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ABSTRACT
This paper presents the results of the numerical sim-

ulation of turbulent submerged jets, issuing from a bifur-
cated nozzle into a thin cavity with a free surface. The jet
Reynolds number is Re jet = 1.25× 104. The jets impinge
on solid walls, creating large recirculation zones, moving
anti-symmetrically in the symmetric domain. The flow be-
low the free surface causes a significant disturbance of the
free surface by the turbulent jets. The free surface is mod-
eled using the Volume of Fluid (VOF) approach, and the
turbulence closure is obtained using the standard k− ε T-
RANS model as well as with the dynamic Smagorinsky
LES model.

The numerical results were assessed with experimen-
tal results (Kalter et al., 2013). We have shown that the
numerical models capture the physics correctly. The occur-
rence of a long term asymmetric oscillation is also found
in the numerical model for an LES grid of sufficient res-
olution. However, the inability of the numerical model to
predict the close approach of the top recirculation zone to
the nozzle is the major source for the differences found be-
tween models and experiment. While the dominant oscil-
lation frequency of the long term oscillation was found at
approximately 0.09Hz in the experiment, the LES model
predicts this frequency at 0.14Hz.

INTRODUCTION
In this paper we will discuss the flow behavior in an

open-top cavity with a bifurcated submerged nozzle. This
setup is schematically depicted in figure 1. The wide vari-
ety of complex flow phenomena makes this an interesting
case for numerical simulation. These phenomena include
a turbulent channel flow, fast turning flow in the nozzle, a
bounded turbulent jet impinging on the wall, large recircu-
lation cells and the interaction of the flow with the free sur-
face.

This setup is derived from the continuous steel casting
application. Although simplified, many of the flow features
found in the present setup, have also been found in indus-
trial scale casters. The results presented here are therefor of
direct relevance for steel producing companies.

For this system it has experimentally been observed
that two different flow regimes exist (Kalter et al., 2013).
The regimes are clearly apparent at the free surface. In the
first regime, gravity waves occur, with a wavelength in the
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Figure 1. The schematics of the setup considered in this
paper is depicted. The rectangular cavity has a thickness of
0.035m. The inlet nozzle and pipe are square with dimen-
sions of 0.01m and wall thickness 0.005m, while the nozzle
depth dn = 0.125m. The points denoted by p1 and p2 are
monitoring points, and the green line in the jet on the right
side indicates the definition of the jet angle, which is nega-
tive for a downward directed jet.

order of the width of the cavity (frequency around 1Hz). In
the second regime, the interaction between both jets causes
a strong and low frequency oscillation ( f ≈ 0.1Hz). This
latter oscillation is anti-symmetric, such that the free sur-
face oscillations on either side are out of phase. It was con-
cluded that the three dimensionality of the flow, possibly
flowing between the nozzle and the front and back wall, is
crucial for the occurrence of this slow oscillation.

In this paper we will address the results from numerical
simulations of the subsurface flow behavior and the interac-
tion with the free surface for a Reynolds number based on
the inlet jets of Re = 1.25×104. The turbulence is modeled
using the Transient-Reynolds Averaged Navier-Stokes (T-
RANS) standard k− ε model and Large Eddy Simulations
(LES) with a dynamic Smagorinsky subgrid scale closure.
The mean and transient properties of the flow and the free
surface will be assessed against measurement data.
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NUMERICAL MODEL
Free surface flow

The free surface flow is modeled using the Volume Of
Fluid (VOF) method with a continuum surface force for the
surface tension and a compression velocity to keep the in-
terface sharp (Hirt & Nichols, 1981; Brackbill et al., 1992;
Rusche, 2002; Weller, 2008; Berberović et al., 2009)

The Navier-Stokes equations for incompressible liq-
uids

∂ρvi

∂ t
+ v j

∂ρvi

∂x j
=

∂
∂x j

[
µe f f

(
∂vi

∂x j
+

∂v j

∂xi

)]

