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ABSTRACT
We present large-eddy simulations of the interaction

of an oblique shock wave impinging and reflecting off a
turbulent boundary layer in a nearly-square duct. A small
compression wedge spanning the top wall of the duct de-
flects the incoming air stream (M = 2.05) generating a
shock wave that interacts with the bottom wall turbulent
boundary layer. The simulations incorporate an equilib-
rium wall model aimed at reproducing the moderately high
Reynolds numbers of the boundary layer under considera-
tion (Reθ ≈ 6,500). Simulation results are first validated
by comparison with experimental PIV data (Helmer et al.,
2012; Campo et al., 2012) of mean and turbulence quan-
tities taken in planes near the center of the duct and near
the side walls. Two different strengths of the incident shock
wave are considered, corresponding to increasing heights
of the compression wedge. Planes perpendicular to the
PIV measurements are then extracted from the simulations
to complement experimental findings related to the three-
dimensionality imposed by the side walls. In particular, the
downstream evolution of corner flows is explored.

INTRODUCTION
The interaction of an oblique shock wave impinging

upon and reflecting from a turbulent boundary layer is rel-
evant in the efficient design of isolators for air-breathing
supersonic engines, among other applications. Despite the
large body of experiments (see, for example, Dolling, 2001;
Dupont et al., 2006, 2008; Humble et al., 2009; Souverein
et al., 2010) and numerical simulations, both DNS (Wu &
Martin, 2008; Pirozzoli & Grasso, 2006) and LES (Gar-

nier et al., 2002; Touber & Sandham, 2009), found in the
fluid mechanics literature, open questions remain, such as
the origin of large-scale low-frequency motions (Pirozzoli
et al., 2010; Priebe & Pino Martin, 2012; Grilli et al., 2012)
and the three-dimensionality of the flow features resulting
from the presence of side walls. Recent experiments per-
formed by Helmer et al. (2012) and Campo et al. (2012)
were designed specifically to address the latter by using a
wind-tunnel with a low-aspect ratio cross-section and tak-
ing PIV measurements in planes near the side wall, in ad-
dition to a near-center plane. Numerical simulations are of-
ten performed with periodic transverse boundaries, miss-
ing any three-dimensional effects that would result from the
side walls found in several engineering configurations.

The high Reynolds numbers typically achieved in ex-
periments targeting realistic flow conditions make unfeasi-
ble the use of direct numerical simulations (DNS) or even
large-eddy simulations (LES), due to the small scales struc-
tures that need to be resolved in the turbulent boundary lay-
ers that form near the walls. A compromise is often made
by simulating the flow at a lower Reynolds number and ex-
trapolating the results to higher Reynolds numbers. An al-
ternative is to use a wall model to avoid having to resolve
the inner-most region of the turbulent boundary layer, thus
lowering the mesh resolution requirements of the simula-
tion.

The present work aims to perform wall-modeled large-
eddy simulations (WMLES) of the interaction of oblique
shocks of different strengths with a turbulent boundary layer
in a low-aspect-ratio duct. The simulations target the ex-
perimental conditions of Helmer et al. (2012) and are ex-
tended to stronger interactions for which experiments are
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Figure 1. Computational setup: M, Mach number; TBL, turbulent boundary layers (only top and bottom drawn, for clarity);
ISW, incident shock wave; RSW, reflected shock waves.

currently being performed in parallel to this computational
effort. The objective is to assess whether LES using a purely
equilibrium wall model can predict boundary layer flows
that are clearly out of equilibrium, such as the rapid decel-
eration occurring in the SBLI and the stress-induced sec-
ondary flows present in the duct corners. Comparison with
experimental PIV data retrieved in planes parallel to the side
walls will be shown for validation.

FLOW CONDITIONS AND COMPUTATIONAL
SETUP

The computational domain (see figure 1) replicates part
of the test section of the continuously operated Mach 2.05
wind tunnel used in the experiment (Helmer et al., 2012),
fed from a 2D converging/diverging nozzle followed by a
constant-area development section of 45 mm× 47.5 mm. A
small 20◦ compression wedge spans the top wall of the duct
and generates an oblique shock that impinges and reflects
at the bottom wall. Another constant-area section is located
downstream of the compression wedge.

Presently, two wedge configurations are considered,
corresponding to heights of 1.1 mm and 3 mm. The compu-
tational domain for each configuration extends 21 mm and
37 mm, respectively, upstream of the wedge foot, taken as
the origin of the streamwise coordinate, x. A larger wedge
translates into a stronger oblique shock and, therefore, a
stronger interaction with the boundary layer. The length
of the duct that follows the contraction is 104 mm in both
computational configurations. A boundary layer thickness
of δ0 = 5.4 mm measured in the experiment on the top wall
21 mm upstream of the foot of the wedge will be considered
as a reference length scale. The Reynolds number based on
the momentum thickness of the incoming boundary layer
at that measurement location is Reθ ≈ 6,500, with a center
line velocity of approximately 525 m/s.

