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ABSTRACT

The acceleration statistics of sheared and rotating ho-
mogeneous turbulence are studied using direct numerical
simulation results with different rotation ratios of Coriolis
parameter to shear rate f/S. For the range of rotation ratios
0 ≤ f/S ≤ 1, a destabilization of the flow due to rotation
and growth of the turbulent kinetic energy is obtained. For
other values of f/S, rotation stabilizes the flow and a decay
of the turbulent kinetic energy is observed. The statistical
properties of Lagrangian and Eulerian acceleration are con-
sidered and the influence of the rotation ratio and the scale
dependence of the statistics is investigated. The probability
density functions (pdfs) of both Lagrangian and Eulerian
acceleration show a strong and similar dependence on the
rotation ratio. The flatness further quantifies its dependence
and yields values close to three for strong rotation. For
moderate and vanishing rotation, the flatness of the Eulerian
acceleration is larger than that of the Lagrangian accelera-
tion, contrary to previous results for isotropic turbulence. A
wavelet-based scale-dependent analysis shows that the flat-
ness of both Eulerian and Lagrangian acceleration increases
as scale decreases. For strong rotation, the Eulerian acceler-
ation is more intermittent than the Lagrangian acceleration,
while the opposite result is obtained for moderate rotation.

INTRODUCTION
The fluid particle acceleration is of fundamental inter-

est in turbulence ranging from theoretical aspects (e.g. Tsi-
nober, 2001) to the Lagrangian modeling of particle disper-
sion (e.g. Pope, 1994). Applications include transport and
mixing in geophysical flows such as the spreading of pollu-
tants in the atmosphere and oceans. In order to comprehend
the fluid particle dynamics, their acceleration is of particular
interest. A first prediction of the fluid particle acceleration
can be found in the works of Heisenberg (1948) and Yaglom
(1949). Since then, both extensive experimental investiga-
tions, aided by the development of advanced diagnostics
(e.g. La Porta et al., 2001), as well as numerous numeri-
cal simulations, enabled by the increasing power of super-
computers, have been performed. For recent reviews on La-
grangian properties of turbulent flows we refer the reader to
Toschi and Bodenschatz (2009) and Yeung (2002).

The Lagrangian acceleration duuu/dt consists of the two
Eulerian terms ∂uuu/∂ t and uuu ·∇uuu, where uuu denotes the ve-
locity vector in an Eulerian reference frame. By definition,
it is invariant with respect to Galilean transformations. The
local acceleration ∂uuu/∂ t, also called Eulerian acceleration
and dependent on the reference frame, corresponds to the
unsteady rate of change of the velocity vector. The con-
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Figure 1. PDFs of Lagrangian acceleration.
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Figure 2. PDFs of Eulerian acceleration.

vective acceleration uuu ·∇uuu contains effects due to spatial
changes of the velocity vector and it includes nonlinear ef-
fects.

Considering the incompressible Navier-Stokes equa-
tions, the Lagrangian acceleration can be further splitted
into an irrotational part, corresponding to the pressure gra-
dient term −1/ρ0 ∇p, and a solenoidal part, corresponding
to the viscous dissipation term ν∇2uuu. For flows subjected to
external body and surface forces, such as the Coriolis force
or shear forces, additional terms have to be included and
such terms may alter the influence of the pressure gradient
term.

For an incompressible Gaussian random velocity field,
Holzer and Siggia (1993) have shown that the pressure
probability distribution function (pdf) is negatively skewed
and has exponential tails. From that purely kinematic result
it can be deduced that the pressure gradient term exhibits a
Laplace distribution with flatness equal to 6, as confirmed
in Yoshimatsu et al. (2009). Hence, exponential tails of the
Lagrangian acceleration should not be interpreted as a sig-
nature of intermittency, as discussed in Bos et al. (2010) in
the context of drift-wave turbulence.

Most studies of acceleration statistics almost exclu-
sively focus on isotropic turbulence (Toschi and Boden-
schatz, 2009; Yeung, 2002). It was found that the La-
grangian acceleration exhibits a strong intermittency which
is reflected in the heavy tails of the pdfs. For example
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Figure 3. Normalized PDFs of Lagrangian acceleration.
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Figure 4. Normalized PDFs of Eulerian acceleration.

in Laporta et al. (2001) is was shown that particles un-
dergo accelerations of up to 1,500 times the acceleration of
gravity. Numerical simulations of isotropic turbulence con-
firmed these results (Toschi and Bodenschatz, 2009). Scale-
dependent statistics for turbulent flows using the orthogonal
wavelet decomposition have been introduced in Bos et al.
(2007) and have been applied to study acceleration statistics
for isotropic turbulence in Yoshimatsu et al. (2009). The in-
fluence of non-slip walls on the Lagrangian acceleration has
been investigated in Kadoch et al. (2008).