− ∂ p
∂xi

+ fi + γκ
∂α
∂xi

, (1)

has been solved. Here α is the indicator function, fi the
body force (gravity), ρ the phase averaged density, µe f f the
effective viscosity and κ the curvature of the interface in the
Continuum Surface Force (CSF) approach (Brackbill et al.,
1992)

The indicator function is 1 in the liquid phase and 0 in
the gas phase and indicates the location of the free surface.
The transport equation for the indicator function reads

∂α
∂ t

+
∂

∂x j

(
αv j

)
+

∂
∂x j

(
vr, jα (1−α)

)
= 0, (2)

where vr is the compression or relative velocity (Berberović
et al., 2009), defined as vr = vl − vg. In practice, this is
translated into a limiter function blending upwind and cen-
tral differencing based on the value of α . It should be noted
that the VOF method requires significantly smaller time-
steps than single phase flow simulations.

Transient-RANS
For the transient Reynolds Average Navier-Stokes sim-

ulations, we used the standard k− ε model with wall func-
tions (Kenjereš & Hanjalić, 2009). The Navier-Stokes equa-
tions 1 are solved for the mean velocity, with the effective
viscosity µe f f /ρ = ν +νt = ν +Cµ

k2

ε , where the separate
equations for the turbulent kinetic energy k and turbulent
dissipation rate ε are solved. A non-uniform hexahedral
mesh consisting of 106 control volumes will be used, where
time integration is evaluated using a second order implicit
scheme and the convective terms are discretized using the
minmod flux limiter.

Large Eddy Simulation
The subgrid scale closure used in the LES simulations,

is the dynamic Smagorinsky model as proposed by Lilly
(1992). Lilly (1992) argued that calculating the dynamic
coefficient on local grid points can lead to computational
instability and suggests averaging to avoid excessively large
values. The approach as outlined by Zang et al. (1993) was
employed, which comes down to area weighted averaging
over the face-interpolated values, which for perfectly hexa-
hedral control volumes is < f >= 1

2 f + 1
12 ∑6

nb=1 fnb. The
dynamic Smagorinsky coefficient is then determined from
C = 1

2
<Li jMi j>

<M2
i j>

. The subgrid scale viscosity is now modeled

as νt = (C∆)2S , with ∆ the grid size and S the character-
istic rate of strain.

LES Experiment
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Figure 2. The contours of the velocity magnitude and
stream traces for the LES simulation (left) and in the ex-
perimental results (right). The equilibrium position of the
interface is located at y = 0.

For the numerical simulation, the equations are dis-
cretized on an uniform mesh consisting of approximately
107 control volumes. Time is integrated with a second other
implicit scheme, while the convective and diffusive terms
are discretized using a central differencing scheme.

RESULTS
This section describes results from the numerical sim-

ulations, which are assessed using experimental measure-
ment data (Kalter et al., 2013). The Reynolds number based
on the jet entrance into the cavity is Re jet = 12,500 and
the two fluids are water and air. First we will focus on the
flow underneath the free surface, then we will focus on the
interplay of the sub-surface flow with the free surface and
pinpoint the challenges remaining.

Subsurface flow
Figure 2 shows the mean velocity field for both the LES

simulation and the experiment. The experimental data was
obtained from PIV measurements, aimed at resolving the
flow outside the jet region. It is observed that the recircula-
tion zone as found in the experiment is well predicted. It is
noted that the mean recirculation cell seems slightly more
elongated in the experiment. Figure 3 shows the horizontal
velocity component along several vertical lines across the
domain. The main differences in the mean velocity profiles
are found near the free surface, where the k− ε model pre-
dicts significantly higher velocities.

The dynamics of the system appears in the transient
behavior of the recirculation cell. Therefor, the center of
the recirculation cell on one side of the domain is tracked
in time. The center of the recirculation zone is deter-
mined from the maximum of the function Γ1(~x) proposed
by Graftieaux et al. (2001):

Γ1(~x) =
1
N

N

∑
i=1

|(~x−~xi)×~u(~xi)|
|(~x−~xi)||~u(~xi)|

. (3)

Here~x is the position vector and~xi the position vector of N
surrounding locations in the neighbourhood of ~x. ~u is the
two-component velocity vector.

