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ABSTRACT
A series of Direct Numerical Simulations (DNS) was

performed of fully turbulent jets with a target Reynolds
number, based on nozzle diameter, of Re jet = 8,000. The
simulations included a long pipe in order to let the flow de-
velop to a fully turbulent state before exiting into a laminar
co-flow, and in order to ensure that all possible noise gener-
ation mechanisms are represented. Particular attention was
paid to minimizing internal noise in the pipe as it was shown
in previous studies to contaminate the overall far field noise
and make the study of jet-mixing noise difficult. This was
achieved by including liner boundary conditions inside the
pipe and by modifying the turbulent inflow boundary con-
dition of the pipe. The sound radiation from the pipe/jet
configuration was decomposed into its azimuthal Fourier
modes and analyzed using a phased array source breakdown
technique in order to separate sources associated with jet
noise mechanisms from additional noise sources that can be
attributed to internal noise or unsteady flow past the nozzle
lip. The behaviour of the jet noise source was then studied
as a function of jet exit Mach number. Using this approach,
we were able to establish the Mach number scaling of the
individual azimuthal Fourier modes of far field pressure for
the jet mixing noise component.

INTRODUCTION
The need to control (reduce) jet noise is most press-

ing for the take-off stages of aircraft operation and it is
important to understand the influence of forward flight on
jet noise generation mechanisms. Early experimental re-
search showed that jets in flight conditions are quieter com-
pared to the same jets in a static environment (see, e.g.,
Crighton et al., 1976; Tanna & Morris, 1977) and a num-
ber of theoretical and semi-empirical corrections to account
for the flight conditions have been derived (c.f., Michalke &
Michel, 1979b,a). These corrections can be used to obtain
reasonable predictions of the noise levels, and it has been
shown that the pressure power spectral density (PSD) for
a co-flowing jet at 90◦ should scale with (uCL − uco)

5u3
CL,

where uCL and uco are the jet-exit centreline and co-flow
velocities, respectively. Thus the velocity scaling shows a
considerable dependence on the co-flow velocity.

However, it is not clear whether this velocity scaling
applies only to the overall PSD or whether it also applies to
different frequency ranges and individual azimuthal modes
of the jet noise. To address this lack of detailed understand-

ing has become even more important in current jet noise
research, where the error bars in measurements of jet noise
have become smaller and high quality simulations are able
to match experimental data within 2-3dB (see, e.g., Bo-
gey et al., 2011). The lack of a fundamental understand-
ing of the differences between noise sources in static and
flight conditions is also a barrier when it comes to extrapo-
lating the results of noise control strategies (such as micro-
jets/chevrons) to flight conditions, as was clearly demon-
strated in recent work by Shur et al. (2010), in which the ef-
ficiency of a microjet noise reduction concept in static and
flight conditions was examined.

Therefore, to get further physical insight into the dom-
inant jet noise generation mechanisms and velocity scalings
for varying jet exit and co-flow velocities, it is desirable
to obtain high-fidelity data of both the hydrodynamic and
acoustic fields of the jet simultaneously. For the results to
be reliable, however, it is important that the simulated jet
captures all relevant mechanisms. It is well known that sev-
eral different sources contribute to the overall sound radia-
tion from subsonic jets: (i) large scale structures mainly oc-
curring close to the potential core region, (ii) breakdown of
large scale structures into fine-scale turbulence near the end
of the potential core, (iii) fine-scale turbulence within the
initial shear layers of fully turbulent jets, and (iv) trailing-
edge noise resulting from the interaction between flow and
the solid wall at the nozzle exit. Furthermore, the impor-
tance of the initial conditions on the jet development and
noise has been well documented (Hussain & Zedan, 1978;
Gutmark & Ho, 1983; Zaman, 1985; Raman et al., 1989;
Bogey & Bailly, 2010). Thus, to capture the above men-
tioned noise generation mechanisms and to consider real-
istic initial conditions for the jet, simulations in which the
nozzle is included and the flow exiting the nozzle is fully
turbulent are required. This configuration was considered
by Sandberg et al. (2011), who simulated turbulent flow ex-
iting a pipe into a laminar co-flow for three subsonic jet
Mach numbers and varying co-flows, using direct numeri-
cal simulation (DNS) to eliminate uncertainties associated
with turbulence modelling.

