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ABSTRACT
Turbulent transports in hydrogen-air flame are investi-

gated by introducing relevant scalar variables which allow
to identify and treat separately density effects induced by
both mixing and reactive processes. The algebraic mod-
els proposed for the turbulent scalar flux and the turbulent
kinetic energy allow to recover and generalise well-known
previously established relations and highlight the possible
occurrence of counter-gradient turbulent diffusion. The
calculation of a practical turbulent diffusion hydrogen-air
flame is also performed and exhibits a strong production of
turbulence near stoichiometric conditions.

INTRODUCTION

Thermal expansion in reactive flows has a strong ef-
fect on turbulent transports as shown in the pioneering stud-
ies conducted by Bray et al. (1981), Libby & Bray (1981),
and Borghi & Escudié (1984). It is now well established
that the large density variations involved in these fully pre-
mixed flames lead to counter-gradient turbulent diffusion
and flame generated turbulence phenomena. However, the
behaviour of turbulent transports in diffusion flames, which
can be described by using passive scalars, such as the
Schvab-Zel’dovich variable or the mixture fraction, is al-
ways considered identical to those observed in inert flows.
This assumption is also invoked because diffusion flames
differs for premixed ones which propagate and impose their
own dynamics to the flow. Moreover, it is commonly con-
sidered that the key difficulty in flames is the modeling of
the mean chemical rate and not the modeling of the tur-
bulent transports. Therefore, works focusing on turbulent
transports evolution in diffusion flames remain very scarce,
see for example, Stårner & Bilger (1981), Stårner (1983),
Luo & Bray (1998).

Our point of view is that the mean chemical rate and
turbulent transports are strongly correlated and cannot be
modeled separately. Moreover, counter gradient turbulent
diffusion has been evidenced in non premixed flames from
the experiments of Hardalupas et al. (1996) but also from
the direct numerical simulation of Luo (2000). The heat re-
lease induced density changes in such diffusion flames are
of the same order of magnitude as those occurring in pre-
mixed flames. Consequently, turbulent transport must be
also strongly affected by density variations since density is
straightly correlated to velocity via the mass conservation

law. The density - via the equation of state - is also related to
scalar quantities such as temperature or species mass frac-
tions. Therefore, the objective of this work is to develop
a new strategy to represent turbulent transports, i.e. scalar
flux and turbulent kinetic energy, in non-premixed reactive
flows featuring large density variations. This study focuses
on the very specific and complicated case of hydrogen-air
combustion where significant density variations may be in-
duced by both heat release due to chemical reactions and
non-reactive mixing between hydrogen and air.

DENSITY VARIATIONS IN HYDROGEN-AIR
FLAMES

Since density effect is the cornerstone of the present
study, the most relevant scalar to deal with such flows must
be directly related to density. Thus, the normalized specific
volume f is introduced as a representative scalar:

f = (r− rmin)/β , (1)

where r=1/ρ and β = (rmax− rmin). The main advantage
of this variable is that it can be used in premixed flames
where f is the usual progress variable c of chemical reac-
tions but can also be used in the case of passive mixing
of two streams of different density where f is the usual
mixture fraction ξ . Therefore, the normalized specific vol-
ume f seems appropriate to describe diffusion flames where
both processes, i.e. chemical reactions and mixing, are in-
volved. However, if chemical reactions are considered as
infinitely fast when compared to mixing processes, the state
of the mixture is given by the chemical equilibrium and the
function f (ξ ) is known, see Fig. (1). Thus, the knowl-
edge of the mixture fraction ξ , which represents the level
of passive mixing between fuel and oxidizer streams, is
sufficient to describe the state of the mixture in diffusion
flames. Figure (1), which shows a monotonic evolution
of f (ξ ), emphasizes the specific behaviour of hydrogen-
air combustion where the variations of density associated
with non reactive mixing and the effects of the heat release
reach the same order of magnitude. The former effect is
represented by the pure mixing line in Figure (1), which is
linearly related to the mixture fraction evolution, whereas
the latter effect is represented by the temperature evolution
T (ξ ), which is a strongly non linear function of the mixture
fraction. Accordingly, the potential effects of density on
the velocity field is conditioned by the values of the mix-
ture fraction. These effects may be very important around
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Figure 1: Chemical equilibrium profiles for tempera-
ture T and f .

stoichiometric conditions (ξst = 2.85× 10−2) where T (ξ )
reaches a maximum.

The normalized specific volume introduced in Eq. (1)
also allows to rewrite easily correlations u′′, ξ ′′ and f ′′ as
follow:

u′′ = (ρu′′r) = βρu′′ f ′′, (2)

ξ ′′ = (ρξ ′′r) = βρξ ′′ f ′′. (3)

f ′′ = (ρ f ′′r) = βρ f ′′2. (4)