In figure 4 time traces of the center of the recirculation
zone are shown for both the experimental and the numerical
results for a period of 40s. It shows how the recirculation
cell moves back and forth between the wall and the nozzle.
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Figure 3. The horizontal velocity component along verti-
cal lines in the domain for the numerical simulations, i.e.
T-RANS standard k− ε (—, black) closure and LES with
dynamic Smagorinsky sub-grid modeling (—, red).

This behavior is clearly observed in both experiment and
simulation.

Comparison of the time trace of the recirculation cell
center in the experiment with both the k−ε and LES model
shows that the position furthest away from the nozzle is
reached at the same position for the experiment and numer-
ical simulations, namely at x = 0.21m. However, in the ex-
periment, the recirculation zone moves closer to the nozzle
(0.06m) than in the numerical approaches (0.09m).

Figure 5 shows the horizontal position of the recircula-
tion cell center in time. The center of the recirculation cell
undergoes a periodic movement in the top of the system. It
can be seen from this figure, that the steepest slopes upward
or downward, are the same in experiment and simulation.
This means that the velocity of the recirculation cell center
across the domain is well predicted. In the experiment, the
recirculation cell approaches the nozzle much closer, and
thus travels a longer path. Combining this, it follows that
the oscillation frequency observed in the numerical simu-
lation and in the experiment are not in agreement. From
figure 5 it is calculated that the long term oscillation period
for the experiment (10s) is substantially longer than for both
models (8s for k− ε , 7s for dynamic Smagorinsky).

It was experimentally observed that the recirculation
cell oscillates in an anti-symmetric way on opposite sides
of the system, even though the set-up is symmetric. This
was also observed in the LES simulation, as can be seen
in figure 6, which shows three snapshots of the flow field
during half a period of the long term oscillation. Initially
the recirculation zone on the right side is located far away
from the nozzle, while the recirculation zone on the left is
close to the nozzle, while half a period later the situation is
reversed.

The angle with which the jet issues from the nozzle
is shown in figure 7. The jet angle is defined in figure 1,
where a negative angle refers to a downward direction jet.
In relation to figure 5 it is seen that the frequency of oscil-
lation of the recirculation zone is in agreement with the jet
angle oscillation frequency. When the jet is negative (down-
ward jet), the recirculation cell center is located close to the
side wall and when the jet angle increases, the recircula-
tion cell will move towards the nozzle. Kalter et al. (2013)
showed that an upward directed jet induces a high pressure
gradient between recirculation cell center and free surface,
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Figure 4. Time traces of the position of the recirculation
cell center for the experiment (top, —, blue), the standard
k−ε model, (middle, —, black) and the dynamic Smagorin-
sky model (bottom, —, red). The dashed lines indicate the
outermost vertical and horizontal position of the recircula-
tion cell center.
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Figure 5. The horizontal position in time of the center of
the recirculation zone is depicted for the experiment (—
, blue), standard k− ε T-RANS (—, black) and dynamic
Smagorinsky LES (—, red). The position of the recircula-
tion cell center was determined from the Γ1 function (equa-
tion 3).

which rapidly decreases when the recirculation zone col-
lapses by fluid escaping through the gaps between between
nozzle and the front and back walls of the cavity.

For LES simulations on a coarser mesh with computa-
tional control volumes of double size in every direction (106

control volumes), one may conclude from figure 7 (bottom)
that the jet frequency on a coarser mesh shows a closer
match to the experimentally obtained frequency. However,
the jet is directed downwards than in the experiment and
is also oscillating less, thus enlarging the recirculation cell.
This also increaes the interaction time with the opposite re-
circulation cell and thus reduces the frequency.

