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ABSTRACT
The anisotropy of the Reynolds stress tensor is as-

sessed from numerical and experimental data for an under-
expanded supersonic jet. Shock structures are shown both
to directly influence anisotropy within the jet core, as well
as to modulate anisotropy within the shear layer. The jet
shear layer is mostly characterized by three-component tur-
bulence, with complex variation within the jet core due to
both shock and expansion structures, as well as the interior
shear layer generated from the Mach disk triple point.

Introduction
Supersonic jet flows are frequently accompanied by

the presence of intense sound produced via several separate
mechanisms (Tam, 1995). Amongst the identified mech-
anisms are jet screech, broad-band shock associated noise
(BBSAN), and turbulent mixing noise. The first two mech-
anisms are unique to shock containing supersonic flows,
while turbulent mixing noise is present in all aerodynamic
flows.

While there are various methodologies available to re-
move screech from a flow and ameliorate BBSAN, turbu-
lent mixing noise remains a concern for both subsonic and
supersonic jets. Thus understanding the mechanisms of tur-
bulent mixing noise generation, and consequently how they
can be suppressed, remains a key focus. The prediction
of jet noise has typically been attempted through the use
of acoustic analogies such as those introduced by Lighthill
(1952). The accuracy of these analogies is dependent on
how well the underlying assumptions capture the true dy-
namics of the flow. Classical models for the prediction
of aerodynamic noise have typically been founded on an
assumption of isotropic turbulence (Ribner, 1969; Lilley,
1948). Deviation from isotropy in the turbulent fluctua-
tions has been shown theoretically to influence acoustic di-

rectionality (Goldstein & Rosenbaum, 1973) and amplitude
(Khavaran, 1999). It has been established for some time
that the turbulence in jet flows is highly anisotropic, for jets
ranging from the low subsonic (Bradshawet al., 1964) to
the transonic. Much of the experimental determination of
turbulent anisotropy has been conducted in shock-free jets.
Prior work has shown that the presence of shocks within
the jet modulates some components of the turbulence, but
not others (Edgington-Mitchellet al., 2014b). This pa-
per thus sets out to establish the degree to which the pres-
ence of shock structures within the flow affects the degree
of turbulent anisotropy. High-resolution particle image ve-
locimetry measurements combined with high-fidelity Large
Eddy Simulation (LES) results are analyzed to assess the
anisotropy of the Reynolds stress tensor.

Methodology
The particle image velocimetry experiments to produce

the velocity data presented herein have been discussed pre-
viously in some detail Mitchellet al. (2013). Particle im-
ages were acquired using a pair of PCO 4000 cameras with
an array size of 4008 x 2760 pixels, mounted perpendicu-
lar to the jet with a combined field of view of 2.2D in the
radial and 10D in the axial directions. The cameras were fit-
ted with 105mm Micro Nikkor Nikon lenses set at an aper-
ture of f/5.6. Illumination was supplied by a New Wave
Solo PIV Nd:YAG laser at 532nm wavelength. A multigrid
cross-correlation algorithm was used to analyze the image
pairs (Soria, 1996); IW0 represents initial interrogation win-
dow size, and IW1 represents final interrogation window
size. A conservative estimate of the minimum resolvable
displacement in the PIV measurements of 0.1px has been
used to estimate the smallest measurable velocity fluctua-
tion as 1.5%. A minimum velocity fluctuation of 1.5% was
used in the calculation of all anisotropies presented herein.
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Table 1. Non-dimensional PIV Parameters

Parameter Non-Dimensional Value

IW0 0.10D

IW1 0.026D

Grid Spacing 0.013D

Depth of Field 0.17D

Light Sheet Thickness 0.1D

Field of View 10D x 2.2 D

Figure 1. Schematic of the LTRAC Supersonic Jet Facil-
ity. Smoke particles for PIV seeding are mixed with the
primary air supply prior to entry into the plenum. Adapted
from Mitchell et al. (2013).

The numerical dataset used in this study is the result
of a three dimensional hybrid large-eddy simulation on a
non-uniform structured cylindrical grid. For spatial differ-
entiation the hybrid solver employs a sixth order central
nite difference scheme for smooth regions and a fifth or-
der weighted essentially non-oscillatory scheme with local
Lax-Friedrichs flux splitting in discontinuous regions. Tem-
poral integration is performed using a fourth order five step
Runge-Kutta scheme. The sub-grid scale terms were com-
puted using Germanos dynamic model with the adjustments
made by Lilly (1992).

