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ABSTRACT
Turbulent boundary layers in regions of strong adverse

pressure gradient (APG) acting over a flat plates are investi-
gated using a series of particle image velocimetry measure-
ments. Experiments are performed in a large horizontal wa-
ter tunnel with a flexible roof whose height can be adjusted
in order to tailor the pressure distribution on the flat plate
at the floor of the tunnel. In the present case an self-similar
APG TBL is formed over a domain of 7 boundary layer
thickness at a momentum thickness based Reynolds num-
ber ranging from Reδ2

= 2000 to 3000. Profiles of mean
velocity and Reynolds stress are presented normalised by
a variety of velocity and length scales, all of which should
provide the same collapse for a truly self-similar flow. Each
scaling was found to provide a better collapse of some quan-
tities with respect to the others but no single scaling is able
to account for the variation in all quantities due to slight
departures from self-similarity.

INTRODUCTION
Understanding the structure and dynamics of turbulent

boundary layers (TBL) in regions of adverse pressure gra-
dient (APG) and particularly as flow approaches separa-
tion is essential for the optimal design and control of flow
over aircraft, submarines, boats, cars and turbine blades.
As flows over planar and axisymmetric streamlined bodies
pass from regions of favourable and zero pressure gradi-
ent (ZPG) to increasingly strong APGs, mean profiles and
Reynolds stress profiles demonstrate significant changes to
the structure of turbulent flows. Strong APGs correspond
to large streamwise gradients in the inviscid outer velocity
Ue at the top of the boundary layer such that dUe/dx� 0,
which for irrotational outer flow results in a mean wall-
normal gradient in the streamwise velocity dUe/dy� 0 and
a secondary source of mean shear away from the wall. This
additional shear not only contributes to the production of
turbulent kinetic energy, but also raises questions about the
existence of a ZPG like overlap region in APG flows.

As wall-bounded flows approach separation and the

friction velocity uτ → 0, the classic inner wall scaling of
ZPG turbulent flows is undefined and the rational for this
scaling no longer applies. The appropriate scaling for flows
of spatial varying APG remains an open question, com-
plicated by the influence of upstream conditions and flow
history. Self-similar APG TBLs represent a ‘simpler’ case
which we define as a flow in which each term in the Navier-
Stokes equations have the same proportionality to stream-
wise position (x) (Castillo & George, 2001; Castillo &
Wang, 2004). This requires the following parameter to re-
main constant and independent of x where:

Λ = δ1
∂Pe

∂x
/

(
ρU2

e
∂δ1

∂x

)
(1)

= (Up/Ue)
2/

∂δ1

∂x
,

where δ1 is the displacement thickness, Pe is the pressure
of the outer flow, and Up is the pressure velocity defined in
Mellor & Gibson (1966) as:

Up =

(
δ1

ρ
∂Pe

∂x

)1/2
. (2)

The condition of equation 1 represents a more general
case of self-similar APG than that associated with require-
ment of a constant non-dimensional pressure gradient β as
proposed by Clauser (1954), where:

β = δ1
∂Pe

∂x
/τw (3)

= δ1
∂Pe

∂x
/(1/2c f ρU2

e ),

τw is the shear stress at the wall and c f = 2τw/ρU2
e is the

local skin friction coefficient. For β to be constant and the
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flow to be self-similar (i.e. Λ = constant) it follows from
equations 1 and 3 that c f and ∂δ1/∂x must share the same
dependency on x and consequently:

c f ∝
∂δ1

∂x
. (4)

Given that in an APG the displacement thickness will grow
as the skin friction decreases, equation 4 can only be satis-
fied if c f and ∂δ1/∂x are both constant, which in the case of
constant β self-similar APG results in a linear variation in
δ , δ1 and δ2 with x, where δ is the boundary layer thickness
and δ2 is the momentum thickness, as well as a constant
Up/Ue, c f and shape factor H = δ1/δ2.

Numerous attempts have been made to determine
the appropriate length and velocity scales for self-similar
APGs. For the more general self-similar flow as detailed in
the accompanying paper of Kitsios et al. (2015), analysis of
the governing equations indicates that self-similar profiles
should collapse under a velocity and lengths scale:

Uo = KUe (5)

Lo = δ1/K, (6)

where K is an arbitrary constant.
For the special case of self-similar APGs with constant

β Mellor & Gibson (1966) show that velocity deficit pro-
files collapse for a given β using the pressure velocity as
the velocity scale and a length scale defined as:

Uo = Up (7)

Lo = δ1Ue/Up. (8)

If we recall that in this case Up/Ue must be constant, this
scaling consequent reduces to the general scaling where
K = Up/Ue. Unfortunately Up is only defined when
dP/dx > 0 and like uτ scaling cannot be applied over the
full range of possible pressure gradients.

