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ABSTRACT
The objectives of this study are to investigate a

counter diffusion phenomenon (CDP) in a stably thermally-
stratified turbulent boundary layer by means of direct nu-
merical simulation (DNS). In this study, four cases of sta-
bly thermally-stratified turbulent boundary layer are simu-
lated in order to reproduce the CDP, in which two Reynolds
numbers and four Richardson numbers are set. The CPD
is discovered in both the velocity and thermal fields in three
cases. DNS clearly shows the CDP which indicates the neg-
ative sign of the Reynolds shear stress and the wall-normal
turbulent heat flux with the positive sign of mean veloc-
ity and temperature gradients. In the case of strong occur-
rence of CDP, the local Richardson number always exceeds
the critical Richardson number, but the turbulence is main-
tained. Also, the anisotropy tensor and invariant map are
indicated in this paper. It is found that the state of turbu-
lent stress rapidly arrives in the axisymmetric in the case
of occurrence of CDP. The turbulent heat flux tensor is also
shown in order to indicate the variation of thermal field, in
which the streamwise turbulent heat flux tensor maintains
high value even in the case of strong occurrence of CDP.
The relation between the vortex structure and the fluctua-
tion of Reynolds shear stress is shown, where the negative
value of fluctuation of Reynolds shear stress frequently ap-
pears around the vortex structure in the case of occurrence
of CDP.

INTRODUCTION
Thermally-stratified turbulent boundary layer has been

often encountered in the real fluid flow, and it is very im-
portant to know the characteristics and structure of such a
flow for satisfying our probing intellectual curiosity. Thus,
in order to investigate and observe thermally-stratified tur-
bulent boundary layer in detail, the direct numerical sim-
ulation (DNS) has been carried out (Hattori et al., 2007;
Hattori & Nagano, 2007; Hattori et al., 2012). In the
previous study (Hattori & Nagano, 2007; Hattori et al.,
2012), a counter gradient diffusion phenomenon (CDP) is
observed in a stably thermally-stratified turbulent bound-
ary layer in both the velocity and thermal fields. In a sta-
bly thermally-stratified turbulent boundary layer (Komori
& Nagata, 1996; Ohya, 2001), a non-premixed turbulent
flame formed in a strong pressure-gradient flow (Tagawa
et al., 2005), a turbulent boundary layer with separation

and reattachment (Hattori & Nagano, 2012; Hattori et al.,
2013), etc., a CDP is sometimes observed contrary to the
principle of gradient diffusion. Reynolds shear stress or tur-
bulent heat flux are modeled using the relation of conven-
tional gradient diffusion hypothesis with the eddy diffusiv-
ity, e.g., −uv = νt(∂Ū/∂y) for a velocity field. Thus, the
eddy diffusivity indicates negative value, if a CDP occurs.
A CDP suppresses obviously the transport phenomena in
turbulence due to the negative value of the eddy diffusiv-
ity. In order to cause a CDP, the extra force such a strong
thermal stratification is needed. However, the criterion for
an occurrence of CDP is inarticulate. Therefore, the objec-
tives of this study are to explore a causation of occurrence
of CDP, and to investigate it in stably thermally-stratified
turbulent boundary layer by means of DNS in detail. In
particular, it has been discovered in the previous study that
CDP occurs in a high Richardson number of stable stratifi-
cation, but a stably thermally-stratified turbulent boundary
layer has never been explored as for variation of Reynolds
numbers. Thus, DNSs have been conducted under various
Reynolds and Richardson numbers conditions so as to de-
tect the criterion for occurrence of CDP. Also, the detailed
turbulent statistics and structures such as the anisotropy in-
variant of turbulence in the stably thermally-stratified tur-
bulent boundary layers are revealed to understand the tur-
bulent characteristics of such a flow field.