The domain consists of approximately 16.4 million
nodes with the spatial extent of 30D downstream and 15D
the radial direction. Locally one-dimensional inviscid com-
pressible boundary conditions defined in Poinsot (1992)
are used for the adiabatic nozzle wall and outflow regions.
Sponge regions are employed near the outflow boundary
were the flow field is forced to a self similar incompressible
jet solution that has been determineda priori. The jet inlet
velocity profile was modeled using the hyperbolic-tangent
function found in Bodony & Lele (2005) while the temper-
ature profile was determined using the Crocco-Busemann
relationship Schlichting & Gersten (2000).

An underexpanded jet is characterized principally by
the nozzle pressure ratio, defined as the ratio of pressure be-

tween the plenum and the ambient condition:NPR=P0/Pa.
The simulations are intended to represent a canonical case,
rather than directly emulating the experimental setup. The
nozzle used in the experiment has a 5mm nozzle lip thick-
ness; the numerical simulation has the jet issuing from a
bluff body. The inlet to the flow is not seeded with initial
turbulence, which influences the development of the shear
layer near the nozzle. The Reynolds number for the simu-
lation of the NPR = 4.2 jet isRe= 5.0×104, whereas it is
Re= 8.3×105 for the experiment.

Results
As the experimental measurements are limited to two-

component planar PIV, a consideration of the Reynolds
stress anisotropy is similarly limited to considering only the
axial (u′u′) and transverse (v′v′) stresses. Hereu′ is defined
as per the classical decomposition of velocity into mean and
fluctuating components:u= u+u′. Figure 2 presents pla-
nar maps of this two-component anisotropy of the Reynolds

stresses (u
′u′

v′v′
) for jets ranging in pressure ratio from NPR =

2.2 to NPR = 4.2. The Reynolds stress anisotropy shows
a strong dependence on nozzle pressure ratio. At NPR =
2.2 there are peaks of anisotropy in the jet core, located just
downstream of the centreline shock and expansion wave po-
sitions. These centreline peaks are not seen at higher pres-
sures. At NPR = 2.2 the jet instability process is dominated
by the m=0 (axisymmetric) instability mode, and these cen-
treline peaks in anisotropy may be due to the interaction
between toroidal vortex structures and the jet shocks. To-
wards the end of the potential core the magnitude of thev′v′

stresses begin to exceed theu′u′ stresses. After the shear
layer merges at the jet centreline, the flow moves closer to
isotropy, though the axial stresses remain slightly stronger
than the transverse stresses.

As pressure ratio increases, the topology of the
anisotropy within the jet changes. The strong peaks in
anisotropy on the centreline disappear, and the degree by
which the transverse stresses exceed the axial stresses near
the end of the potential core increases significantly. This re-
gion of stronger transverse stress also appears to extend over
a greater axial domain with increasing pressure (though this
pattern does not hold once the Mach disk begins to grow in
size). For NPR = 2.6, the jet instability process is character-
ized by a phase locked azimuthal modesm=±1, resulting
in a flapping instability. For NPR = 3.4 & 4.2, a single heli-
cal mode is dominant.

At higher pressures the peaks in Reynolds stress
anisotropy move from the centreline of the flow to the
shear layer, and a periodic modulation of the degree of
anisotropy at the shock-reflection points is clearly evident,
with the degree of modulation increasing with increasing
shock strength. Prior work has shown that the periodic
shock cells modulate the axial velocity fluctuations most
strongly in the shear layer, and the transverse fluctuations
most strongly at the centreline (Edgington-Mitchellet al.,
2014b). At NPR = 4.2 the large Mach disk is seen to pro-
duce local regions of extremely high anisotropy. This may
be a combination of the PIV technique producing artificial
velocity fluctuations across the Mach disk (Mitchellet al.,
2011) and the transverse oscillation of shock position due
to the passage of coherent shear layer vortices. Further dis-
cussion in this paper will focus on the NPR = 4.2 jet, which
has been previously presented in Edgington-Mitchellet al.
(2014a).
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Figure 2. Experimentally determined contours of two-component Reynolds stress anisotropy for underexpanded jets at pres-
sures (from top to bottom) NPR = 2.2, 2.6, 3.4, 4.2.

