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ABSTRACT

This study proposes a radar reflectivity factor model
considering the effect of turbulent clustering of cloud
droplets. A three-dimensional direct numerical simulation
of particle-laden isotropic turbulence is conducted to obtain
turbulent clustering data. The power spectrum of droplet
number density fluctuation, on which the radar reflectivity
factor depends, is calculated from the turbulent clustering
data. The power spectrum shows strong dependency on the
Stokes number. It is confirmed that the proposed model can
predict the Stokes number and the wavenumber dependen-
cies of the turbulent clustering effect.

INTRODUCTION

Clouds play crucial roles in the heat and water systems
of the Earth. A large number of observations have been
conducted to understand the cloud physics. The radar ob-
servation is one of the powerful tools since it can provide
spatial distribution data regarding the cloud microphysical
properties such as the cloud water mixing ratio and effective
droplet radius (Okamoto et al., 2007; Stephens et al., 2008).
In the radar observation, microwave is transmitted from an
antenna toward a target cloud and the reflected microwave is
received and analyzed. The relation between the transmit-
ted power, B, and the received power, P, of the microwave
is given as the following radar equation:
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where G is the antenna gain, kp the wavenumber of mi-
crowave, R the distance between the antenna and the cloud,

K the dielectric coefficient of a water droplet, V the mea-
surement volume and Z the radar reflectivity factor. An im-
portant point is that Z is dependent on the cloud microphys-
ical properties. This means that the cloud properties can
be estimated from Z under some assumptions: large-scale
homogeneity and small-scale randomness of cloud droplet
distribution are usually assumed. However, cloud turbu-
lence generates nonuniform spatial distribution of droplets,
which is referred to as turbulent clustering (Maxey, 1987,
Chen et al., 2006). This turbulent clustering obviously con-
tradicts the randommness assumption for the analysis of Z.
This may cause a significant observational error (Gossard
& Strauch, 1983; Kostinski & Jameson, 2000; Dombrovsky
& Zaichik, 2010). It is, therefore, of great importance to
clarify the effect of turbulent clustering on Z. This study
aims to develop a radar reflectivity factor model consider-
ing the effect of turbulent clustering based on the data from
a three-dimensional direct numerical simulation (DNS) of
particle-laden isotropic turbulence.

COMPUTATIONAL METHOD
Air Turbulence

Governing equations of the turbulent air flow are
the continuity and Navier-Stokes equations for three-
dimensional incompressible flows:
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where u; is the fluid velocity in i-th direction, pg the air
density, p the pressure, v the kinematic viscosity and F;
the external force term. The fourth-order central difference
scheme (Morinishi et al., 1998) was used for the advec-
tion term, and the second-order Runge-Kutta scheme for
time integration. The velocity and pressure were coupled
by the HSMAC method (Hirt & Cook, 1972). Statistically
steady turbulence was generated by applying the Reduced-
Communication Forcing (RCF) (Onishi ef al., 2011), which
maintains the intensity of large-scale eddies keeping high
parallel efficiency, to the external force, F;.

Droplet Motions
Droplet motions were tracked by the Lagrangian
method. The governing equation of the motion is

dv,- Vi —Uu;
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where v; is the droplet velocity and 7, the droplet relaxation
time. Droplets were assumed as Stokes particles, whose
relaxation time, 17, is given as
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where 7} is the droplet radius and pp the water density. Ef-

fects of gravity and collisions between droplets were ne-
glected for simplicity (Matsuda et al., 2012).

Computational Conditions

The computational domain was set to a cube with
length of 2mLy, where Ly is the representative length. The
periodic boundary conditions were applied in all three di-
rections. The DNS was performed for the case where the
Taylor-microscale-based Reynolds number, Rey (= '], /v,
where ' is the RMS value of velocity fluctuation, [, the
Taylor microscale), was 203. The number of grid points and
the representative length scale were set to 5123 and 0.04 m,
respectively. The droplet radius, r, was varied so that the
Stokes number, St (= 1 / Tp, where Ty is the Kolmogorov
time), became 0.05, 0.1, 0.2, 0.5, 1.0, 2.0 and 5.0.

