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ABSTRACT
The paper presents results of numerical studies devoted

to an active flow control method applied to jet flow and fo-
cusses on rectangular jets with aspect ratio Ar = 1, 2 and
3. Square and rectangular jets are more unstable than their
circular counterparts, which is expressed by an increased in-
tensity of mixing. It is shown that the application of a suit-
able excitation (forcing) at the jet nozzle can qualitatively
alter the character of the flow, resulting in an increased
spreading rate of passive tracer. The excitation is obtained
from a superposition of axial and helical forcing terms. We
study the mixing in the flow upon varying parameters such
as the frequency of the excitations and possible phase shifts
between components. The numerical results are obtained
applying LES and DNS based on a high-order compact dif-
ference code for the incompressible flows.

INTRODUCTION
Interest in flow control techniques is driven by the po-

tential to gain considerable improvement of performance,
safety and efficiency of various technical devices. Flow
control may be divided into two categories, a passive and an
active control (Krall, 1998). The former most often relies
on optimisation procedures which are based on geometric
shaping or adding fixed elements (obstacles, swirlers, etc.)
to the flow domain. Active methods require the input of en-
ergy to the flow whose type and level may be constant or
may be varying in response to the instantaneous flow be-
haviour. An evident advantage of passive flow control is its
low cost. However, modifications to the flow domain can
not be easily adapted to different flow conditions - from this
point of view active flow control is much more flexible.

Fundamental research is conducted presently into both
flow control techniques. A prominent example of success-
ful alteration of flow dynamics by flow control is the class
of jet flows. In these cases the research on passive control
techniques concentrates on geometrical modifications of the
jet nozzle. It turns out that non-symmetric jets emanating
from rectangular or elliptical nozzles enhance mixing be-
tween the jet and the surrounding flow. Particularly, the

large-scale mixing of non-symmetric jets was found sub-
stantially larger than in case of classical circular jets. A
comprehensive discussion of the theoretical issues related
to non-circular jets and a review of their possible applica-
tions may be found in Gutmark and Grinstein (1999).

Concerning active control methods for jet flow most of
the research is devoted to circular jets. The work of Crow
and Champagne (1971) was probably the first in this cate-
gory. It was reported that for properly chosen forcing (ex-
citation) frequency the jet behaviour changes qualitatively.
An enhanced mixing and the existence of two maxima in
the turbulence intensity was found, not seen in the natural
jets. The research of Crow and Champagne (1971) initiated
many experimental studies which revealed the large poten-
tial of active control techniques. A spectacular example of a
modified flow pattern is the bifurcating jet which shows the
jet splitting in two separate well defined streams (Reynolds
et al., 2003).

In this paper we combine active and passive flow con-
trol techniques and analyse the resulting flow field. Empha-
sis is put on alteration of the spreading rate of rectangular
jets in conditions of bifurcation. The analysis is performed
using DNS (Direct Numerical Simulation) and LES (Large
Eddy Simulation). The bifurcation phenomenon is well
studied for circular jets (see Danaila and Boersma, 2000;
Hilgers and Boersma, 2001; Freund and Moin, 2000; da
Silva and Metais, 2002). In contrast, non-circular jets have
been much less studied. The existence of enforced bifurca-
tion in rectangular jets was shown by Gohil et al. (2010)
and Tyliszczak and Geurts (2012). These studies focussed
on qualitative aspects. In this paper we extend this study
and quantify the effect of bifurcation in rectangular jets.

GOVERNING EQUATIONS
We consider the incompressible flow described by con-

tinuity and the Navier-Stokes equations. In the framework
of LES we have:

∂u j

∂x j
= 0 (1)
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where ui are the velocity components, p - pressure, ρ -
density. The overbar denotes spatially filtered variables:
f̄ (~x, t) = G ∗ f with G being the filter function (Geurts,
2003; Sagaut, 2001). The stress tensor of the resolved field,
τi j , and unresolved subgrid stress tensor τsgs

i j due to filtering
of the non-linear advection terms, are:

τi j = ν
(

∂ui

∂x j
+

∂u j

∂xi

)
, τsgs

i j =
(
uiu j−uiu j

)
(3)

where ν is the kinematic viscosity. The subgrid tensor is
modelled by an eddy-viscosity model with τsgs

i j = 2νtSi j−
τkkδi j/3. The sugbrid viscosity νt is computed using the
model proposed by Vreman (2004):

νt =C

√
Bβ

αi jαi j
(4)

αi j =
∂u j

∂xi
, βkl = ∆2αmkαml (5)

Bβ = β11β22−β 2
12 +β11β33−β 2

13 +β22β33−β 2
23 (6)

This model yields zero eddy-viscosity close to a solid wall
in laminar flows or in pure shear regions. This is very im-
portant in jet flows where turbulence develops in the shear
layer region.