The aim of the present work is to study acceleration
statistics in turbulent shear flow. We consider here three
types of homogeneous shear flows: without rotation, with
moderate rotation, and with strong rotation, where the di-
rection of system rotation is either parallel or anti-parallel
to the direction of mean vorticity from the shear flow. The
direct numerical simulation data discussed in Jacobitz et
al. (2008) and Jacobitz et al. (2010) is analyzed to study
the statistics of Lagrangian and Eulerian acceleration with
a particular focus on the influence of shear and rotation as
well as on the scale-dependence of the statistics.

APPROACH
This study is based on existing direct numerical sim-

ulation results of sheared and rotating homogeneous turbu-
lence (Jacobitz et al. 2008; Jacobitz et al. 2010). A de-
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Figure 5. Flatness as a function of f/S.

composition of the total velocity into a constant mean part
UUU = (U,V,W ) with

U = Sy V = W = 0 (1)

leads to the following form of the incompressible Navier-
Stokes equations for the fluctuating velocity uuu = (u,v,w):

∇ ·uuu = 0 (2)

∂uuu
∂ t

+ uuu ·∇uuu + Sy
∂uuu
∂x

+ Sveeex + 2ΩΩΩ×uuu =− 1
ρ0

∇p + ν∇2uuu

(3)
Here, S = ∂U/∂y is the constant shear rate, f = 2Ω the
constant Coriolis parameter for system rotation about the y
coordinate axis, ρ0 the density, and ν the viscosity.

The above equations are transformed into a frame of
reference moving with the mean velocity (Rogallo, 1981).
This transformation enables the application of periodic
boundary conditions for the fluctuating components of ve-
locity and a spectral collocation method is used for the spa-
tial discretization. The solution is advanced in time with a
fourth-order Runge-Kutta scheme. The simulations are per-
formed on a parallel computer using 256× 256× 256 grid
points. More details about the simulations used in this study
can be found in Jacobitz et al. (2008) and Jacobitz et al.
(2010).

RESULTS
The Lagrangian and Eulerian acceleration are defined

as

aaaL =
∂uuu
∂ t

+ uuu ·∇uuu (4)

and

aaaE =
∂ uuu
∂ t
, (5)

respectively. In the following, the accelerations are ana-
lyzed at time instant St = 5. Their properties are studied

for five simulations of sheared and rotating turbulence with
rotation ratios of f/S = −5, −0.5, 0, +0.5, and +5. Neg-
ative values of f/S correspond to a parallel configuration
and positive values correspond to an anti-parallel configu-
ration between the system rotation and the mean flow vor-
ticity. Isotropic turbulence fields are used to initialize all
simulations and the initial values of the Taylor microscale
Reynolds number Reλ = 45 and the shear number SK/ε = 2
are fixed, where K denotes the turbulent kinetic energy and
ε its dissipation rate. The evolution of the Taylor microscale
Reynolds number depends on the fate of the turbulence and
reaches values as high as Reλ = 120. The shear number
varies only weakly with f/S and assumes a value of about
SK/ε = 6 in the simulations.

The fate of the flows, growth or decay, depends on the
value of the rotation ratio f/S. The non-rotating case with
f/S = 0 shows eventual exponential growth of the kinetic
energy K. For moderate rotation ratios, the anti-parallel
case with f/S = +0.5 leads to a strong growth of the turbu-
lent kinetic energy, while the parallel case with f/S =−0.5
results in a decay of K. For strong rotation ratios, however,
both the anti-parallel case with f/S = +5 and the parallel
case with f/S = −5 lead to a strong decay of K due to the
importance of linear effects.

Acceleration Statistics
The pdfs of Lagrangian and Eulerian acceleration (es-

timated using histograms with 100 bins and averaging over
the three components) in sheared and rotating turbulence
are shown in figures 1 and 2, respectively. A strong and sim-
ilar dependence on the rotation to shear ratio f/S is obtained
for both accelerations. It is also observed in all cases that the
extreme values of the Eulerian acceleration are above those
of the Lagrangian acceleration. Figures 3 and 4 present
both acceleration pdfs normalized with their correspond-
ing standard deviation. Two families of pdfs are obtained:
Gaussian-like behavior for strong rotation f/S = ±5 and
stretched-exponential-like behavior for the remaining cases.

This influence can be further quantified by consider-
ing the flatness of Lagrangian and Eulerian accelerations,
defined as the ratio of the fourth order moment divided by
the square of the second order moment, as a function of
the rotation to shear ratio f/S (see figure 5). For strong
rotation with f/S = ±5, we find flatness values close to
3, which confirms the Gaussian-like behavior. For the re-
maining cases, larger values are observed for the flatness
with a maximum at f/S = 0 for the Eulerian acceleration
and f/S = +0.5 for the Lagrangian acceleration. For posi-
tive values of f/S, the flatness of the Eulerian acceleration
is clearly larger than the flatness of the Lagrangian accel-
eration. The difference between the two accelerations de-
creases with increasing f/S and for f/S = +5 we find a
value close to 3. Contrary to previous results for isotropic
turbulence (Ishihara et al., 2007), the Eulerian acceleration
pdfs exhibit heavier tails than their Lagrangian counterparts.
The fluctuating pressure gradients thus seem to be less im-
portant in rotating and sheared turbulence as compared to
isotropic turbulence.