The numerical dataset offers the potential to consider
the anisotropy with respect to the out-of-plane velocity
component, as well as removing the effects of seed particle
lag on the measurement of fluctuating velocity in the near-
shock regions. The experimental and numerical datasets are
not intended for direct comparison; the validation role of
the experimental data here is qualitative rather than quan-
titative. Figure 3 presents a comparison of the numerically
and experimentally determined axial Reynolds stress for the
jet at NPR = 4.2. The overall structure of the flow is very
similar in both cases, with the key features identified in the
experimental data replicated in the simulations. The modu-
lation of the axial Reynolds stresses at the shock reflection
points within the shear layer is well captured by the sim-
ulation. The axial Reynolds stresses in the shear layer are
significantly higher for the simulation in the first two shock
cells, but the discrepancy reduces further downstream. This
may be due to the much thinner initial shear layer in the
numerical simulation.

A comparison of the anisotropy of theu′u′ and v′v′

stresses is presented in Figure 4. Both numerical and experi-
mental datasets predict a high degree of turbulent anisotropy
in the shear layer near the nozzle, though the anisotropy is
stronger in the experiment. Direct comparisons of the initial
shear layer are difficult, due to the different inlet conditions.
Both experimental and numerical data show that the degree

of anisotropy is modulated at the shock reflection points,
through the modulation of the axial component demon-
strated above. The modulation of anisotropy appears much
stronger in the experimental data than in the numerical data
however. In both datasets the highest degree of anisotropy is
located in the inner shear layer generated downstream of the
Mach disk triple-point. The largest discrepancy between the
experimental and numerical datasets is in the region preced-
ing the first set of oblique shock waves. In the experimental
dataset, the transverse shear stress is stronger than the ax-
ial stress by a factor of five in this region. In the numerical
results however, the axial stresses dominate the transverse
stresses.

Having established that the numerical simulation ap-
pears to capture the key features revealed in the experimen-
tal data, it can be used to explore quantities not accessible in
the experiment, such as the complete Reynolds stress tensor.
Contours of four of the remaining terms from the Reynolds
stress tensor are presented in Figure 5.u′u′ was presented
in Figure 3, andv′w′ is small enough to be negligible. The
radial (v′v′) and azimuthal (w′w′) stresses are concentrated
primarily in the outer shear layer, and are both weaker than
the axial stresses. These is also no evidence of modulation
at the shock reflection points. The normal stress (u′v′) is pri-
marily concentrated on the inner shear layer downstream of
the Mach disk triple-point, whileu′w′ is generally of much

3



x/D

y
/
D

0 1 2 3 4 5 6 7 8 9 10
−1

0

1

y
/
D

−1

0

1

 

 

u′u′

U 2
e

0.02

0.04

0.06

0.08

0.1

Figure 3. Comparison of numerical (top) and experimental (bottom) axial Reynolds stressu′u′ for NPR = 4.2.
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Figure 4. Comparison of numerical (top) and experimental (bottom) two-component Reynolds stress anisotropy for NPR =
4.2

lower magnitude, and focused in the outer shear layer. As
mentioned,v′w′ is very small relative to the other stresses.

The spatial development of the anisotropy of the tur-
bulence can be quantified by the traceless Reynolds-stress
anisotropy tensor:

bi j =
u′iu

′
j

2k
− 1

3
δi j , (1)

wherek = u′l u
′
l/2 is the turbulent kinetic energy, andδi j is

the Kronecker delta.
The two non-zero invariants of this tensor areI2 =

−bi j b ji/2 andI3 = bi j b jkbki/3. The bounds of physically
realisable solutions in this invariant space form the Lumley
triangle (Lumley, 1978). These bounds identify the limiting
conditions of isotropic turbulence, anisotropic turbulence
with two dominant fluctuating components, and anisotropic
turbulence with one dominant component. In this invariant
space, we illustrate how the anisotropy along profiles nor-
mal to the jet axis evolves in the streamwise direction.

Here we present the results in the scaled invariant co-
ordinates ofη = (−I2/3)1/2 andζ = (I3/2)1/3. For further
details refer to section 11.3.2 of Pope (2000).

Figure 6 presents a pair of radial profiles in invariant
space. In the region preceding the Mach disk atx/D = 0.5,
the trajectory is relatively simple, with the one-component

turbulence on the centreline rapidly giving way to primar-
ily two component turbulence through the jet shear layer.
Referring to Figures 3 and 5, this is representative of the
u′u′ andw′w′ being of similar magnitude in the initial shear
layer, whilev′v′ is somewhat weaker. Atx/D = 1.92 the
flow is far more complex, with the radial profile traversing
through the annular internal shear layer, shock and expan-
sion waves, then the jet outer shear layer. This renders Fig-
ure 6 very difficult to interpret, as the turbulence rapidly
switches between axisymmetric and completely anisotropic
along the radial profile, before finally approaching a two-
component limit outside the shear layer.