In terms of the second order statistics we will focus
on the resolved part of the turbulent kinetic energy kres =
1
2 (u
′u′ + v′v′ + w′w′) and the Reynolds stress terms u′v′,

where the primed quantities refer to the fluctuating parts of
the velocity components. One should realize, that for the
LES simulation, the filtered velocity components are used,
while for the T-RANS simulations the turbulent quantities
are based on the ensemble averaged velocities. For the T-
RANS simulations the modeled part of the terms is added,

k and −Cµ
k2

ε

(
∂u
∂y +

∂v
∂x

)
respectively.

Figure 8 shows contours of the turbulent kinetic en-
ergy, which is highest in the jet region. Furthermore, there
is an increased amount of turbulent kinetic energy in the im-
pingement region, which is highest in the k− ε-model. It is
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Figure 6. Snapshots of the flow field and the free surface
for the LES simulation. The snapshots are taken approxi-
mately a quarter of the long oscillation period apart.
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Figure 7. Time series (top) and the related frequency spec-
tra (bottom) for the angle of the jet issuing into the cav-
ity with respect to the horizontal. Depicted for the experi-
ment (—, blue), the k− ε model (—, black), the dynamic
Smagorinsky model (—, red) and the dynamic Smagorin-
sky model on a coarse mesh (- -, gray). The maxima in the
frequency spectra are amplified with a vertical line.
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Figure 8. Top: The turbulent kinetic energy k for the LES
simulation (left) and k + kmod for the k− ε model (right)
Bottom: The contribution to the total turbulent kinetic en-
ergy of the k− ε-model, k (left) and kmod (right).
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Figure 9. Top: The resolved part of the Reynolds stress
u′v′ for the LES simulation (left) and the total Reynolds
stress for the k− ε-model (right). Bottom: The contribu-
tion to the total Reynolds stress for the k− ε-model, u′v′

(left) and −Cµ
k2

ε

(
∂u
∂y +

∂v
∂x

)
(right).

well-known that the k− ε model overpredicts the turbulent
kinetic energy in impingement regions. Following the peak
k in the downstream direction, it is seen that the local peak
turbulent kinetic energy separates in two branches or lobes,
which can be associated with the large-scale oscillation of
the recirculation zone.

Figure 9 shows the Reynolds stress component u′v′.
For both the Reynolds stress components as well as the tur-
bulent kinetic energy (figure 8) the modeled part has a sub-
stantial contribution only in the region close to the jet.
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Figure 10. Time averaged free surface elevation for the
experiment ((, blue), the k− ε-model (—, black) and the
dynamic Smagorinsky model (—, red). The vertical dashed
lines indicate the position of the nozzle.

Free surface
The major interest in this paper is the position of the

free surface, and how well it can be predicted by the numer-
ical models that are employed.

The position of the free surface is determined from the
α = 0.5-iso-surface (equation 2). The time average of this
position is depicted in figure 10. The deformation near the
outer walls and a minimum in the elevation between the
nozzle and the wall are found in both experiment and sim-
ulations. The k− ε model overpredicted velocities near the
free surface (see figure 3), which results in a larger free sur-
face deformation than the LES model and the experiment.
Even though the mean velocities were relatively well pre-
dicted by the LES model, the mean surface elevation devi-
ates from the experimental results.

Figure 6 shows snapshots of the flow, clearly demon-
strating the movement of the recirculation zone, but also
that the minimum in the free surface is right above the cen-
ter of the recirculation cell. When the recirculation zone is
at the outermost position, a clear local minimum does not
appear. At the location of the local minimum, the velocities
just below the surface are relatively high, which can result
in the inclusion of bubbles Kalter et al. (2013), which is
challenging for a VOF simulation.

The anti-symmetric behavior of the flow in this system
is also clearly apparent at the free surface as can be seen
from figure 11. Figure 11 shows the free surface elevation
as a function of time for two monitoring points at opposite
sides of the nozzle. The experimentally observed behavior
is found with both numerical models and is a result of the
interplay between the recirculation cells at opposites sides
of the nozzle.