DNS OF STABLY THERMALLY-STRATIFIED
BOUNDARY LAYER

Assuming that the Boussinesq approximation is ap-
proved for the Navier-Stokes equation, the governing equa-
tions used in the present DNS are indicated as follows
(Hattori et al., 2007):

∂u∗i
∂x∗i

=0 (1)

Du∗i
Dt

=− ∂ p∗

∂x∗i
+

1
Reδ2,in

∂ 2u∗i
∂x∗j ∂x∗j

+δi2Riδ2,in
θ ∗ (2)

Dθ ∗

Dt
=

1
PrReδ2,in

∂ 2θ ∗

∂x∗j∂x∗j
(3)

where the Einstein summation convention applies to re-
peated indices, and u∗i is the dimensionless velocity com-
ponent in xi direction, θ ∗ is the dimensionless temperature
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(b) Reynolds shear stress

Figure 1. Profiles of mean velocity and Reynolds shear
stress

difference, p∗ is the dimensionless pressure, t∗ is the di-
mensionless time, and x∗i is the dimensionless spatial coor-
dinate in the i direction, respectively. Reδ2,in

= U0δ2,in/ν
is the Reynolds number based on the free stream veloc-
ity and the momentum thickness at the inlet of the driver
part, δ2,in. Note that “the driver part” means the inflow
data generator for the inlet boundary of the main simulation
part (Hattori et al., 2007). Pr = ν/α is the Prandtl number,
and Riδ2,in

= gβδ2,inΔΘ/U2
0 is the bulk Richardson number

based on the free stream velocity, the momentum thickness
at the inlet of the driver part, and the temperature differ-
ence between a free stream and a wall (ΔΘ = Θ̄0 − Θ̄w).
In the governing equations, the dimensionless variables are
given using the free stream velocity, U0, and the free stream
temperature, Θ0, at the inlet of the driver part, and the wall
temperature, Θw.

For efficiently conducting the DNS of thermal bound-
ary layers, the computational domain is composed of two
parts; one is the driver part where a zero-pressure-gradient
(ZPG) flow with an isothermal wall is generated and used
as the inflow boundary condition for the main simula-
tion, and the other is the main part where stable ther-
mal boundary layer flows are simulated. A central finite-
difference method of second-order accuracy is used to solve
the equations of continuity, momentum and energy (Hattori
& Nagano, 2004), where x×y×z= 384×128×128 of grid
points are used for the main part. Although thirty times the
momentum thickness at the inlet of the driver part region
(about three times of the 99% boundary layer thickness) for
wall-normal direction is set, the 70% grid points are dis-
tributed in the turbulent boundary layer. The Prandtl num-
ber is set to 0.71, assuming the working fluid to be air. The
Reynolds numbers are set to 1000 and 300, and the Richard-
son numbers are set to 0.01 and 0.06 (Reδ2,in

= 1000), 0.01,
0.02 and 0.04 (Reδ2,in

= 300). The non-slip condition for
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(b) Wall-normal turbulent heat flux

Figure 2. Profiles of mean temperature and turbulent heat
flux
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Figure 3. Friction coefficients and Stanton numbers

the wall and the convective boundary condition is used at
the outlet are adopted for the velocity field. For the ther-
mal field, the isothermal condition for the wall and ambient,
where a cooled wall is set for stable flow, i.e., Θw <Θ0. The
convective boundary condition at the outlet is adopted. For
the spanwise direction, the periodic condition is adopted for
both the velocity and the thermal fields.
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(b) Thermal field

Figure 4. Boundary layer thicknesses

RESULTS AND DISCUSSION
Occurrence of CDP

Figure 1 shows profiles of streamwise mean veloc-
ity and Reynolds shear stress. The gradients of stream-
wise mean velocity indicate the positive value in all cases,
but it can be seen that the Reynolds shear stresses are
shown the negative value in cases of Reδ2,in

= 1000 with
Riδ2,in

= 0.06, and Reδ2,in
= 300 with Riδ2,in

= 0.04,0.02, i.e.,
the occurrence of counter diffusion phenomenon (CDP) is
found in the present DNS. In particular, an obvious nega-
tive value of Reynolds shear stress can be observed in cases
of Reδ2,in

= 1000 with Riδ2,in
= 0.06, and Reδ2,in

= 300 with
Riδ2,in

= 0.04. On the other hand, mean temperature and
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Figure 5. Distributions of local Richardson number

wall-normal turbulent heat flux are shown in Fig. 2. In the
thermal field, the CDP can be clearly observed in the same
cases of velocity field.