The simulations are performed using the control-
volume-based, finite-volume solver of the spatially fil-
tered, compressible Navier-Stokes equations on unstruc-
tured grids, CharlesX , developed at the Center for Turbu-
lence Research. It employs a third-order Runge-Kutta time
discretization and a grid-based blend of non-dissipative
central and dissipative upwind fluxes. It utilizes Vre-
man’s sub-grid scale model (Vreman, 2004) and an ENO
shock-capturing scheme, active only in regions where
the negative rate of dilatation, −∂ ju j, is larger than
max(√ω jω j,0.1c/h), where ω j is the vorticity, c the sound
speed and h the cell (control volume) size. The sub-grid

scale model is not applied in regions where shock-capturing
is active, to avoid adding more numerical dissipation to the
already dissipative ENO scheme. We use the equilibrium
wall model proposed by Kawai & Larsson (2012), outlined
later in this section.

Independent simulations on three meshes with in-
creased resolution are performed for each geometric con-
figuration, as part of a grid-convergence study. Meshes in-
clude approximately 4.5 (5), 18 (20) and 36 (40) million
control volumes, respectively, for the 1.1 mm (3 mm) wedge
height case. For each mesh, the grid spacing in the stream-
wise direction is kept uniform (with ∆x/δ0 = 1/10, 1/16
and 1/20, for increasing resolution). In each transverse di-
rection (η = y, z) the grid stretches from the walls (where
∆η/δ0 = 1/70, 1/105 and 1/135 for increasing mesh reso-
lution) up to a distance of 2δ0, remaining uniformly spaced
in the core and equal to the streamwise grid spacing.

The inflow boundary condition for the numerical simu-
lations is produced by a synthetic turbulence generator, fol-
lowing the method of Touber & Sandham (2009). This al-
gorithm is based on the digital filtering technique proposed
by Klein et al. (2003) and is designed to match specified
single- and two-point correlations. One-dimensional pro-
files of mean velocities and Reynolds stresses, taken from
experimental PIV measurements at probes located 2.5, 4.0,
5.5 and 21 mm from the side wall and at the streamwise lo-
cation of the computational inlet are mapped, through sym-
metries and anti-symmetries, to create a two-dimensional
inflow. The pressure at the inlet is assumed constant (at the
wall measured value of p = 33,100 Pa measured in the ex-
periment). The one-dimensional mean temperature profiles
are approximated from the mean velocity profiles using the
Crocco-Busemann relation with a recovery factor of 0.89.
The imposed turbulence length scales at the inflow are δo in
the streamwise coordinate and δo/2 in the transverse direc-
tions.

Wall model
We use the wall model proposed by Kawai & Larsson

(2012), in which the equilibrium-boundary-layer equations
are solved in a refined, near-wall inner grid, embedded in
the coarser, outer LES grid:

d
dη

[
(µ +µt)

du‖
dη

]
= 0 (1)

d
dη

[
(µ +µt)u‖

du‖
dη

+ cp

(
µ
Pr

+
µt

Prt

)
dT
dη

]
= 0. (2)
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Figure 2. PIV (top) and LES (central) mean vertical velocity contours at a near-center plane (z/δo = 3.89) for the interactions
produced by the compression wedge of height 1.1 mm (left) and 3 mm (right). The bottom plot includes contours of mean
vertical velocity (upper half) and mean streamwise velocity (lower half) in a horizontal (xz−) plane taken at a distance from
the bottom wall of approximately half the height of the crossing point between the incident and reflected shock waves, for each
interaction case. Blank regions in the PIV data (top) correspond to unavailable experimental measurements.

η is the wall-normal coordinate, u‖ is the wall-parallel ve-
locity, T is the temperature, cp is the fluid-specific heat ca-
pacity at constant pressure, µ is the fluid molecular viscos-
ity, Pr is the Prandtl number and µt is the wall-model eddy-
viscosity, which is taken from a mixing-length model as

µt = κρη
√

τw/ρ
[

1− exp
(
−η+

A+

)]2

, (3)

where uτ ≡
√

τw/ρw is the friction velocity based on
the wall shear stress, τw, and wall density, ρw. η+ ≡
ρwuτ η/µw is the wall-normal coordinate normalized to vis-
cous units. The model parameters are set constant: κ =
0.41, Prt = 0.9, A+ = 17.

The inner wall-model simulation takes the LES flow
variables (ρ,u,T ) as boundary condition at a specified wall-
normal distance, hwm. In the present simulations we use
hwm/δo = 0.06; note that this distance is fixed indepen-
dent of the computational mesh, as proposed by Kawai &
Larsson (2012). The LES takes the wall-shear stress and
heat-flux at the wall, τw and qw, respectively, from the wall-

model inner simulation. The wall model is applied in all
four walls of the LES, considered adiabatic.