SIMULATION PARAMETERS
The computational domain together with the nozzle

is presented in Fig. 1. In the present work we simplify
the problem and do not consider the geometry of the noz-
zle. Hence, our domain is a simple rectangular box which
starts in the plane of the nozzle exit. Its dimensions are
12D× 16D× 12D where D is the nozzle width along its
minor axis. The inlet boundary conditions are specified in
terms of the mean velocity profile superimposed with fluc-
tuating components. Outside the jet region a small co-flow
is added in order to mimic the natural suction. At the lat-
eral boundaries the streamwise velocity (in the main jet di-
rection) is assumed equal to the co-flow velocity and the
remaining velocity components are equal to zero. The pres-
sure at the inlet and side boundaries is computed from the
Neumann condition ∂ p/∂n = 0. At the outlet plane all ve-
locity components are computed from a convective bound-
ary condition ∂ui/∂ t +C∂ui/∂y = 0 with C the convection
velocity which is computed at every time step as the mean
velocity in the outlet plane. The pressure at the outflow is
assumed constant.

Forcing method
In physical experiments the excitation at the nozzle exit

is usually produced by a membrane or loudspeaker located
upstream of the nozzle or by a mechanical forcing obtained
by specially designed flap actuators placed at the nozzle lip
(Suzuki et al., 2004). These excitations change the velocity
and direction of the flow leaving the nozzle. In the present
study we do not consider the geometry of the nozzle and
hence the excitation is introduced in a simplified manner by



Figure 1. Schematic view of the computational domain.

adding the excitation as a component of the velocity pre-
scribed at the inlet. Hence, the inlet velocity profile used in
the present work is defined as:

u(~x, t) = umean(~x)+uexcit(~x, t)+uturb(~x, t) (7)

where the mean velocity is a hyperbolic-tangent profile:

umean(~x) =Uc +
U jet

4
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(8)

Here U jet and Uc denote the jet centerline velocity and the
co-flow, respectively. The symbols x,z are the in-plane co-
ordinates, Rx =D/2 and Rz =H/2 are the nozzle half width
of the minor and major axes. The paramer θ is the momen-
tum thickness of the initial shear layer. In all cases pre-
sented the shear layer thickness of the jet is characterised
by θ = Rx/20. The forcing component uexcit(~x, t) is added
to the streamwise velocity only:

uexcit(~x, t) = Aa sin
(

2πSta
U jet

D
t
)
+ (9)

+Ah sin
(

2πSth
U jet

D
t +φ

)
sin
(

πx
Rx

)
(10)

which is the superposition of axial forcing with amplitude
Aa and helical/flapping forcing with amplitude Ah, shown
schematically in Fig. 2. The Strouhal numbers are defined
as Sta = faD/U jet and Sth = fhD/U jet where fa, fh are the
frequencies of the axial and helical excitation. The symbol
φ is the phase shift between axial and helical forcing.

The turbulent fluctuations uturb(~x, t) are computed ap-
plying a digital filtering method proposed by Klein et al.,
(2003). This method guarantees spatially correlated veloc-
ity fields which can be tuned to reflect real turbulent flow
conditions. Combined, the forcing of the flow can be used
to manipulate the main mixing properties (Geurts, 2001;
Kuczaj and Geurts, 2006).
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Figure 2. Schematic view of the forcing terms: axial - left
side figure and helical on the right hand side.

LES/DNS solver
The LES/DNS solver used in this work is an aca-

demic high-order code SAILOR which was used previ-
ously in various studies, including laminar/turbulent tran-
sition in free jet flows (Tyliszczak et al., 2008), multi-phase
flows (Aniszewski et al., 2012) and flames (Tyliszczak,
2013). The SAILOR code is based on a projection method
with time integration performed by a predictor-corrector
(Adams-Bashforth / Adams-Moulton) method. The spatial
discretization is based on the 6th order compact difference
method developed for half-staggered meshes (Laizet and
Lamballais, 2009). LES and DNS are performed with ex-
actly the same numerical schemes. In the latter case the sub-
grid viscosity is set to zero and the computational meshes
are significantly denser.

