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ABSTRACT
The laminar-turbulent transition of a Mach 4.6 flat-

plate boundary layer forced by a wall under-expanded jet
is investigated using Implicit Large Eddy Simulation based
on a 5th order WENO scheme. Two free-stream unit length
Reynolds numbers, 6 and 16 million, are considered. The
effects of injection pressure and temperature on the struc-
ture and the stability of the near-injection flow are investi-
gated. Downstream breakdown to turbulence is analyzed
through Q-criterion visualization, mean velocity profiles
and wall parameters. Results show that a low-pressure in-
jection is sufficient for effective tripping, and that a cold
injection is more efficient to promote transition.

INTRODUCTION
This study is conducted in the framework of airbreath-

ing hypersonic flight, for which the control of the laminar-
turbulent boundary layer (BL) transition is of primary im-
portance. A turbulent boundary layer is mandatory to with-
stand the pressure gradients without separation, before be-
ing swallowed by the air inlet of the scramjet engine. Since
natural transition at hypersonic flight conditions is very un-
likely, passive or active devices must be used to insure tran-
sition. Passive devices may be isolated or distributed rough-
ness, as investigated experimentally during the Hyper-X
program by Berry et al. (2001). Such passive roughness
are designed for a limited range of flight parameters and
may not be efficient away from the design point. They
may also trigger transition when a laminar BL is preferred,
during booster acceleration for instance. The mechanisms
associated with roughness-induced transition are still not
fully understood (Schneider (2008)), though they are known
to be relevant to the transient-growth theory as shown by
Reshotko & Tumin (2004). Active devices, like wall injec-
tion, have received less attention and the literature on the
subject is scarce. Active devices have obvious advantages
over passive ones. They can be turned on or off on demand,
with adjustable intensity to match any flight conditions. The

major drawbacks are the needs to drill holes in the struc-
ture and to store high-pressure gas for injection. Asma
et al. (2012) have studied experimentally the flow topol-
ogy around tree- dimensional obstacles, and gas or liquid
injection, and they have found many similarities in the flow
structure, like the upstream separation zone, the presence of
bow shock and the vortical structure downstream. Laminar-
turbulent transition forced by wall injection has been stud-
ied experimentally by the Hyper-X transition team (Berry
et al. (2004); Bathel et al. (2008)). These authors found
that under-expanded jets may be very efficient, their effec-
tiveness depending on the pressure ratio. The effect of CO2
or Argon injection on transition in high enthalpy flows has
been studied by Jewell et al. (2012). This work was aimed
to delay transition, using the ability of CO2 to damp the sec-
ond (acoustic) Mack mode which is dominant at high Mach
number. It was found that the transition location depends
on the injection mass flow rate: a low value delays transi-
tion while a high mass flow rate promotes transition.

Under-expanded jets in supersonic crossflow (JISC)
have been extensively studied for turbulent fuel-air mixing
in scramjets, both experimentally by Schetz et al. (1967);
Santiago & Dutton (1997), and numerically using either
Reynolds averaged simulations (RANS) (Viti et al. (2009)),
large-eddy simulations (LES) (Kawai & Lele (2010)) or
implicit large-eddy simulations (ILES) (Chai & Mahesh
(2010, 2011); Rana et al. (2011)), and the physics of this
flow is well understood. However, JISC for BL tripping
have received less attention, although the idea of tripping
a BL with discrete jets goes back at least forty years ago
(Stone & Cary (1972)). Nowadays, the development of
higher-order numerical methods and the increase in com-
putational power make the numerical investigation of hy-
personic BL transition possible. Direct numerical simula-
tion (DNS) is the very expensive cutting-edge research tool
(Zhong & Wang (2012)). An example of such DNS is the
work of Bernardini et al. (2012) who investigated the BL
transition downstream an isolated cubic roughness, using
about 20 million grid points in a quite limited computational
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Table 1. Free stream conditions.
Flow T∞ P∞ U∞ (ρU)∞ Re∞

(K) (Pa) (m/s) (kg/m2.s) (106/m)

hot 340 6844 1700 119 6

cold 76 2455 804 90.5 16
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Figure 1. Levy-Lees boundary layer inlet profiles.

domain. Other examples are given by Iyer et al. (2010) and
by Muppidi & Mahesh (2012) for the transition downstream
an isolated bump or distributed roughness at Mach number
2.9, but again, very few (if any) numerical studies of transi-
tion induced by JISC can be found in the literature.