To better elucidate the complex anisotropy in the flow,
an alternative method of presenting the relationship be-
tween the invariants is presented. Figure 7 presents a
colourmap based on the relationship between the invari-
ants of the anisotropy tensor. A deep red is used to indi-
cate isotropic turbulence, green indicates single component
axisymmetric, while blue indicates two-component axisym-
metric turbulence. Figure 8 presents the spatial variation of
anisotropy in the jet at NPR = 4.2, based on the colourmap
defined in Figure 7. The incredible complexity produced
by the shock structures within the jet is immediately appar-
ent. A full description of the field is beyond the scope of
this work, and the discussion will be constrained to the re-
gion prior to the second shock cell. Even the initial region
near the nozzle exit reveals a relatively complex structure,
generally dominated by single component turbulence, but
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Figure 5. Reynolds stresses for NPR = 4.2 (numerical). Top Left)v′v′, Top Right)u′v′, Bottom Left)w′w′, Bottom Right)
u′w′

Figure 6. Reynolds stress profiles perpendicular to the centreline of the NPR = 4.2 jet, illustrated in Lumley triangle invariant
space. Circular symbol is at the jet centreliney/D = 0.01, the star symbol is well outside the jet shear layery/D = 5. Left)
x/D = 0.5, Right)x/D = 1.92

with pockets of three component turbulence as well. The
oblique shocks that coalesce from the reflected compres-
sion waves change the structure of the turbulence. At the
shocks themselves, the fluctuations are dominated by a sin-
gle Reynolds stress term, thev′v′. This may be more to do
with oscillations in the position of the shock, rather than any
fundamental change in the nature of the turbulence. Past the
shocks, the turbulence assumes a more axisymmetric char-
acter, though still largely dominated by a single component.
The Mach disk is once again characterized by almost purely
one component turbulence, though here it is theu′u′ term
that dominates. This is once again likely due to the os-
cillatory motion of the shock, and is consistent with DNS
results of canonical shock/turbulence interaction (Larsson
& Lele, 2009). Downstream of the Mach disk, it would be
expected from prior studies that the turbulence be primar-
ily axisymmetric, with the axial stresses significantly larger
than the other two components. However the generation of
shear from the triple point rapidly obscures any such effect,
with the flow downstream of the disk dominated by the in-
ner shear layer. This shear layer is characterized by one
component turbulence (u′u′) on the high speed side, and
axisymmetric turbulence on the low speed side, withu′u′

still the dominant component. The core of the internal post-
shock region rapidly evolves however, and byx/D ≈ 2, the
flow at the centreline has instead become two component
axisymmetric, withv′v′ andw′w′ both significantly larger
thanu′u′.

At the outer edge of the jet, the shear layer is character-
ized by a region of three component turbulence, bound on
the high speed side by axisymmetric turbulence with a sin-
gle dominant component, and on the low speed side by two-
component axisymmetric turbulence. Of particular note is
the influence on the anisotropy within the shear layer of the
oblique shocks extending from the triple point. At the tip of
the oblique shocks, just prior to the reflection point, the flow
transitions from completely three-component to something
more closely approximating two-component axisymmetric.
This is indicative of the shock’s influence onu′u′ andv′v′,
but no apparent influence onw′w′. The relatively strong
modulation of theu′u′ component by the shocks is in con-
trast to the experimental dataset, where only a modulation
of u′u′ was evident. That modulation was indicated to pri-
marily be constrained to the coherent large scale structures,
rather than the stochastic fluctuations.

Conclusions
The anisotropy of the Reynolds stress tensor in shock-

containing jets has been examined. The highly anisotropic
nature of the Reynolds stresses in these shock containing
flows has been revealed, with the flow within the jet rang-
ing from near isotropy to full three-component turbulence.
Reasonable agreement between a numerical and experimen-
tal dataset was demonstrated, especially considering the dif-
ferent boundary conditions of the two cases. The numerical
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dataset (potentially due to the thicker shear layer), predicted
less modulation of the anisotropy within the shear layer than
was evident in the experimental data, but still captured the
phenomenon clearly.
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