RESULTS
The mean flow features near the center plane of the

duct (z/δ0 = 3.89) are qualitatively well reproduced by
the LES results, when compared with the PIV experimen-
tal measurements, as shown in the top and central plots
of figure 2. The location, extension and shape of the
shock/boundary-layer interaction (SBLI) occurring at the
bottom wall match the experimental results for both the
1.1 and 3 mm wedge heights. For the two incident shock
strengths, the region perturbed by the SBLI at the top wall
(produced by the compression wedge) extends slightly fur-
ther upstream in the simulation than in the experiments.

The side walls strongly affect the bottom-wall SBLI
(see bottom plots in figure 2). For the 1.1 mm-high wedge
(left plots) the strength of the SBLI interaction rapidly de-
creases at distances over δo away from the center-plane.
The shock front curves downstream as it gets closer to the
side walls, also thickening their boundary layers near the
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Figure 3. Vertical profiles of U/Uo, V/Vo, u′/Uo, v′/Uo,
−u′v′/U2

o (top to bottom), at three streamwise locations
(left to right), for the 1.1 mm-high wedge reflected SBLI.
Dots: PIV, lines: LES. Blue: near-center plane (z/δo =

3.89), red: near-side wall plane (z/δo = 0.74)

of the shock/wall impingement, as it is observed in the
lower half of the bottom plots in figure 2, corresponding
to the streamwise velocity contours. The stronger interac-
tion, corresponding to the 3 mm-high wedge case, shows a
wider thickening effect of the lateral boundary layers, and
the nearly two-dimensional interaction region in the duct

core extends further towards the side walls, when compared
with the 1.1 mm-high wedge case.

A more quantitative analysis of the LES results, in
comparison with PIV measurements, is presented in fig-
ures 3 and 4, for the 1.1 and 3 mm-high wedge cases, re-
spectively, including turbulence quantities (streamwise, u′,
and vertical, v′, velocity fluctuations, as well as Reynolds
shear stress, u′v′) in addition to the mean streamwise and
vertical velocities (U and V , respectively). The shaded ar-
eas in those figures correspond to the extension of the wall-
model inner grid, near the bottom wall (y/δo < 0.06). The
spanwise location of the two planes for which profiles are
shown correspond to z/δo = 3.89 (near the duct center) and
z/δo = 0.74 (near the side wall), with profiles shown in blue
and red, respectively.

For the 1.1 mm wedge (figures 3), mean streamwise
and vertical LES velocity profiles are in good agreement
with PIV data, although the vertical extent of the SBLI
seems to be underpredicted by approximately 0.1δo. Close
to the bottom wall, the streamwise velocity profiles are
fuller in the simulation, particularly in the most upstream
locations shown, likely corresponding to a more devel-
oped turbulent boundary layer than in the experiment. The
strength of the interaction when approaching the side wall
is decreased (red curves) , which translates into more uni-
form mean streamwise velocity profiles for the three loca-
tions and also flatter vertical velocity profiles. For the latter,
the agreement is best at the most upstream location plotted,
whereas the LES overestimates the mean vertical deflection
downstream.

Turbulence quantities—streamwise and vertical veloc-
ity fluctuations, u′ and v′, and Reynolds shear stress, u′v′—
show reasonable agreement with PIV measurements. In
both planes considered, the constant experimental values in
the inviscid region (i.e., y/δo & 1.8 away from the bottom
wall) are accurately reproduce in the LES. Peaks of verti-
cal velocity fluctuations, v′ in the near-center plane (blue
curves), which correspond to the turbulence amplifica-
tion produced by the interaction with the incident/reflected
shocks, show offsets consistent with a slightly thinner (≈
0.1δo) SBLI obtained in the LES, compared with the exper-
iment. For the near-side wall profiles, the LES overpredicts
v′ below y/δ ≈ 1.5, recovering the correct value near the
wall. At the most upstream location, the LES underpredicts
the u′ near the bottom wall (y/δo . 0.5).