In figure 12 the free surface elevation is depicted as a
function of space and time. Black regions are related to the
minimum in the free surface elevation. For the numerical
simulations it was observed that this minimum is related to
the position where the liquid in the top of the recirculation
zone submerges (see also figure 6). From figure 12, it can
be argued that this minimum in the free surface elevation
approaches the nozzle (x = 0) closer in the experiment than
in the simulations, which is related to the recirculation zone
center getting closer to the nozzle in the experiments.

Figure 13 shows the frequency spectra calculated from
the time series in figure 11. It is seen that the spectrum for
the experiment shows three dominant peaks, while the spec-
tra for the numerical simulation methods show two. Fur-
thermore, it is observed that the peak with the lowest fre-
quency can be related to the long term anti-symmetric os-
cillation, and this frequency was also apparent in the oscil-
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Figure 11. This figure shows the time series of the ele-
vation of two monitoring points lying at the free surface
(see figure 1) at x = ±0.175 for the experiment (top, —,
blue), the standard k− ε model, (middle, —, black) and the
dynamic Smagorinsky model (bottom, —, red), where the
gray line is referring to the left-most monitoring point in all
figures.
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Figure 12. The above contours show the elevation of the
free surface in time and space. Light regions indicate peak
elevation and dark regions indicate valleys, for the exper-
iment (top), k− ε (middle) and the dynamic Smagorinsky
model (bottom).
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Figure 13. This figure shows the frequency spectrum of
the elevation of two monitoring points lying at the free sur-
face, at x = ±0.175 for the experiment (top, —, blue), the
standard k− ε model, (middle, —, black) and the dynamic
Smagorinsky model (bottom, —, red), where the gray line is
referring to the left-most monitoring point in all figures.This
frequency spectrum is derived from the time series as de-
picted in figure 11.

lation of the jet (see figure 7). In all cases, a secondary peak
with double frequency is found.

CONCLUSION
We have numerically studied the flow from a sub-

merged bifurcated nozzle in a thin cavity and the influ-
ence of the flow on the free surface deformation, using
the standard k− ε T-RANS closure model and the dynamic
Smagorinsky LES sub-grid scale model.

The numerical results have been assessed using ex-
perimental data. Qualitatively, the numerical simulations
model the physics of the flow correct. Long-term anti-
symmetric oscillations of the recirculation zones in the top
of the cavity, that were earlier found in experiment (Kalter
et al., 2013), have also been found in the numerical sim-
ulation. The main difference between the results from the
experiment and numerical models is the frequency in the
long term anti-symmetric oscillation of the recirculation
cells in both sides of the cavity. The long-term oscilla-
tion frequency for the simulations (0.12− 0.14Hz) is sig-
nificantly higher than in the frequency found in the exper-
iment (0.09Hz). The origin of the difference in frequency
was found in the temporal position of the recirculation cell
in the top of the cavity, which is moving closer to the nozzle
in the experiment than in the numerical simulations.

While the mean velocity was predicted relatively well,
and the mean elevation of the free surface qualitatively
shows the same features as in the experiment, it was found
that the mean free surface elevation profiles are not pre-
dicted accurately by both numerical models. In the k− ε

model the predicted mean free surface elevation is substan-
tially larger than in the experiment. In the LES model, the
order of magnitude of minimum and maximum free surface
deformation were well predicted, however, the position of
the minimum was not correctly predicted. This is also re-
lated to the position of the recirculation zone moving less
close to the nozzle. The lowest oscillation frequency of the
free surface was found to match the oscillation frequency
of the jet issuing from the nozzle into the cavity. However,
also higher harmonics of this frequency were found at the
free surface in both the experiment and in the numerical
simulations.

We thus have shown that the numerical models cap-
tures the physics correctly. The occurrence of a long term
asymmetric oscillation is included by the model for an LES
grid of sufficient resolution. However, the inability of the
numerical model to include the close approach of the top
recirculation zone to the nozzle, is the major source for the
differences found between the numerical models and the ex-
perimental results.
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