However, subsequent studies of this data using phased-
array techniques found that the original DNS were contam-
inated by high levels of internal noise, generated within
the pipe, and that it was difficult to extract the jet mix-
ing noise, in particular for the axisymmetric mode (Sand-
berg & Tester, 2012; Tester & Sandberg, 2013). There-
fore, a new set of DNS were performed with several vital
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Jet Mach number R0 X1 X2

0.46 4 6.28 −6.28

0.64 4 0.38 −15.07

0.84 4 1.177 −33.49

Table 1. Liner coefficients for all jet Mach numbers.

modifications, most noteworthy an explicit elimination of
fluctuations in the axisymmetric mode of the turbulent in-
flow generation, and the use of an acoustic liner boundary
condition for the inside of the pipe. In a precursor study,
an acoustic liner model based on an impedance boundary
condition was shown to be effective at removing acoustic
fluctuations within the pipe without affecting the turbulent
flow field (Olivetti et al., 2015). The first analysis of the
new DNS data has shown that the change in inflow bound-
ary condition is largely responsible for reduction of internal
noise of the axisymmetric mode, while the main role of the
acoustic liner is the absorbtion of internal noise for higher
azimuthal modes (Sandberg, 2014). The main focus of the
current paper is on using a source breakdown technique,
based on a phased-array approach, to establish the Mach
number scaling of individual azimuthal Fourier modes of
far-field pressure for the jet mixing noise component.

NUMERICAL SETUP
Direct Numerical Simulation Code

The compressible Navier–Stokes equations for conser-
vative variables are solved in cylindrical coordinates using
a mixed finite-difference/spectral code. The general numer-
ical details and validation of the code can be found in Sand-
berg et al. (2015) and specific details concerning the current
pipe/jet set-up have been reported in Sandberg et al. (2012).

A time-domain impedance boundary condition based
on a mass-spring-damper analogy has been used, as de-
fined by Tam & Auriault (1996). It can be written in the
form where the generic resistance parameter R0 is identified
as the dissipative term of the mass-spring-damper model
and the two reactance parameters are identified as mass-
reactance X1 and stiffness X2, which are chosen to produce
resonance at the required Strouhal number. For the different
jet Mach numbers, the liner parameters were set as listed in
table 1. Preliminary studies showed that the liner boundary
condition was not effective in removing acoustic radiation
of the axisymmetric mode m = 0 at low Strouhal numbers.
Therefore, the perturbation velocities of m = 0 are explic-
itly set to zero at the pipe inlet, thus eliminating mass flow
fluctuations in the pipe. Removing velocity fluctuations in
m = 0 was found to have no effect on the developed pipe
flow downstream.

Simulation Geometry and Grid
The computational domain is composed of seven

blocks, as shown in Fig. 1: flow inside the pipe (block 1),
jet development downstream of the pipe exit (blocks 2,3,4
and 6), and coflow and acoustic field upstream of the pipe
exit (blocks 5 and 7).

In the azimuthal direction 64 or 8 Fourier modes cor-
responding to 130 or 18 collocation points were used in the
turbulent flow (blocks 1 to 5) and acoustic regions (blocks
6 and 7), respectively, resulting in a total of 225 × 106 grid

Figure 1. Sketch of the computational domain; the shaded
region at the outflow denotes the region in which the zonal
characteristic boundary condition (Sandberg & Sandham,
2006) was applied.

Case M jet Tw Mco uCL Re jet

M8c2L 0.8 1.14 0.2 1.27 7,700

M8c1L 0.8 1.14 0.1 1.27 7,700

M62c15L 0.62 1.08 0.15 1.35 8,523

M45c1L 0.45 1.04 0.11 1.14 7,409

Table 2. Simulation parameters; M jet , Mco based on bulk
velocity in nozzle, uCL centreline velocity normalized with
bulk velocity, Re jet based on uCL, nozzle diameter and kine-
matic viscosity at pipe wall. Mach numbers based on refer-
ence speed of sound using wall temperature Tw.

points. Fig. 1 also shows the dimensions of the computa-
tional domain, determined from preliminary turbulent pipe
and jet simulations (Sandberg et al., 2012). The finest grid
spacing was ∆z/D = 0.0045 and ∆r/D = 0.00129 at the
nozzle exit and the upper bounds of ∆z/D = 0.0515 and
∆r/D = 0.0711 were chosen to resolve acoustic waves up
to Strouhal number StD ≈ 2 (based on the jet velocity and
diameter) with at least 10 grid points.

A laminar boundary layer (Blasius solution) was pre-
scribed at the inflow boundary on the pipe outside, reaching
δ/D = 0.025 at the jet exit. At the outflow boundary a zonal
characteristic boundary condition was applied (Sandberg &
Sandham, 2006), while characteristic boundary conditions
were used at the upper freestream boundary.