NUMERICAL RESULTS
We analyse jets with aspect ratios equal to Ar =H/D=

1, 2 and 3 where D and H are the dimensions of the vir-
tual nozzles shown in Fig. 2. We focus on the influence of
the excitation parameters on the spreading rate and empha-
size conditions displaying jet bifurcation. In round jets it
has been observed that bifurcation occurs in a wide range
of Reynolds numbers. Experiments as well as DNS and
LES of round jets showed existence of a bifurcation for
1.5× 103 < Re < 105. Moreover, it was found that the
flow is only weakly dependent on Re. Necessary conditions
leading to a bifurcation were formulated in terms of forc-
ing frequencies (Reynolds et al., 2003) yielding a Strouhal
criterion Sta/Sth = 2 with 0.35 < Sta < 0.7 being close to
the preferred mode frequency. In the present work simu-
lations are performed for Reynolds number Re = 3200 and
Re = 10000. We included Re = 3200 to compare with ear-
lier work of Grinstein et al. (1995), simulating a subsonic
square jet at Mach number equal to 0.3. This validation step
preceded studies with varying excitation parameters. Ta-
ble 1 summarises all computational cases analysed in this
work. In all the simulations the excitation amplitudes were
assumed equal to Aa = Ah = 0.15, similarly as in Danaila
and Boersma (2000) for helically forced round jets.

Natural, non-excited jets
The first set of simulations was performed at Re= 3200

for the square jet with aspect ratio Ar = 1 without excita-
tions. Five different grids were used with sizes as given
in Table 2. Figure 3 shows profiles of the mean and RMS
axial velocity along the jet axis, while Figure 4 displays
the radial distribution of the RMS velocity at y/D = 7.
Clearly, the results obtained with DNS and LES are very

Table 1. Computational cases, specified by aspect ratio
Ar, Reynolds number Re, axial and helical Strouhal num-
bers Sta,Sth and phase difference φ .

Cases Ar Re Sta Sta/Sth φ

C1 1 3200 0.4 2 0

C2 1 104 0.3-0.6 2 0, π
4

C3 1, 2, 3 104 0.4 1,3,4 0, π
4

C4 2, 3 104 0.5, 0.6 2 0, π
4

similar at the chosen spatial resolutions. In the present sim-
ulations the term DNS basically reflects LES without sub-
grid model rather than true DNS where all flow scales are
fully resolved. The condition that all scales are properly
resolved was not systematically underpinned with signifi-
cantly higher resolutions. However, since a high order spa-
tial discretization method was used and the results denoted
as DNS show only a weak mesh dependence at the higher
resolutions, it appears that the relevant dynamic flow scales
determining mean and RMS velocity are correctly resolved.

Table 2. DNS/LES mesh parameters.

Re DNS LES

160×256×160 128×160×128

3200 160×320×160 160×256×160

256×320×256

– 128×160×128

10000 – 160×256×160

– 256×320×256

The results of LES obtained on the denser mesh appear
very close to DNS. Nearly perfect agreement is observed
with DNS for the mean and RMS velocity. In this case the
LES subgrid flux appears not to contribute much to the dy-
namics. From Figure 4 it is seen that at 160× 256× 160
nodes the LES results are slightly better than the corre-
sponding “pseudo DNS” solution. LES on the coarser mesh
is slightly less accurate, underestimating the turbulent fluc-
tuations while the potential core is somewhat overestimated.

Excited jets
At Re = 3200 (case C1) the excited jet clearly shows

the existence of a bifurcated jet both in DNS and LES. This
may be seen in Figure 5 showing contours of mean axial ve-
locity in an x− y plane in Figure 1). Starting from y/D≈ 5
the jet divides symmetrically into two branches, whereas
the flow in the central part vanishes. A general agreement
between DNS and LES is observed also on the coarsest
mesh, despite the fact that the LES results show slightly
larger spreading of the jet branches. Also at Re = 10000 the
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Figure 3. Profiles of the mean and fluctuating component
of the axial velocity along the jet axis for DNS and LES
simulations, (Re = 3200, square jet: Ar = 1).
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Figure 4. Profiles of the fluctuating component of the ax-
ial velocity along the radial direction at y/D = 7 for DNS
and LES simulations, (Re = 3200, square jet: Ar = 1).

same general agreement was established using a mesh with
128× 160× 128 nodes capturing the larger scales in the
flow. This allows to perform a systematic parameter study
for the various excitation parameters at acceptable compu-
tational costs. In the sequel LES results are presented as
obtained on the coarsest mesh.