The counter gradient diffusion phenomenon is defined
as νt = −uv/(∂Ū/∂y) < 0 or αt = −vθ/(∂Θ̄/∂y) < 0,
where νt is the eddy diffusivity for momentum, and αt is
the eddy diffusivity for heat. On the other hand, since the
Grashof number is defined as Grδ2,in

= gβδ 3
2,inΔΘ/ν2 =

Riδ2,in
Re2

δ2,in
, Grashof numbers of each cases are calculated
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Figure 6. Distributions of anisotropy tensor

as 6×104 for the case of Reδ2,in
= 1000 with Riδ2,in

= 0.06
and 3.6× 103 and 1.8× 103 for the case of Reδ2,in

= 300
with Riδ2,in

= 0.04,0.02, respectively. The Grashof number
is 1× 104 in the case of Reδ2,in

= 1000 with Riδ2,in
= 0.01

(not shown in the figures), which exceeds the case of low
Reynolds number as indicated above, but CDP is not ob-
served. Thus, the Grashof number might not be used for the
criterion for occurrence of CDP.

Variations of turbulent parameters
Friction coefficients and Stanton numbers are shown

in Fig. 3. In the stably thermally-stratified turbulent bound-
ary layer, it was found that both the friction coefficient and
Stanton number decrease (Hattori et al., 2007). In cases
of higher Richardson numbers, the friction coefficient and
Stanton number remarkably decrease in comparison with
lower Richardson number, in which both the friction coef-
ficient and Stanton number are smaller than the values of
laminar flow in the case of lower Reynolds number. Fig-
ure 4 shows boundary layer thicknesses in both the veloc-
ity and thermal fields. The CDP disturbs the transport of
momentum or temperature due to decrease of the effective
diffusion coefficient (molecular and turbulent diffusion co-
efficients). Thus, the boundary layer thicknesses of velocity
field, δ99 and δ2, obviously decrease while occurrence of
CDP. However, it is found that the boundary layer thick-
nesses of thermal field, δt and δΔ2, do not decrease except
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Figure 7. Anisotropy invariant maps of Reynolds stress

for the case of Reδ2,in
= 300 with Riδ2,in

= 0.04.
On the other hand, the local Richardson numbers of all

cases are shown in Fig. 5. The local Richardson number is
given as follows (Hattori et al., 2007):

Ril =
gβ ∂ Θ̄

∂ y(
∂Ū
∂ y

)2 (4)

In cases of Reδ2,in
= 1000 with Riδ2,in

= 0.06 and
Reδ2,in

= 300 with Riδ2,in
= 0.04 where the CDP occurs outer

region, the local Richardson number almost exceeds the
critical Richardson number, Ric = 0.025, near the wall. On
the contrary, in the case of Reδ2,in

= 300 with Riδ2,in
= 0.02,

it can be found that the local Richardson number does not
exceed the critical Richardson number near the wall. Thus,
the CDP occurs near the wall. Thus, the distribution of lo-
cal Richardson number relates the criterion for strong oc-
currence of the CDP.

Anisotropy and turbulent heat flux tensors,
and turbulent structure in CDP

In order to investigate turbulent state in detail, the
anisotropy tensor and map (Simonsen & Krogstad, 2005)
are indicated in Figs. 6 and 7, where the anisotropy tensor,
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Figure 8. Distributions of turbulent heat flux tensor

bi j , is given as follows (Simonsen & Krogstad, 2005):

bi j =
uiu j

ukuk
− 1

3
δi j (5)

In the case of weak stable stratification, Reδ2,in
= 300

with Riδ2,in
= 0.01 where the CDP does not appear, the dis-

tribution of anisotropy tensor indicates similar distribution
of that in the neutrally stratified boundary layer. In other
cases, the anisotropy tensors clearly show difference distri-
butions. In particular, the tendency of b33 varies near the
wall, in which b33 indicates the positive value. Also, it can
be observed that b33 balances b12 in the region of occur-
rence of CDP.