Four different cases were conducted (Tab. 2), all using
acoustic liner conditions inside the pipe, to study the Mach
number scaling effect of the jet mixing noise for higher az-
imuthal modes. The changes in density and temperature
were less than 15% of the wall values, with the wall set
to be isothermal at the adiabatic temperature (Tw given in
Tab. 2). All DNS were run for 150 nondimensional time
units (based on diameter and bulk velocity inside the pipe)
to allow the initial transients to leave the domain. Each case
was then continued for at least 350 time units to achieve sta-
tistical convergence. The spatial and temporal resolution of
the simulations were rigorously assessed and were found to
be adequate (Sandberg et al., 2012).

RESULTS
Instantaneous contours of the streamwise density gra-

dient are shown for the near-nozzle region in figure 2 to
visualize the turbulent flow exiting the long pipe into the
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Figure 2. Instantaneous contours of streamwise density
gradient near the nozzle; top: M45c1L with levels [−1 ×
10−3; 1×10−3], bottom: M84c2L with levels [−5×10−3;
5×10−3].

Figure 3. Contour lines of time- and azimuthally averaged
azimuthal vorticity component for cases M84c2L (solid)
and M45c1L (dashed) with 21 levels for range [−4; 4].

co-flow. The cases M45c1L and M84c2L are compared to
each other because both feature roughly the same veloc-
ity difference between jet exit and co-flow velocity, i.e. a
non-dimensional velocity excess of λ ≈ 4. Sandberg et al.
(2012) showed that the turbulence statistics at the nozzle
exit could be collapsed with profiles in the fully developed
region, thus the flow exiting the pipe can be considered fully
developed and therefore constitutes a well defined turbu-
lent upstream condition suitable for direct noise computa-
tions. For either case, it can be observed that the initial
shear layers of the jet are turbulent and do not need to un-
dergo a laminar-turbulent transition, resulting in a rapidly
developing turbulent jet. Figure 2 also reveals significant
differences between the two cases, such as (the expected)
significantly increased amplitudes of the density gradient in
the higher Mach number case, an apparent higher coher-
ence of the shear layer structures in the case with higher jet
exit Mach number, and seemingly different spreading rates.

The latter observation, however, appears to be associated
with the particular time instant at which the two cases are
compared as plotting the time- and azimuthally averaged
azimuthal vorticity component (fig. 3) reveals that the axial
growth of the two jet cases is very similar.

For a qualitative impression of the resulting acoustic
field, instantaneous contours of the dilatation field in the
entire computational domain are shown in Fig. 4. Sound
waves can be observed emanating from the end of the pipe
(z/D = 0) and from the jet core. Importantly, no interfer-
ence of the acoustic field from boundary reflections can be
detected, which is particularly encouraging given the very
small contour levels chosen (±1 × 10−4 for the M45c1L

Figure 4. Instantaneous contours of dilatation field for
azimuthal plane Θ = 0◦,180◦; top: M45c1L with lev-
els [−1 × 10−4;1 × 10−4], bottom: M84c2L with levels
[−5×10−4;5×10−4].

case). For the higher Mach number case M84c2L, the noise
radiation is considerably more directive than for the lower
Mach number case, with the highest sound radiation inten-
sity observed at roughly θ = 40◦, where θ is defined with
respect to the streamwise direction. For both cases, up-
stream radiating noise emanating from the nozzle lip, al-
though more weakly, can be detected. Overall, from these
figures it would appear as if for the lower jet Mach number
case it will be very difficult to extract the jet noise compo-
nent of the farfield noise in order to investigate the Mach
number scaling.

For that reason, the far field noise generated by the tur-
bulent jet was investigated with a phased array technique
in order to quantitatively separate the jet mixing noise from
any other sources of noise that might be present, e.g. nozzle
lip noise. Although such techniques have been available for
many years, successful application to LES and DNS data
has often been prevented by a combination of two factors:
the lack of far-field data and the lack of sufficient time his-
tory (record length) to obtain adequate accuracy in the re-
quired statistical quantities, such as the spectral density and
cross-spectral density of the radiated unsteady pressure.