Figure 6 shows isosurfaces of the instantaneous vortic-
ity modulus on top of contours of the mean axial velocity
obtained in computations of jets with aspect ratio Ar = 2
at Re = 10000. In the excited case the parameters were:
Sta = 0.4, Sta/Sth = 2 and φ = 0. This is seen to yield
a jet bifurcation, as also observed in Gohil et al. (2010).
The results in Figure 6 are presented in view along the ma-
jor axis (upper figures) and along the minor axis (lower
figures). Thus the velocity contours are presented both in
the bifurcation plane and in the so-called bisection plane.
For the non-excited jet the potential core region extends to
3.0− 3.5 D, beyond which the jet spreads radially with a
higher intensity along the minor axis. In fact, at y/D ≈ 5
the jet dimensions along the two axes become equal - this
is the so-called crossover point and its location agrees well
with data given in Gutmark et al. (1999).

The effect of forcing is readily noticed for the excited
jet. There is no potential core region and very strong vorti-
cal structures are seen immediately downstream of the inlet,
resembling deformed toroidal rings due to the axial forc-
ing. Careful inspection of Figure 6 allows identifying so-
called hairpin vortices originating from the corners, with
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Figure 5. Mean axial velocity contours of the excited jet
with aspect ratio Ar = 1. Up: DNS; down: LES results.

elongated shapes. The effect of the helical forcing is not
as pronounced and its influence starts to be seen only after
some distance from the inlet, i.e., beyond y/D≈ 7. Helical
forcing manifests itself by the division of the main stream in
two branches and a deflection of these branches. As could
be seen in Figure 5 the angle of the deflection remains basi-
cally constant beyond the bifurcation location. The spread-
ing of the jet in the bifurcating plane is considerably larger
than in the bisecting plane. The results obtained for circular
jets (Hilgers and Boersma, 2001) showed that jet is strongly
influenced by the forcing frequency Sta. In case of a rectan-
gular jets the influence of Sta appears even stronger.

Surprisingly, for the rectangular jet also the phase shift
between the axial and helical forcing components plays an
important role - it may even change the flow behaviour qual-
itatively. Figures 7-9 show the radial profiles of the mean
axial velocities for the selected cases from series C3 and C4
(Table 1). These profiles were extracted from the bifurca-
tion plane at locations y/D = 3 and y/D = 11. Compared to
the non-excited jets (solid lines) the spreading rate of the ex-
cited jets increases, regardless of Sta and φ . Concerning the
existence of a jet bifurcation the situation is less clear. We
consider a jet bifurcation to occur when the mean velocity at
the axis (i.e., x/D = 0) is smaller than at any other locations
(i.e.,x/D 6= 0). From figures 7-9 it is seen that the forcing
frequency and the phase shift affect the flow field differently
depending on the jet aspect ratio. For Ar = 1 the bifurcation
is seen to occur for all Sta, provided φ = 0, whereas with
φ = π

4 the solutions do not differ qualitatively from the non-
excited jet. The situation changes for Ar = 2; a jet bifurca-
tion is observed only for the excitation with Sta = 0.4,φ = 0.
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Figure 6. Vorticity isosurface and contours of time averaged axial velocity for the jet with aspect ratio Ar = 2. Left figures:
excited jet in the x-y (up) and z-y plane (down). Right figures: non-excited jet in the x-y (up) and z-y plane (down).

For Ar = 3 the flow behaviour alters even more - in this case
for φ = 0 the solutions for all Sta are similar, whereas for
φ = π

4 they are significantly different with a jet bifurcation
appearing for Sta = 0.4, 0.5. This rather surprising result
shows the complexity of the excited jet flow. At the present
time the origin of such qualitative flow transitions could not
be explained. It may be related to axes switching observed
for natural vortex bifurcation in rectangular jets with larger
aspect ratios (Gutmark et al.,1999).
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