Zagarola & Smits (1998) introduce a separate scaling
that as in the general solution can be defined across a full
range of pressure gradients by enabling the constant K to be
represented by the ratio of the displacement and boundary
layer thickness K = δ1/δ with the velocity and length scales
taking the form:

Uo = Ue
δ1

δ
(9)

Lo = δ1/(δ1/δ )
= δ . (10)

As with the Up scaling the above scaling reduces to the gen-
eral scaling in a self-similar flow with constant β as δ and
δ1 both vary linearly with x, their ratio remaining constant
and as in the case of each of the aforementioned scalings
should collapse all self-similar profiles for a given Λ and β .
In the case of the scaling of Zagarola & Smits (1998) the
ratio δ1/δ attempts to represent that change in the shape
of the mean velocity profile that associated with changes
in pressure gradient, suggesting this scaling may extend to
regions where flow is not self-similar.

Analysis of self-similar APG TBLs over a flat plate has
the ability to provide important details about the influence
of local pressure gradient on the structure and dynamics of
these turbulent flows, free from the contamination of up-
stream flow history or surface curvature that typically ac-
company the measurement of spatially varying APG flows.
In practice the formation of such a self-similar APG TBL
is non-trivial owing to the coupling of the free stream pres-
sure gradient with boundary layer entrainment and tunnel
cross-sectional area, consequently little experimental data
exists in which a large self-similar domain is present. Skåre
& Krogstad (1994) performed a series of hot-wire measure-
ments in a wind-tunnel with a deformable roof enabling the
formation of a strong APG TBL with a nominally constant
β , H, c f and linearly increasing δ , δ1 and δ2 over a do-
main of approximately 5δ with β ≈ 20 and Reδ2

= 39120
to 50980. Skåre & Krogstad (1994) present some scatter be-
tween the mean velocity and Reynolds stress profiles when
normalised by the estimated local friction velocity uτ but do
not quantify the collapse of any of these profiles under any
of the proposed velocity scaling discussed above. Direct nu-
merical simulations (DNS) of APGs have mostly been lim-
ited to non-self-similar APG cases such as that of Gungor
et al. (2012), with the exception of the low Reynolds num-
ber APG cases of Lee & Sung (2008) and the recent mod-
erate Reynolds number self-similar DNS of Kitsios et al.
(2015).

In this paper we detail the results from experimental
measurements of a strong APG TBLs on a flat surface ap-
proaching self-similarity. Details of the boundary layer pro-
files are presented along with wall-normal profiles of mean
velocity and Reynolds stresses. The degree to which the
previously mentioned scalings are able to collapse the data
in and around regions of apparent self-similarity are as-
sessed.

EXPERIMENTAL DATABASE
To generate APG TBLs over a flat surface, the 500×

500 mm cross-section water tunnel at the Laboratory
for Turbulence Research in Aerospace and Combustion
(LTRAC) was modified to contract the flow below the water
line of the tunnel via the addition of a secondary contrac-
tion, followed by a five metre long flexible polycarbonate
roof (see figure 1). Spanwise members are affixed to the
roof with threaded rods on each side of the member to al-
low the adjustment of the roof height at 19 individual sta-
tions downstream of the contraction. A large honeycomb
with tubes of 15 mm diameter and equipped with a 2 mm
× 2 mm wire mesh on each end was placed at the outlet of
the fixed tunnel contraction in order to reduce the influence
of the asymmetry of the contract on the flow downstream.
A false floor with a half ellipse leading edge was placed at
the very beginning of the first test-section (defined as x = 0
mm) with a TBL forming on the upper surface of the false
floor. The height above the wall in the wall-normal direc-
tion is defined as y with the instantaneous velocity in the
free-stream direction x represented by U = u+ u where u
is the mean velocity and u the fluctuating component. Each
test-section is 1.1 m long. The false floor was installed to
enable the future introduction of flow control mechanisms
from beneath the floor. The use of a water tunnel rather than
a wind tunnel leads to much longer time scales in the flow,
which will enable time-resolved measurements using exist-
ing high-repetition rate lasers and high-speed cameras op-
erating at ≈ 1 kHz. The roof downstream of the secondary
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Figure 1. Schematic of the modified LTRAC water tunnel with fixed vertical contraction in the first test section, flexible roof
and false floor along the tunnel length.

contraction was set with an angle of approximately 10 de-
grees over the majority of the second test-section, reducing
to an almost level roof surface at the end of the third section.