For the 3 mm-high wedge configuration (figure 4),
mean streamwise and vertical LES velocity profiles are gen-
erally in good agreement with PIV data, accurately predict-
ing the streamwise and vertical sizes of the interaction in
both near-center and near-side-wall planes. Fuller stream-
wise velocity profiles at the most upstream location are nev-
ertheless observed for y/δo < 0.15. These appear to trans-
late into higher values of the streamwise and vertical veloc-
ity fluctuations in the PIV, which are underpredicted in the
LES below y/δo ≈ 0.5. At the core of the SBLI interaction
region, for the near-center plane (blue curves in the center
plots of figure 4) the streamwise and vertical velocity fluctu-
ations are underpredicted in the LES, even though the shape
of the profiles and the location of the peaks matches those
of the experiment. Downstream (right plots) the turbulence
quantities in the near-center plane show good agreement
with the PIV. In the near-side-wall plane (red curves), the
inviscid values of streamwise and vertical velocity fluctua-
tions are overpredicted in the LES, indicative of a thicker
side-wall boundary layer in the LES at that location.
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Figure 4. Vertical profiles of U/Uo, V/Vo, u′/Uo, v′/Uo,
−u′v′/U2

o (top to bottom), at three streamwise locations
(left to right), for the 3 mm-high wedge reflected SBLI.
Dots: PIV, lines: LES. Blue: near-center plane (z/δo =

3.89), red: near-side wall plane (z/δo = 0.74)

Corner flows
Gradients of Reynolds stresses present near the corners

of the duct induce streamwise vorticity, resulting in sec-
ondary flows of Prandtl’s second kind (see Bradshaw, 1987;
Gessner, 1973). These secondary flows consist of a pair of
counter-rotating vortices located in each corner of the duct.

Besides the motion induced in the cross-sectional planes,
corner flows also result in a modification of the streamwise
velocity flow. Experimental studies exist for supersonic
flows in square ducts (Gessner et al., 1987; Davis et al.,
1986) at a higher Mach number than the present work.

LES results confirm the presence of such corner flows
for the current configuration and allow the investigation of
the corresponding downstream evolution as they interact
with the shock waves. Figure 5 shows mean streamwise
velocity contours at the y = z = 0 corner (bottom wall),
with arrows superimposed that represent mean transverse
velocity. Results for the 1.1 mm-high wedge height case
are shown at three streamwise locations.

The left plot of figure 5 shows the unperturbed cor-
ner flows at a cross section of the duct located 6δo up-
stream of the reflected SBLI shock-crossing point (see fig-
ure 2 for reference). A nearly symmetric pair of elliptical
counter-rotating vortices can be seen, with cores located at
(y,z) ≈ (0.25δo,0.1δo) and (y,z) ≈ (0.1δo,0.25δo). The
center plot of figure 5 shows a cross section located approx-
imately 2.5δo upstream of the SBLI shock crossing point.
The downwash effect of the incident shock influences the
flow in that corner, breaking the symmetry of the pair of
corner vortices that was found further upstream. Only one
vortex remains, which is located near the side-wall. The
transverse flow pattern moves fluid downward and towards
the center of the duct (positive z values). The remaining
vortex, located near the side wall, represents an obstacle to
the downward flow induced by the impinging shock, and
it is thus pushed closer to the bottom wall. The right plot
of figure 5 shows the recovery of the two counter-rotating
vortices found at a station approximately 6δo downstream
of the reflected SBLI shock-crossing point. Both the side-
and bottom-wall boundary layers have thickened through
the interaction with the shocks, and the vortex cores have
lifted from each wall.

CONCLUSIONS
Wall-modeled large-eddy simulations of the interaction

of a shock wave and Reθ = 6,500 turbulent boundary lay-
ers present in a nearly-square M = 2.05 wind tunnel were
validated through comparison with experimental PIV mea-
surements. Two strengths of the reflected SBLI interaction
were considered, resulting from an increasing height of the
compression wedge that generates the incident shock wave.

Despite the equilibrium assumptions in the wall model,
results from the simulations yielded accurate predictions of
the non-equilibrium phenomena present in the flow (SBLI
and presence of corner flows). This is attributed to the fact
that the wall model is used in only a small fraction (. 10%)
of the boundary layer, whereas the remaining (& 90%)
boundary layer turbulence is resolved. Thus, the outer part
of the boundary layer responds to the adverse pressure gra-
dient in the SBLI and the stress-induced secondary flows
with LES accuracy; this outer-layer resolved information is
then fed to the wall-model.

The simulation results were used to complement ex-
perimental findings regarding the three-dimensionality of
the flow. Horizontal planes near the bottom wall are used
to elucidate the distance over which the intensity of the in-
teraction diminishes as the side walls are approached, and
the curvature of the SBLI for each shock strength. Cross-
sectional planes were used to describe the downstream evo-
lution of corner flows near the bottom wall as influenced by
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Figure 5. Downstream evolution of corner flows for the 1.1 mm-high wedge case near the corner y = z = 0, for stream-wise
locations x/δo =1.9 (left), 5.6 (center) and 14.8 (right). Contours: mean stream-wise velocity, U/Uo, arrows: the mean in-plane
transverse velocity.

the impinging shock. The symmetry of the counter rotating
vortex pair is broken by the downward motion induced by
the incident shock, and later recovered downstream of the
interaction.

Planned future work includes the study of a stronger
SBLI configuration with a larger compression wedge meant
to produce mean flow separation. This case will pose a more
stringent test for the equilibrium wall model.
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