This paper investigates the transition downstream of
an isolated sonic wall injection into a supersonic boundary
layer, using the ILES technique based on a 5th order WENO
scheme. Descriptions of the WENO method and ILES pro-
cedure can be found in Shu (1997, 2009) and Karaca et al.
(2012). Although the grid is not fine enough to observe
near-wall fully developed coherent structures in the final
stage of transition, some clear trends can be observed re-
garding the tripping efficiency in each case.

COMPUTATIONAL SETUP
For the purpose of the present study, an academic

M∞=4.6 flat-plate configuration is considered. The self-
similar Levy-Lees (LL) laminar solution serves as inlet con-
dition for the ILES-WENO simulation. Two free stream
values are considered, whose parameters are listed in table
1. The “hot” flow is typical of flight or hot-shot wind tunnel
conditions, whereas the “cold” flow may represent a blow-
down wind tunnel that operates at room or slightly heated
stagnation temperature. Figure 1 displays the inlet veloc-
ity and temperature LL profiles, taken at xLL = 0.25 m and
xLL = 0.20 m for the hot and cold flow, respectively. Fig-
ure 2 (cold flow) shows that the WENO code keeps the LL
solution far downstream.

A sonic top-hat injection velocity profile is applied
0.12 m downstream from the inlet through a hole of di-
ameter 1 mm. At the injection location, the BL thickness
is δ ≈ 3 mm for the hot flow and δ ≈ 2 mm for the cold
flow. Injection parameters are listed in table 2. The last
column indicates the wall temperature, hence a cold or hot
flow. Static and total injection temperatures are respectively
300 K and 360 K for cases (a), (c), (d) and (f). In cases (b)
and (e), the static and total temperatures are chosen to keep
the same temperature ratio Tin j/Twall as in cases (a) and (d).
In cases (c) and (f), the jet is cold compared to the incoming
flow. The pressure ratio PR=Ptot,in j/P∞ is either 15.4 or 77.
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Figure 2. Comparison of WENO (Navier-Stokes) and
Levy-Lees solutions at xLL = 0.80 m.

Table 2. Injection parameters.

case PR Ptot,in j Pin j Ttot,in j Tin j (ρU)in j Twall

(kPa) (kPa) (K) (K) (kg/m2.s) (K)

(a) 15.4 37.82 20 360 300 80 340

(b) 15.4 105.4 56 1620 1400 101 1400

(c) 15.4 105.4 56 360 300 225 1400

(d) 77.0 189.1 100 360 300 402 340

(e) 77.0 527.2 278 1620 1400 495 1400

(f) 77.0 527.2 278 360 300 1119 1400

The computational domain shown in figure 3 is a rect-
angular parallelepiped whose dimensions are Lx = 0.985 m,
Ly = 0.025 m, Lz = 0.1 m. The size of the cartesian grid is
Nx × Ny × Nz = 512 × 192 × 135 (≈ 13 × 106 grid points).
It is clustered close to the wall and around the injection
hole, with smallest grid cells ∆xmin = ∆zmin = 0.16 mm,
and ∆ymin = 0.038 mm. There are only 6 grid points in
the hole diameter. At the end of the computational domain,
the mesh, stretched in the x longitudinal direction, is quite
coarse for a well resolved ILES but fine enough in the z
transverse direction, and the viscous sublayer is properly
resolved.

 

Lx = 0.985 m 

Ly = 0.025 m 

Lz = 0.1 m 

0.12 m Me=4.6 
flat-plate profile 

injection hole 
Ø 1 mm 

Figure 3. Computational domain.

NEAR-INJECTION FLOW STRUCTURE
Transition occurrence or not is a direct consequence

of the flow structure in the jet region. Hence, particular
attention has been paid to its proper resolution and to the
understanding of how it is influenced by the injection pa-
rameters. The well known flow structure (Viti et al. (2009))
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Figure 4. Contour of Mach number in the symmetry
plane, wall pressure, x-vorticity in the x = 0.15 m plane,
case (b).

is shown in figure 4 for case (b). One can clearly see the
main bow shock due to the jet, the barrel shape of the under-
expanded jet ending with a Mach disk, the separation zone
ahead of the jet, the footprint of near wall horseshoe vor-
tices (HSV) and the primary counter rotating longitudinal
vortices (CRV).