The set roof height (h), measured boundary layer thick-
nesses (δ , δ1, δ2), free-stream velocity at the top of the
boundary layer (Ue) and free-stream streamwise pressure
gradient at the top of the boundary layer (∂Pe/∂x) are pre-
sented in figure 2. In strong APGs the mean streamwise
velocity is not constant above the boundary layer as in
ZPG TBLs, but rather increases through the boundary layer
before decreasing with further height above the boundary
layer where ∂u/∂x < 0. In the present paper Ue is therefore
defined as the peak in the mean velocity profile u(y) with
the boundary layer thickness δ defined as the turning point
in the profile where u(δ ) = Ue. This non-constant veloc-
ity above the TBL also influence the definition of the dis-
placement and momentum thickness which can no longer
be integrated to y→ ∞ but rather:

δ1 =
∫ δ

0

(
1− u(y)

Ue

)
dy, and (11)

δ2 =
∫ δ

0

u(y)
Ue

(
1− u(y)

Ue

)
dy. (12)

The pressure gradient ∂Pe/∂x at y= δ was determined from
the velocity gradient along the streamline at the top of the
TBL via Bernoulli’s equation.

Measurement of the velocity profiles at different sta-
tions along the tunnel were performed using an in-house
multi-grid planar particle image velocimetry (PIV) algo-
rithm (Soria, 1996) with a final size of 64× 16 pixels,
elongated in the streamwise direction. Images were ac-
quired using a sCMOS camera with an array size trimmed
to 1161×2560 pixels equipped with a 50 mm focal length
Zeiss Makro-Planar lens with f-stop set to f# = 2.8 resulting
in a spatial resolution of 19.2 pixels/mm and a lens magnifi-
cation of M = 0.124. This corresponds to a field of view of
1.2δ ×2.6δ . Profiles presented were calculated from 4000
velocity fields record at a rate of 10 Hz and additionally av-
eraged over a streamwise distance of 1.2δ . The flow was
seeded with 11 µm Potters hollow glass spheres with a spe-
cific gravity γ = 1.1, resulting in lens diffraction limited
particle image diameter of approximately 1 pixel. Illumi-
nation was provided by a dual cavity New Wave Gemini
100 mJ Nd:YAG laser, formed into a 1 mm thick light sheet
with an estimated depth of field of 1.7 mm for the PIV im-
ages. The water temperature was 21.5 deg. C with a cor-
responding density ρ = 997 kg/m3 and kinematic viscosity
ν = 9.45×10−7 m2/s. The tunnel was run at constant mo-
tor speed of 15 Hz, corresponding to a free-stream speed of

Figure 2. Roof height h, boundary layer thickness δ , dis-
placement thickness δ1, momentum thickness δ2, measured
free-stream velocity Ue and streamwise pressure gradient
∂Pe/∂x.

Ue = 214 mm/s in the absence of the added false floor and
contraction.

RESULTS
The mean streamwise velocity profiles associated with

each of the measured profiles are shown in figure 3 with x
values for each plot indicating the location of the measure-
ment relative to the start of the false floor. Figure 3 clearly
shows the peak velocity at δ , while indicating a potential
logarithmic region for each case, however higher resolution
measurement near the wall are required to confirm this and
enable an estimate of the local friction velocity uτ .

From figure 2 the boundary layer thickness parameters
δ , δ1 and δ2 all appear to be vary linearly for 1712 < x <
2059 mm and 2336 < x < 2554 mm as would be the case
for regions of constant β and constant Λ. It can be shown
by rearranging and integrating the expression in equation 1

3



Figure 3. Wall-normal profile of mean streamwise veloc-
ity u(y) normalised by outer velocity and length scales.

that the velocity Ue must be related to the δ1 by:

Ue = Aδ−Λ
1 , (13)

where A is a constant of integration. It follows that Λ can
therefore be determined from the gradient of the natural log
of Ue against the natural log of δ1 as shown in figure 4.
The value of Λ = −0.228 is close to the expected value of
Λ = −0.23 for the incipient self-similar APG TBL at the
verge of separation. For a self-similar flow at the verge of
separation c f → 0 results in a constant c f which following
equation 4, 1 and 3 results in a constant Up/Ue, β and H.

Figure 4. Logarithm of outer velocity Ue verses the loga-
rithm of the displacement thickness δ1. Dashed lines repre-
sent linear fits to obtain local values of Λ.