Figure 7 shows the invariant maps for the sta-
bly thermally-stratified turbulent boundary layer. In the
weak stably thermally-stratified turbulent boundary layer
as shown in Fig. 7(a), the invariant moves from the two-
component (2C) state to the isotropic (ISO) state via one
component (1C) state, but the invariant does not reach at
the isotropic state, and it is on the axisymmetric line. The
maps of other cases are calculated at the occurrence region
of CDP. In the case of remarkable occurrence of CDP as
shown in Figs. 7(c) and (d), the anisotropy invariant rapidly
goes to the axisymmetric line in comparison with the case
of Reδ2,in

= 300 with Riδ2,in
= 0.01, and the anisotropy in-

variant does not go to 1C state.

(a)Reδ2,in = 300,Riδ2,in = 0.02

(b) Reδ2,in = 300,Riδ2,in = 0.04

Figure 9. Variations of vortex structures

As for the thermal field, the following turbulent heat
flux tensors are shown in Fig. 9.

a j =
u jθ

√
u( j)u( j)

√
θ 2

(6)

where, the parenthetic index does not apply the Einstein

summation convention, i.e., a1 = u1θ/
(√

u2
1

√
θ 2

)
for

j = 1. In the case of Reδ2,in
= 300 with Riδ2,in

= 0.01, al-
though the CDP is difficult to find in the foregoing figures,
the CDP can be slightly detected close to the wall as shown
in Fig. 9(a). In the other cases, it is obvious that the ten-
sor a1 maintains a near value to 1, but in cases of higher
Richardson number, the near-wall a1 decreases at the down-
stream region. This is because the turbulence is not main-
tained near the wall due to the stable thermal stratification.

The variations of vortex structures are shown in Fig. 9.
It is discovered that the vortex structure decreases due to
the stable thermal stratification in the downstream region
in both the cases. In the case of strong stably thermally-
stratified turbulent boundary layer, the vortex structure is
difficult to observe near the wall in the downstream region
due to decrease of turbulence. Figure 10 shows relations of
vortex structure and fluctuation of Reynolds shear stresses
in y–z plane. The vortex structure is detected by the sec-
ond invariant velocity gradient tensor, and the green indi-
cates the positive sign of ωx and the pink shows the nega-
tive sign of ωx. Also, the region purple colored indicates
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(a)Reδ2,in
= 300,Riδ2,in

= 0

(b)Reδ2,in = 300,Riδ2,in = 0.02

(c) Reδ2,in = 300,Riδ2,in = 0.04

Figure 10. Relations of vortex structure and fluctuation of
Reynolds shear stresses in y–z plane

the positive value of fluctuating uv which is the ejection or
sweep motions, and the region blue colored shows the nega-
tive value of fluctuating uv which is the interaction motions.
For comparison, the case of Reδ2,in

= 300 with Riδ2,in
= 0 is

included in the figure. In general, the positive value of fluc-
tuating uv distributes around the vortex structure as shown
in Fig. 10(a). The negative value of fluctuating uv, how-
ever, can be clearly observed more in cases of stable thermal
stratification. The negative value of fluctuating uv, how-
ever, can be clearly observed more in cases of stable thermal
stratification. Therefore, it can be found that the interaction
motion apparently contributes the occurrence of CDP.

CONCLUSIONS
DNSs of the stably thermally-stratified turbulent

boundary layer have been conducted under various
Reynolds and Richardson numbers conditions. In the

present DNS, the detailed turbulent statistics of stably
thermally-stratified turbulent boundary layer near the wall
are clearly indicated in the various conditions. DNS clearly
shows the CDP which indicates the negative sign of the
Reynolds shear stress and the wall-normal turbulent heat
flux with the positive sign of mean velocity and tempera-
ture gradients. In the case of strong occurrence of CDP,
the local Richardson number always exceeds the critical
Richardson number, but the turbulence is maintained. Also,
the anisotropy tensor and invariant map are indicated in this
paper. It is found that the state of turbulent stress rapidly ar-
rives in the axisymmetric in the case of strong occurrence of
CDP. The turbulent heat flux tensor is also shown in order to
indicate the variation of thermal field, in which the stream-
wise turbulent heat flux tensor maintains high value even in
the case of strong occurrence of CDP. The relation between
the vortex structure and the fluctuation of Reynolds shear
stress is shown, where the negative value of fluctuation of
Reynolds shear stress frequently appears around the vortex
structure in the case of occurrence of CDP.
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