Scale-dependent Analysis
The scale-dependent Lagrangian or Eulerian accel-

erations are obtained by decomposing the vector aaa =
(a1,a2,a3) with aaa = aaaL or aaaE , respectively, given at resolu-
tion N = 23J with J = 8, into an orthogonal wavelet series
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Figure 6. Scale-dependent PDFs of Lagrangian accelera-
tion for f/S = +0.5.
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Figure 7. Scale-dependent PDFs of Lagrangian accelera-
tion for f/S = +5.

using Coiflet 12 wavelets

aaa(xxx) = ∑
λ

ãaaλ ψλ (xxx) (6)

where the multi-index λ = ( j, i,µ) denotes scale j (with 0≤
j ≤ J−1), spatial position i (with 23 j values for each j and
µ) and seven spatial directions µ = 1, ...,7 of each wavelet
ψλ (Farge, 1992). Orthogonality implies that the wavelet
coefficients are given by ãaaλ = 〈aaa,ψλ 〉, where 〈·, ·〉 denotes
the L2-inner product. The coefficients measure fluctuations
of aaa at scale 2− j and around position i/2 j for each of the
7 possible directions. Fixing j and summing only over i
and µ , the contribution of aaa at scale j is obtained and by
construction we have aaa = ∑ j aaa j .

For the wavelet-based scale-dependent analysis, two
cases with moderate rotation to shear ratio f/S = +0.5
and strong rotation to shear ratio f/S = +5 are considered.
The pdfs of Lagrangian acceleration for f/S = +0.5 and
f/S = +5 are shown in figures 6 and 7, respectively. For
the growing case with f/S = +0.5, a stretched-exponential-
like behavior is observed at most scales (excluding the
largest scales), while the decaying case with f/S = +5
shows Gaussian-like behavior at all scales. The correspond-
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Figure 8. Scale-dependent PDFs of Eulerian acceleration
for f/S = +0.5.
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Figure 9. Scale-dependent PDFs of Eulerian acceleration
for f/S = +5.

ing Eulerian accelerations for cases with f/S = +0.5 and
f/S = +5, presented in figures 8 and 9, respectively, show
similar features. However, the tendency for larger extreme
values of the Eulerian acceleration observed for the total pdf
persists at all scales.

The normalized pdfs of both Lagrangian acceleration,
shown in figures 10 and 11, and Eulerian acceleration,
shown in figures 12 and 13, vary with scale for the two ro-
tation to shear ratios. With decreasing scale, i.e. increasing
scale index j, the tails become heavier. Again, heavier tails
are present at all scales for the case f/S = +0.5 which re-
flect the stronger intermittency of the flow.

The scale-dependent flatness of both the Lagrangian
and Eulerian accelerations for the two f/S values (see figure
14) shows a strong increase for decreasing scale (increasing
j). For f/S = +0.5, the flatness of the Lagrangian acceler-
ation is larger than the flatness of the Eulerian acceleration
(for j > 4), similar to observations for isotropic turbulence
in Yoshimatsu et al. (2009). In the case f/S = +5, the val-
ues of the Eulerian acceleration are larger than the values
of the Lagrangian acceleration (for j > 4), which must be
due to the fact that the effect of the nonlinear term becomes
weaker for increasing rotation.
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Figure 10. Normalized scale-dependent PDFs of La-
grangian acceleration for f/S = +0.5.
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Figure 11. Normalized scale-dependent PDFs of La-
grangian acceleration for f/S = +5.

CONCLUSIONS
In this study, the acceleration statistics of sheared and

rotating homogeneous turbulence are evaluated from direct
numerical simulations for a variety of rotation ratios f/S.
The pdfs of both Lagrangian and Eulerian acceleration ex-
hibit a clear dependence on f/S. For both accelerations,
the flatness yields values close to three for strong rotation
which indicte a Gaussian-like behavior. For moderate and
vanishing rotation, however, the flatness of the Eulerian ac-
celeration is larger than that of the Lagrangian accelera-
tion, contrary to previous results for isotropic turbulence.
A wavelet-based scale-dependent analysis shows that the
flatness of both Lagrangian and Eulerian accelerations in-
creases as scale decreases. For strong rotation, the Eulerian
acceleration is more intermittent than the Lagrangian accel-
eration, while the opposite result is obtained for moderate
rotation.
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Figure 12. Normalized scale-dependent PDFs of Eulerian
acceleration for f/S = +0.5.
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Figure 13. Normalized scale-dependent PDFs of Eulerian
acceleration for f/S = +5.
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