The jet penetration, defined as the ratio h/δ of the
height of the Mach disk to the incoming BL thickness, is an
important parameter for the tripping efficiency, like the ra-
tio k/δ in the case of isolated solid trips of height k. Figure
5 displays the jet penetration for all cases. It is typically in
the range of effectiveness, or above, for isolated solid trips
(Schneider (2008); Alba et al. (2008)).

Figure 5. Ratio of the height of the Mach disc to the BL
thickness versus PR. Black: cases (a) and (d), blue: cases
(b) and (e), red: cases (c) and (f).

More information about flow structure can be obtained
using the Q- criterion (Dubief & Delcayre (2000)). Figure 6
displays the same instantaneous Q- isovalue colored by the
x vorticity component for cases (a) and (d) in the injection
region. In case (d) where the Mach disc is above the BL, the
CRV start to oscillate in the free stream at about 50 kHz.

TRANSITION RESULTS
Turbulence is a chaotic motion of the flow around mean

values, hence the occurrence of fluctuations in the flow is

Figure 6. Q-criterion colored by x vorticity component,
top: case (a), bottom: case (d).

the first indicator that it became turbulent. As a conse-
quence, global or average flow characteristics are dramat-
ically changed. Hence, the detection of the position of the
laminar-turbulent transition is mainly based on the measure-
ments of two kinds of changes in the BL: (i) unsteady char-
acteristics of the flow due to turbulent fluctuations, (ii) mean
wall characteristics like temperature, heat flux, skin friction.

In the review work of Lowson (1968), it is shown that
the wall pressure pulsation normalized by the wall shear
stress τw is a suitable parameter for turbulent supersonic
boundary layers:

PRMS

τw
∈ [2, 4] (1)

Also, the level of pressure fluctuations can be empirically
related to the free stream pressure and Mach number:

PRMS

P∞
≈ 0.0042

M−2
∞ +0.14

= 0.022 (2)

The adiabatic wall temperature is defined, under the as-
sumption of constant Cp, by

Twad

T∞
= 1+ r

(
γ −1

2

)
M2

∞ (3)

where the recovery factor r is
√

Pr for a laminar and 3
√

Pr
for a turbulent BL. These values for air are 0.83 and 0.9 cor-
respondingly. The ratio Twturb/Twlam is then expected about
1.045. Maps of instantaneous wall pressure, RMS pressure,
and mean temperature are shown in figure 7. All data indi-
cate the presence of a turbulent near-wall flow downstream
the injection port. Moreover, computed values are in accor-
dance with theoretical and empirical predictions, and prove
the quality of ILES computations.
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Figure 7. Clockwise from top-left: Instantaneous wall pressure, RMS wall pressure, eq. (1), mean wall temperature.

Figure 8. Q-criterion colored by x vorticity component. Cases (a) to (f) : see table 2.
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In LES or DNS results, the occurrence of transition can
be detected qualitatively from coherent structures observed
both in the near-injection region and in the downstream de-
velopment of the BL. Figure 8 displays, with the same scale,
the same isovalue of the Q-criterion colored by the x vor-
ticity component for cases (a) to (f). Visual analysis from
figures 7 and 8 reveals that :

• In cases (a), (b) and (c), for which the Mach disc is be-
low the BL edge (h/δ ≤ 1), the CRV are stable. Tran-
sition occurs in the wake of near-wall HSV that desta-
bilize at x ≈ 0.6 m for case (a) and (b). In case (c),
transition occurs significantly upstream, although the
height of Mach disk is almost the same. The injected
mass flow rate is however higher than in cases (a) and
(b), because of the cold injection condition (see table
2). Relevant empirical criteria for roughness-induced
transition are based on the trip edge Reynolds number
Rekk. By analogy, one could investigate the influence
of the Reynolds number at the Mach disk height, or the
Reynolds number based on the jet diameter. This will
be the subject of further investigations.

