ditions.
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(a)	   (b)	  

Figure 1. Instantaneous horizontal slices of nondimensional streamwise velocity fluctuation u′/U0 (black and white contours;
see legend) at z/H = 0.1. (a) 50/50 mixture of (red) StK = O(1) and (blue) StK = O(10) particles; (b) 50/50 mixture of (blue)
StK = O(10) and (green) StK = O(100) particles. Particle sizes are not to scale but are weighted to emphasize differences in
particle mass.

As mentioned above, the effectiveness of the parti-
cles to reduce the Reynolds-stress-causing motions is max-
imized for StK = O(1) due to the inability of more iner-
tial particles to collect in regions where they can most ef-
ficiently damp near-wall ejection motions (Richter & Sulli-
van, 2014). Thus the interactions expected in the present
simulations are only due to one particle type modifying
the flow in a way which modifies the second type’s ability
to modify these motions (as opposed to particle collisions
modifying the regions of preferential accumulation).

With this in mind, figures 2(b–d) show the total par-
ticle stress for each of the cases (solid line), broken down
into individual stresses resulting from each particle type
contained in the mixture (dashed and dotted lines). As ex-
pected from previous monodisperse simulations, the StK =
O(1) particles carry nearly twice as much stress as either
StK = O(10) or StK = O(100) particles when combined in
the mixture (figures 2(b) 2(c)). The mixture of StK = O(10)
and StK = O(100) particles shows that each carries roughly
the same amount of momentum, which again is expected
from monodisperse simulations.

More interestingly, it is found that the momentum car-
ried by the dispersed phase is nearly additive for these mix-
tures, indicating that the changes to turbulence due to one
sized particle does not change the ability of the other parti-
cle to interact and modify turbulence at the same time. To
show this, monodisperse simulations were performed where
the total mass loading was half of the total in the current
cases. Then, figures 2(b–d) demonstrate with the dash-
dotted line that the sum of these independent, monodis-
perse particle stress profiles leads to a total stress which
is nearly identical to the total stress computed in the mix-
ture cases. This is generally true at all heights across the
channel, and the only minor deviations (which represent the
presence of one particle type modifying the two-way cou-
pling of the other) occur near the peak of the particle stress
around z/H ≈ 0.1.

In some sense, this is not surprising since the particles
do not directly interact with each other and since the par-

ticles respond to flow timescales differing by an order of
magnitude, yet it has favorable modeling implications since
their reductions to the carrier phase Reynolds stress are lin-
ear and additive. This then begs the question: for a con-
tinuous distribution of particle mass (as opposed to binary
mixtures), does this linearity still hold, and is there an ef-
fective monodisperse particle mass which can represent the
entire system?

A final simulation is performed where the particle
mass, specified by the particle density where all particles
have equal radii, is distributed according to a power law dis-
tribution at the same total dispersed has mass loading as in
the previous cases. The Stokes numbers of the particles are
thus also distributed according to a power law distribution,
chosen to vary between a minimum of StK ≈ 1 to StK ≈ 100,
as seen in figure 3(a). By enforcing a power law distribu-
tion of the particle mass, each particle mass bin contributes
equally to the overall total mass (as a percentage).

Figure 3(b) then shows that the resulting particle stress
is similar in magnitude to the binary StK = O(10) and
O(100) mixture. This can be explained by examining fig-
ures 2(b–d), where it it is noticed that the StK = O(10)
and StK = O(100) particles, while possessing very differ-
ent clustering properties, exhibit overall particle stresses
quite similar to one another. More importantly, these sim-
ilar particle stresses are distinct from and much less than
those resulting from StK = O(1) particles, which dominate
whichever binary mixture they find themselves a part of.

Thus, it appears that, at least for the range of 1 < StK <
100 tested presently, particles with Stokes numbers of 10
and larger have saturated in their ability to carry momen-
tum across the domain (primarily due to their increasing
inability to preferentially concentrate), and thus the contri-
bution from any particles above StK ≈ 10 is more or less
similar (see figure 2(d) in particular). Hence, the polydis-
perse blend, which has nearly 90% of its total mass result-
ing from particles with StK > 10, appears very similar to the
StK = O(10)/O(100) binary mixture, indicating that there
are two general “classes” or particles in this wall-bounded
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Figure 2. Stress plots for 50/50 blend simulations: black: unladen; red: StK = O(1) and StK = O(10); blue: StK = O(1) and
StK = O(100); green: StK = O(10) and StK = O(100). (a): All stress profiles (turbulent, viscous, particle-induced, and total
components) responsible for carrying momentum across the domain. With varying binary mixtures of particles, the carrier
phase Reynolds stress decreases, which is offset by a rise in the particle stress. Mixtures involving StK = O(1) particles exhibit
the largest effect. (b-d): The total particle stress and the individual contribution from each particle size. The total particle stress
is compared to the linear sum of the total particle stress from two monodisperse simulations with the same number of each size
particle.

flow: those which have timescales of similar order to the
motions responsible for turbulent Reynolds stresses (e.g.,
StK = O(1) here), and those which are larger. The first class
exhibits the bulk of the total available particle stress, while
the second contributes more or less similar results for a very
wide range of particle mass.

Finally, revisiting the previous question regarding an
effective particle diameter, the right hand side of equation 6
can be used to relate the particle stress of the polydisperse
system to the particle stress if each particle had some equal
mass mp,e f f :

mp,e f f =
〈c〉
〈
u′pw′p

〉
c

〈n〉
〈
u′pw′p

〉
n

, (7)

where n is the number concentration and the subscript 〈·〉n
refers to the arithmetic mean throughout elements of the dis-
persed phase. As computed in equation 7, mp,e f f is a func-
tion of z. When computing this quantity for the polydisperse
simulation, it is found that its value varies very little with
height, and that its vertically averaged value corresponds to

a particle with Stokes number of StK,e f f = 19. This value
of StK = 19 is remarkably close to the Stokes number of a
particle merely corresponding to the mean of the power law
distribution: 〈StK〉= 21, thus again suggesting the linearity
of the particle stresses in the simulated system.

CONCLUSIONS
It is important to emphasize the underlying assumption

of low volume concentration used throughout this study,
since in the limit of dense suspensions particle-particle col-
lisions will clearly lead to nonlinearities and couplings be-
tween the stresses carried by each particle size. The present
results therefore pertain only to physical systems where par-
ticle stresses are non-negligible (i.e., moderate mass load-
ing), while volume concentrations remain low — for exam-
ple dust or droplet suspensions in air.

The current study shows that in these flows, the in-
dividual stress carried by each class size of particle con-
tributes independently to the overall particle stress, which
has quite favorable consequences in terms of modeling the
full polydisperse system. Since the particles do not interact,
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Figure 3. (a) Histogram of the particle Stokes numbers throughout the continuous polydisperse simulation, ranging from
StK,min ≈ 1 to StK,max ≈ 100. All particles sum to a total mass loading of φm = 0.25. (b) Particle stress profiles for the binary
mixtures, as well as the polydispersed blend (cyan).

this implies that each class’ effect on the turbulence does not
greatly impede the ability of other sizes to interact with the
flow, and this is particularly true when considering particles
with timescales near that of the Reynolds-stress-containing
motions versus those that are larger. The appealing linear-
ity of the particle stresses therefore indicates that modeling
through an effective particle mass may be feasible for sys-
tems adhering to the aforementioned assumptions.
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