RADAR REFLECTIVITY FACTOR

There have been several studies reporting that the radar
reflectivity factor, Z, of nonuniformly-dispersed particles is
larger than that of randomly-dispersed particles (Kostinski
& Jameson, 2000; Erkelens et al., 2001). The increment is
attributed to the coherent microwave scattering, which in-
volves an effect of interference between two microwaves
scattered by different particles. In the case where droplets
are randomly dispersed in atmosphere, the effect of interfer-
ence is cancelled and becomes zero. Thus, the radar reflec-
tivity factor, Zindom» Of randomly-located monodispersed
droplets is calculated from the sum of the Rayleigh scat-
tering intensity by droplets in the measurement volume and
given as follows:

Zrandom = 26 rgnm (6)

where np is the droplet number density. On the other
hand, in the case where droplets form clusters, the effect
of interference appears as an additional term. That is, the
radar reflectivity factor, Zjyster, for monodispersed cluster-
ing droplets is given as follows (Gossard & Strauch, 1983;
Kostinski & Jameson, 2000; Erkelens et al., 2001):

27 7[2 1’6
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where x is the absolute value of the difference between
the incident and scattered wavenumber vectors, Kj,. and
Kgca, respectively, and given as kK = |Kjyo — Kgca|- In the
case where the antenna receives backward scattering and the
Doppler effect is small enough, x becomes 2ky. Eyp(k) is
the power spectrum of droplet number density fluctuation,
which represents the effect of turbulent clustering.

Unfortunately, there has not been a widely accepted
analytical model for Enp(k) (Jeffery, 2000). Thus, in this
study, Enp(k) was calculated from the DNS data as
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where ®(k) is the spectral density function of droplet num-
ber density fluctuation and 7, (k) the Fourier coefficients of
the spatial droplet number density distribution, np(x). The
bracket, (-), represents the ensemble average. The contin-
ueus function of np(x) is given as

Np

np(x):ZiS(xfxp,i), (10)

where X ; is the position vector of the i-th droplet inside
a target domain, N, the total number of droplets, §(x) the
Dirac delta function. The Fourier coefficients of Eq. (10)
are then given as

_ 1 & .
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Finally, substitution of Eq. (11) into Eq. (9) yields Eﬁ(k) as

i(k) _ Npex ik-xp ; y: exp (ik-x, ;
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(12)
Eq. (12) is calculated for each discrete wavenumber vector,
k, which satisfies k = (m1 /Lo, mp/Lg,m3/Lg) for arbitral
integer numbers; my, m> and m3.

RESULTS AND DISCUSSION
Droplet Distribution in Turbulence

Figure 1 shows the distributions of droplets within the
range of 0 < z < 4l,, where [, is the Kolmogorov scale,
for St = 0.05, 0.2, 1.0 and 5.0. Void areas due to turbulent
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Spatial distributions of droplets obtained by

Figure 1.
DNS for (a) St = 0.05, (b) 0.2, (¢) 1.0 and (d) 5.0. Droplets
located within the range of 0 < z < 4l are drawn.
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Figure 2. Power spectra of droplet number density fluc-
tuation for St = 0.05, 0.2, 1.0 and 5.0 obtained from DNS
data.

clustering are clearly observed for St = 1.0, and less clear
for St < 1 or St > 1. It is also observed that small void
areas, whose sizes are smaller than 10ly, for St = 5.0 are
less frequent and less clear than those for St = 1.0.

Figure 2 shows Eyp(k), the power spectra of droplet
number density fluctuation. The horizontal and vertical axes
are normalized by the Kolmogorov scale, I, and the aver-
age number density, (np). It is clear that Ey,(k) strongly
depends on St. For the cases of St < 1, the peak of Ey,(k)
locates around kly; ~ 0.2 and becomes larger as St becomes
closer to 1. On the other hand, for the cases of St > 1, the
peak location moves to lower wavenumber as St increases.
These indicate that, for the St < 1 cases, the scale of the void
area is almost constant but the number density difference
between the void area and cluster increases as St increases.
On the other hand, for the St > 1 cases, the scale of void area
increases as St increases. These features are also observed
in Figure 1. Another important point is that Eny (k) does not
show the monotonically-decreasing trend with —5/3 and
—1 power laws, which are observed in the power spectrum
of scalar concentration fluctuation. This is because the fluc-
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Figure 3. Model parameters in Eq. (13) versus the Stokes

number, St: (a) ¢1; (b) a; (¢) ¢2; (d) B. Solid lines show the
present fittings.
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Figure 4. Model parameter, ¥, in Eq. (13) versus the
Stokes number, St. Solid line indicates the averaged value
for §t < 1.0.

tuation of droplet number density is mainly generated in the
energy-dissipative range of turbulence. This fact indicates
that model functions for the well-known scalar concentra-
tion spectrum are not applicable to the turbulent clustering
case.