Figure 5 indicates a relatively constant H and Up/Ue
over almost the entire measurement range. The value of Λ
computed at each location from equation 1 shows greater
variation, in this case due to the variations in the local
streamwise gradient of δ1. The dashed lines in figure 5 rep-
resent the expected values of H and Up/Ue for the incip-
ient case (Mellor & Gibson, 1966) indicating that despite
Λ→−0.23 the pressures gradients are still lower than that
which would be required to achieve the incipient case. The

value of β cannot be determined from the present data with-
out an estimation of uτ which can only be made by using
Clauser’s method, which assumes that the logarithmic over-
lap region from ZPG flows is still valid in the strong APG
case.

Figure 5. Momentum thickness based Reynolds number
Reδ2

, shape factor H, Up/Ue and Λ.

A comparison of the present velocity deficit profiles to
those computed by Mellor & Gibson (1966) for self-similar
profiles with different values of constant β show that the
profile and shape factor of the data in the range 1712 <
x < 2059 mm is consistent with a β ≈ 4 as shown in fig-
ure 6. The velocity scale Up and length scale δ1Ue/Up pro-
vide a reasonable collapse of mean velocity and Reynolds
stress profiles, both of which compare favourably with the
DNS results of Kitsios et al. (2015). DNS results for simi-
lar β show a secondary peak in < u.u > closer to the wall
at y+ ≈ 14 the upper portion of which is just captured by
the lower portion of the present experimental field of view.
Current results indicate a better collapse of the wall normal
stress than the streamwise. The lack of collapse may in part
be due to the uncertainty associated in the estimation of δ1
due to the lack of data near the wall. In the present case the
calculation of δ1 and δ2 were performed assuming a linear
velocity distribution from the lowest point of the measure-
ment down to the wall, rather than assuming a particular
near wall model.

Figure 8 shows the mean velocity and Reynolds stress
profiles under the scaling suggested by the more general
self-similar form, with the constant K = 1 resulting in a ve-
locity scale Ue and length scale δ1. Interestingly the relative
collapse for u and < v.v > is not as good as that observed
for Up scaling in figure 6 with the exception of < u.u >.

The scaling of Zagarola & Smits (1998) provides the
best collapse of the mean velocity profile by accounting
for change in the non-constant ratio of δ1/δ for non-self-
similar flows. An excellent collapse in the wall-normal
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Figure 6. Mean streamwise velocity u, streamwise <

u.u > and wall normal < v.v > Reynolds stress profiles,
normalised by the pressure velocity. Profiles associated
with analytical solution of Mellor & Gibson (1966) for self-
similar APG TBLs with constant β are shown for compari-
son. For clarity only every third data point is shown.

stresses < v.v> is also observed with the exception of the fi-
nal profile, however this scaling provides the worst collapse
of the streamwise stress < u.u>, particular approaching the
wall. The degradation of the collapse of < u.u > near the
wall appears to be associated with the presence of the near
wall peak, suggesting a dependence on uτ or Reynolds num-
ber which is not present in any of the above scalings.

Figure 7. Mean streamwise velocity u, streamwise <

u.u> and wall normal < v.v> Reynolds stress profiles, nor-
malised by the general self-similar APG scaling. For clarity
only every third data point is shown.

CONCLUDING REMARKS
Experimental measurements of adverse pressure gradi-

ent turbulent boundary layers are presented over a flat plate
with an imposed strongly adverse pressure gradient. A re-
gion with near linear boundary layer growth and approxi-
mately constant shape factor was generated over a distance
of approximately 7δ , parameters which have generally been
taken as indicators of a self-similar APG with constant β .
Attempts to collapse the mean velocity and Reynolds stress
profiles over this region were not completely successful,
suggesting that these parameters are not a sufficient test for
self-similarity. It is not clear if this lack of collapse is due to
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Figure 8. Mean streamwise velocity u, streamwise <

u.u> and wall normal < v.v> Reynolds stress profiles, nor-
malised following the scaling of Zagarola & Smits (1998).
For clarity only every third data point is shown.

the absence of self-similar flow or the experimental uncer-
tainty associated with the estimation of the scaling parame-
ters. A number of different velocity and length scales were

considered, all of which should provide the same collapse
for a self-similar flow with constant Λ and β . No one scal-
ing provides an optimal collapse of all quantities. The scal-
ing of Zagarola & Smits (1998) provides the best collapse of
mean profiles and < v.v >, yet provides the worst collapse
of < u.u >, failing to capture the magnitude of both the
inner and outer peaks. Results suggest values of the more
general self-similarity parameter Λ are more sensitive to de-
parture from self-similarity than either the shape factor H or
the streamwise gradients of δ , δ1 and δ2 indicating constant
Λ may be a more reliable measure of self-similarity.
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