In the current study, a polar array of virtual micro-
phones has been located at 20 jet nozzle diameters from
the nozzle, having ascertained that the field is obeying the
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inverse square law at this radius, without any significant
reflections from the DNS domain boundaries. The DNS
record length, in excess of 350 convective time units for all
cases, permits the number of averages for the cross-spectral
density to be of order 100 with a filter separation, expressed
as a Strouhal number based on the nozzle diameter, of 0.1.
A microphone spacing of 0.5 degrees is used over an aper-
ture of 140 degrees to 10 degrees to the jet axis (i.e. 40 to
170 degrees to the ‘intake’ axis), although even finer spac-
ing is available, if required. To assess the contribution of in-
dividual azimuthal modes to the overall noise the pressure
PSDs were Fourier decomposed in the circumferential di-
rection. This azimuthal data has then been analyzed with a
recently developed phased array code, named AFINDS and
described in more detail in Tester & Gabard (2012), which,
in addition to the usual imaging capability, is able to extract
a ‘noise source breakdown’ using a model in which the jet
mixing noise is represented by one or two distributed axial
sources. In the current work only one jet-noise source is
used plus two nozzle-based sources, each represented by
a simple point-source. Using AFINDS to compare case
M84c2L to another DNS case using the same flow parame-
ters and overall set-up, but without the liner boundary con-
dition, it has been possible to elucidate the effect of the
acoustic liner model on the respective contributions from
the nozzle based and the jet mixing noise sources. The re-
sults obtained from the noise source breakdown showed that
the liner only marginally affects the axisymmetric mode
while being very effective at reducing nozzle-based noise
contributions in the higher azimuthal modes (Sandberg &
Tester, 2014).

In the present paper, the focus is on investigating the
Mach number scaling of the jet noise component for all
jet Mach numbers considered. The resulting Mach number
scaling is shown in figure 5 for a normalized PSD summed
over the axisymmetric mode m = 0 and the higher azimuthal
modes m = 1, m = 2, and m = 3 at 90◦ and for a Strouhal
number of StD = 1. This frequency was chosen because
the acoustic liner boundary condition used inside the pipe
was set to resonate at this frequency and it was therefore
expected that the jet noise component would be least con-
taminated by internal noise at this frequency. Note that the
PSD is plotted versus the Mach number based on the cen-
treline velocity.

In figure 5, the PSD at 90◦ and distance 20 diame-
ters from the nozzle for StD = 1.0 is normalized by (1 −
uco/uCL)5 to account for jet noise co-flow effects. Note
that four data points are included, one each for the cases
M45c1L, M62c15L, M8c1L and M8c2L, with the latter
two being at the same location of the horizontal axis. The
scaling obtained from DNS directly corresponds approxi-
mately to a M5 scaling, indicating that in addition to jet
mixing noise there are other noise sources present, such
as, e.g., nozzle-lip noise. However, when performing the
source breakdown using AFINDS to separate out the jet-
noise source, the expected Mach number scaling of M8 is
obtained, particularly accurately for M jet > 0.64, a well es-
tablished scaling law for isothermal jet noise, both exper-
imentally and theoretically. This result is very encourag-
ing in two respects. Firstly, it demonstrates the capability
of AFINDS to extract the jet-noise source from the overall
acoustic field, and secondly it shows that the series of DNS
solutions is capturing the expected physics.

In order to produce the following figures the far-
field pressure field was decomposed into azimuthal Fourier
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Figure 5. Mach number scaling of the jet noise component
at 90◦ for StD = 1.0; open black symbols with solid line rep-
resent DNS data, dashed lines show M8 scaling (based on
jet axis velocity), and red open symbols with solid line are
the AFINDS fit for the jet noise component of the overall
noise field.

modes in order to investigate the Mach number scaling of
the individual circumferential modes. In figure 6 the total
pressure PSD, displayed the same way as in figure 5 and
from the same spatial location, is shown for modes m = 0,
m = 1 and m = 3. The picture for m = 0 is very similar to
that of the total noise field, i.e. the scaling of the raw data
is nowhere close to M8 scaling, while the jet-noise source
extracted from the data using the noise source breakdown
technique agrees very well with the theoretical prediction.
However, when considering m = 0 only, a near-exact M8

scaling is obtained across all simulated Mach numbers, im-
plying that when considering all Fourier modes there are
some contributions from higher modes at the lowest jet
Mach number that cause the scaling to slightly deviate from
an eighth power law (c.f. fig. 5). When investigating the be-
haviour of m = 1, several observations can be made. First,
the raw DNS data now displays a M8 scaling when consid-
ering only cases M62c15L, M8c1L and M8c2L. This im-
plies that the liner boundary conditions used in the DNS are
removing most of the internal noise sources and therefore
the overall farfield noise is mainly comprised of jet mix-
ing noise in these cases. At the lowest jet Mach number
simulated, extracting the jet noise source using AFINDS is
required in order to obtain a Mach number scaling with ap-
proximately eighth power. For m = 3, the behaviour de-
scribed for m = 1 is even clearer, with the DNS raw data
coming even closer to an eighth power law scaling (imply-
ing even better performance by the liner boundary condi-
tions) and the AFINDS jet noise source exhibiting a nearly
perfect M8 scaling across all jet Mach numbers investigated.