Modeling of Turbulent Clustering Effect

A new empirical radar reflectivity factor model is de-
veloped as a function of kI and St by fitting curves to
Enp(k) in Figure 2. Here, we assumed that a power spec-
trum of number density fluctuation approaches asymptoti-
cally to Enp(k) ~ ¢y (kln)* and Enp(k) ~ 2 (kln)P in small
and large wavenumber regions, respectively. Therefore, the
model function of the spectrum, Eyp moge1(k), was set as

Enp,model(k) o €1 (kln)a
2 - 1 2
(np)2In {14 [ () @ P 7

(13)

where 7y is the parameter for adjusting the peak value.
Figure 3 shows the parameters, ¢y, @, ¢o and B, for each
of the Stokes numbers. The solid lines are the present fit-
ting results. Note that the reference data for ¢; and « for
St = 5.0 were fewer than those for the other St. Thus ¢ for
St = 5.0 was not used for the fitting. In addition, from the
theoretical view point, B for St < 1 should be —1, which
is the power index of the power spectrum of scalar con-
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Figure 5. Ratio of the power spectrum obtained from the
proposed model to that from DNS data.

centration fluctuation in the viscous-convective range. On
the other hand, B for St >> 1 is unknown. This study as-
sumed B approaches to —1 for St < 1 and St > 1. Figure
4 shows the parameter, 7, for Eq. (13). It is shown that
vy is nearly constant for St < 1.0, while it becomes larger
for St > 1.0. This study set 7y to the average value for the
range of St < 1.0, i.e., ignored the ¥ values for St > 1.0.
Nevertheless, Figure 5, which shows the ratio of the pre-
dicted power spectrum, Epp modet (k), to the reference power
spectrum, Eyp(k), shows a good agreement between the pre-
dicted and reference spectra for all the St cases. All the ra-
tios remain within the range from 0.5 to 2.0 for the whole
wavenumber.

Comparison of Radar Reflectivity Factor
Models

The radar reflectivity factor, Z, is estimated by Eq. (7)
and Epp model(K), and compared with that calculated from
the reference Eyp(k) data in Figure 2 and that estimated by
Dombrovsky & Zaichik (2010). Dombrovsky & Zaichik
(2010) evaluated the increment of Z due to turbulent cluster-
ing using following equations (Kostinski & Jameson, 2000):

Zeluster = (] + C)Zrandorm (14)
_Anlnp) = 3 .
¢ = [ lglr) - Ursin(xr)dr, (15)

where ( is the clustering coefficient. g(r) is the radial dis-
tribution function (RDF) defined as g(r) = (mp(x)np(x +
r))/{np)?, where r = |r|. Dombrovsky & Zaichik (2010)
adopted a theoretical RDF model (Zaichik & Alipchenkov,
2007), which is applicable to the case of St < 0.6 and
Rej > 30. Figure 6 shows the clustering coefficient, {. The
horizontal axis is the wavenumber of microwave, ky,, nor-
malized by /;. The vertical axis is normalized by <np)l%
for eliminating the effect of droplet number density (Dom-
brovsky & Zaichik, 2010). § obtained from the refer-
ence Epp(k) data shows a strong dependency on St and
a monotonic decreasing trend against the nondimensional
wavenumber kmly. The St dependensy is also seen in Dom-
brovsky & Zaichik (2010). However, the monotonic de-
creasing trend is not seen: { of Dombrovsky & Zaichik
(2010) is almost constant in the low wavenumber region
and decreases with some oscillations as the wavenumber
increases. This is because the theoretical RDF model, on
which Dombrovsky & Zaichik (2010) based, assumes that

Sh(n )

Figure 6. Clustering coefficient obtained from (red) the
present model, (black) the reference Eyp(k) data in Figure
2, and (blue) Dombrovsky & Zaichik (2010), which is for
only St < 0.6.

the separation, r, is smaller than /5, although Eq. (15) con-
tains an integration of the RDF from O to infinity. In con-
trast, § obtained from the present model shows both the Si
dependency and the monotonic decreasing trend. These re-
sults confirm that the present radar reflectivity factor model
can appropriately predict the turbulent clustering effect.

CONCLUSION

This study has proposed the radar reflectivity factor
model considering the effect of turbulent clustering of cloud
droplets. A three-dimensional direct numerical simulation
(DNS) of particle-laden isotropic turbulence has been con-
ducted to obtain turbulent clustering data. The power spec-
trum of droplet number density fluctuation has been calcu-
lated from the turbulent clustering data. The results show
that the power spectrum strongly depends on the Stokes
number. For the Stokes number smaller than 1, the peak
of the power spectrum locates around 0.2 times of the Kol-
mogorov wavenumber and becomes higher as the Stokes
number becomes closer to 1. On the other hand, for the
Stokes number larger than 1, the peak location moves to
lower wavenumber as the Stokes number increases. The
present radar reflectivity factor model has been developed
based on a sophisticated empirical fitting to the power spec-
trum in order to consider these trends. It has been confirmed
that the model can predict the Stokes number dependency
and the wavenumber dependency of the turbulent clustering
effect.
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