• At higher PR, cases (d), (e) and (f), the Mach disc is
just at, or above, the BL edge, and CRV start to oscil-
late in the free stream. In case (d) the instantaneous
wall pressure reveals these oscillations up to x ≈ 0.3 m
(see also figure 6). The structure of HSV is affected
and transition is delayed to x ≈ 0.7 m.

• For cases (e) and (f), CRV enter a self-sustained har-
monic motion that drives the whole flow field to tran-
sition downstream. The instantaneous wall pressure is
deeply affected up to x ≈ 0.3 m, but this is not the foot-
print of transition. In case (f), the self-sustained motion
has a lower frequency compared to cases (d) or (e).

• In case (f), the cooling of the wall by cold injected air
is observed in the temperature map of figure 7. Hence
temperature measurement would not be an efficient ex-
perimental technique to detect the laminar-turbulent
transition.

Time-averaged velocity profiles can be plotted in semi-
log coordinates using the van Driest (1951) transform

Uvd =
U∞
A

{
sin−1

[
2A2U/U∞ −B√

B2 +4A2

]
+ sin−1

[
B√

B2 +4A2

]}

(4)

A =

√
γ −1

2
PrtM2

∞
T∞
Tw

; B =

[
1+Pr1/2

t
γ −1

2
M2

∞

]
T∞
Tw

−1

for comparison with the incompressible law of the wall in
inner variables u+ = Uvd/Uτ = f (y+). Velocity profiles are
analyzed at the far downstream location x=0.95 m for dif-
ferent transverse z positions. Transition to turbulence is in-
dicated by their departure from a linear behavior u+ ≈ y+

outside the viscous sublayer (y+ & 10). It is not expected
that a tripped BL in the transition stage match accurately
these fully developed turbulent flat-plate correlations, nei-
ther it exhibits a logarithmic profile. They are anyway use-
ful indicators. We restrict the analysis of velocity profiles
to cases (c) and (f), the most efficient ones for transition
at low and high PR, respectively. Velocity profiles in fig-
ure 9 (left) clearly show that the BL for case (c) is lami-
nar at z = 0.03 m. A departure from a laminar behavior is

observed at z = 0.02 m. At z = 0.01 m and in the sym-
metry plane, velocity profiles are typical of a turbulent BL
although, as in Iyer et al. (2010), the log law is not well es-
tablished. In case (f) with high PR, velocity profiles (right
part of figure 9) indicate that transition spreads spanwise.

The wall shear stress normalized by the local, laminar,
non-tripped value, is plotted in figure 10 along x in differ-
ent z planes for all cases (left: low PR cases (a), (b) and
(c), right: high PR cases (d), (e) and (f). Transition creates
a rise from unity, but high values are also observed in the
symmetry plane in the wake of the jet in any case. In the
low PR case (left part of figure 10), transition is apparent in
the z = 0.01 m and z = 0.02 m planes, and confirms case (c)
to be the most efficient. Results for the high PR case (right
part of figure 10) are more confused. Case (d) stays laminar
in the z = 0.02 m plane, but all other curves show a more
or less rapid increase in the wall shear stress downstream of
the injection port.

CONCLUSIONS AND PERSPECTIVES
From these numerical experiments (and from other

cases of injection not presented here) of a supersonic M=4.6
boundary layer tripped by under-expanded JISC, some con-
clusions about the transition process can be proposed.

At low PR and same jet temperature as the wall tem-
perature, transition appears to be mainly due to the inviscid
destabilization of near-wall HSV coming from the separa-
tion region ahead of the injection port. As the pressure ratio
is increased, the Mach disc, hence the initial development
of CRV which were first below the incoming BL thickness,
move into the free stream. Once the Mach disc is in the free
stream, CRV enter a self-sustained oscillating motion that
impacts the structure of HSV and delay transition (case (a)
→ (d)). However, in some cases like (e), the flow is so much
perturbed by the CRV oscillations that transition occurs by
forcing from the free stream.

The jet temperature is also an important parameter.
While wall cooling stabilizes the first Tollmien-Schlichting
mode, a cold injection, hence a high mass flow rate, is more
destabilizing here. In-depth theoretical analysis of instabil-
ity mechanisms, in the framework of the transient growth
and optimal perturbation theories will help, together with
additional simulations and experiments, understanding fully
the breakdown to turbulence by JISC.
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