The crucial and, to the authors’ knowledge formerly
unknown, finding is that it appears as if all azimuthal
Fourier modes adhere to the same Mach number scaling.

In order to assess whether the Mach number scaling of
the individual azimuthal modes is not particular to StD = 1,
two additional Strouhal numbers were investigated, one sig-
nificantly lower, StD = 0.2, corresponding to the peak in
the power spectral density, and one significantly higher,
StD = 1.4. The results are shown in figures 7 and 8. The
results for the lower frequency are very similar to those at
StD = 1. For the axisymmetric mode, it is necessary to ex-
tract the jet noise source using AFINDS in order to find
a Mach number scaling with an exponent close to eight.
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Figure 6. Mach number scaling of the jet noise component
at 90◦ for StD = 1.0 for azimuthal Fourier modes m = 0,
m = 1 and m = 3 (from top to bottom); symbols and lines
as described in caption of figure 5.

The AFINDS algorithm did not achieve convergence for
case M45c1L due to the low level of jet noise at this fre-
quency relative to the two nozzle-based sources. However,
the other data points lie on the expected line. For higher
modes (mode m = 1 is shown), using the raw DNS data, M8

scaling can only be observed for the higher jet Mach num-
ber cases. Looking at the jet noise source only, extracted
with AFINDS, excellent agreement with the expected M8

scaling is found, in fact even better as for StD = 1.
At the higher frequency StD = 1.4 (figure 8), the pic-

ture is not as clear as for the lower Strouhal numbers con-
sidered. For the axisymmetric mode, the raw DNS data
does not give a constant Mach number scaling over the
range of jet Mach numbers simulated and for no segment
is close to an eighth power law. When isolating the jet noise
source with AFINDS, the Mach number scaling between
cases with M jet = 0.45 and M jet = 0.8 is close to M8. How-
ever, the case M62c15L does not follow the same trend and
requires further investigation. For the first azimuthal mode
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Figure 7. Mach number scaling of the jet noise component
at 90◦ for StD = 0.2 for azimuthal Fourier modes m = 0
(top) and m = 1 (bottom); symbols and lines as described in
caption of figure 5.

m = 1, the acoustic liner boundary condition again appears
to serve its purpose well and the data obtained from the raw
data and from AFINDS produce nearly the same line, ex-
cept for an amplitude of approximately 4 dB for the DNS
data. Despite being very similar, both do not yield a consis-
tent scaling over the entire M jet range and exhibit a scaling
with an exponent lower than eight. Why the Mach number
scaling of the jet noise source changes for higher frequen-
cies is currently under investigation.

Conclusions
A series of direct numerical simulations of fully tur-

bulent flow exiting a long pipe were conducted at target
Reynolds number, based on jet exit velocity at the axis, of
Re jet = 8,000, for varying jet exit and co-flow Mach num-
bers.

The main objective of the work was to investigate the
Mach number scaling of the jet noise for individual az-
imuthal Fourier modes. In order to assess pure jet mixing
noise, a number of challenges had to be overcome. Firstly,
based on previous experience with DNS of pipe-jet config-
urations, several key features were required to be included
in the simulations to produce as clean a jet noise field as
possible. To suppress possible internal noise sources em-
anating from the pipe exit and contaminating the acoustic
far field, an acoustic liner model was applied to the interior
nozzle walls. In addition, the turbulent inflow generation
technique was modified to be free of velocity fluctuations
in the axisymmetric mode. Furthermore, despite the DNS
producing a much cleaner jet noise field than earlier simu-
lations, the use of a source breakdown code was essential in
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Figure 8. Mach number scaling of the jet noise component
at 90◦ for StD = 1.4 for azimuthal Fourier modes m = 0
(top) and m = 1 (bottom); symbols and lines as described in
caption of figure 5.

order to isolate the jet noise source from the overall noise
field, in particular for the axisymmetric mode m = 0.

It is found that the overall jet noise sources, i.e. the
sum of the azimuthal modes, shows the expected M8 scaling
with the centreline jet Mach number when accounting for
co-flow effects by scaling the results with (1 − uco/uCL)5.
More importantly, the DNS results also suggest that the in-
dividual azimuthal modes exhibit the same scaling, at least
for Strouhal numbers up to StD = 1. At higher frequencies,
a consistent scaling over the entire M jet range could not be
found and the exponent is lower than eight. The reason for
this behaviour is still unknown and is the subject of a cur-
rent investigation. To date, only the far-field pressure at 90◦

has been considered, as the M8 scaling is well documented
for this angle. However, the DNS data will also allow an
investigation of Mach number scaling for other angles in
future work.
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