These correlations associated with the mean pressure gradi-
ent correspond to the velocity-pressure and scalar-pressure
terms of the transport equations for the Reynolds stresses
ρu′′u′′, the passive scalar turbulent flux ρu′′ξ ′′ and the re-
active scalar turbulent flux ρu′′ f ′′. These terms are known
to be of first order importance and must be modelled care-
fully when density variations occur. Equations (2), (3) and
(4) clearly show that u′′, f ′′ are nothing else than the turbu-
lent scalar flux and the variance of the normalized specific
volume and ξ ′′ is the co-variance between the normalized
specific volume and the mixture fraction. Relations (2),
(3) and (4) are also fully consistent with: (i) the relation
previously established by Jones (1994): u′′=ξ ′′ũ′′ξ ′′/ξ̃ ′′2,
when non reactive mixing is considered, i.e. f =ξ and (ii)
the well-known relations obtained for fully premixed com-
bustion ( f = c): u′′ = βρu′′c′′ and c′′ = βρc′′2. Therefore,
the normalized specific volume f is a relevant scalar when
variable density flows are considered: it can be used for
both passive and reactive flows, it is able to highlight the
specificity of hydrogen-air flames and it allows to recover
and generalise well-known previously established relations.

VELOCITY SPLITTING PROCEDURE
In the proposed approach, the modeling of turbulent

transport, i.e. passive scalar flux ρu′′ξ ′′ and turbulent ki-
netic energy ρu′′u′′, consists in splitting the velocity field
into two distinct contributions:

u = v+w, (5)

in order to treat separately effects of turbulence and effects
of density variations on the velocity field. On the one hand,
the velocity variations induced by density changes are as-
sociated with the w-velocity field. On the other hand, the
v-velocity field is associated with turbulent mixing effects.

Such a splitting procedure was previously applied with
some success to model turbulent fluxes in premixed flames,
see Robin et al. (2012a) and Dong et al. (2013). This pro-
cedure is well suited to such situations because the flame
brush is considered to be composed of one dimensional pre-
mixed flamelet structures through which the acceleration is
a linear function of the progress variable c. Accordingly,
Robin et al. (2011) define the norm of the w-velocity as
proportional to the progress variable: ‖ w ‖= τSLc, where
SL is the laminar flame propagation velocity speed, and τ is
the expansion factor defined as τ = ρmaxβ .

However, in non premixed reactive flows, the norm of
the w-velocity cannot be considered any longer as propor-
tional to the scalar, i.e. the mixture fraction ξ . We consider
this velocity as proportional to the normalized specific vol-
ume f introduced above in order to be consistent with the
previous work of Robin et al. (2011):

‖ w ‖= sβ f , (6)

where s is a constant parameter associated to a mass flow
rate per unit flame area. Therefore, the previous analysis
conducted for premixed situations by Robin et al. (2011)
remains valid provided that the normalized specific volume
f is considered instead of the progress variable c and the
parameter s instead of ρmaxSL.

The splitting procedure is then applied to the scalar tur-
bulent flux by using Eq. (5):

ρu′′ξ ′′ = ρv′′ξ ′′+ρw′′ξ ′′, (7)

where the scalar turbulent fluxes ρv′′ξ ′′ and ρw′′ξ ′′ are
modeled following the proposal of Robin et al. (2012b) and
applying the definition of Eq.(6), so that the formal expres-
sion of the scalar turbulent flux may be written:

ρu′′ξ ′′ =−ρ(νT /σT )∇ξ̃ +ρsβλ (1+ψ)ξ̃ ′′ f ′′M. (8)

The first term in the Right Hand Side (RHS) of Eq.(8) is as-
sociated with the passive turbulent mixing between the two
reactant streams. It is represented with a gradient law. The
second term of the RHS represents the direct and indirect
effects of thermal expansion on the scalar turbulent flux,
see Robin et al. (2011). The direct effects are induced by
the local variations of density. The corresponding modeled
expression involves a unit vector M that characterizes the
mean orientation of the scalar flux and a parameter λ that
measures the associated local fluctuations, see Robin et al.
(2012a) for more details. The indirect effects correspond to
the acceleration induced by the flowfield curvature. These
effects have been modeled by invoking an analogy with the
direct effects via the introduction of the model parameter ψ .

Equation (8) also involved the covariance ξ̃ ′′ f ′′ already
discussed in Eq. (3). This term appears in the transport
equation for the passive scalar flux ρu′′ξ ′′. Doing so, the
behaviour of the algebraic model (8) should be similar to the
one obtained by solving a transport equation for the scalar
flux. Moreover, Eq.(8) involves the quantity s, analogous to
a chemical consumption rate (Kg.m−2.s). Therefore we can
conclude that even if the mixture fraction is a passive scalar,
the only unclosed term of its mean transport equation, i.e.
ρu′′ξ ′′, does depend on reactive processes.
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Consideration of such a splitting procedure allows the
turbulent kinetic energy to be expressed as:

ρk = ρkvT + 1
2 ρ(sβ )2(1+ψ2)

[
f̃ ′′2 + f̃

2
(

1−λ 2
)]

, (9)

where ρkvT represents the turbulent kinetic energy induced
by pure mixing processes. We consider here that ρkvT can
be resolved by using the same modeled transport equation
as the one retained for non reactive flows. The second term
of the RHS of Eq.(9) involves the parameter s and the vari-
ance of the normalized specific volume f̃ ′′2 already dis-
cussed in Eq. (4).

Thus, this variance (or f ′′) associated with the mean
pressure gradient corresponds to the scalar-pressure term of
the transport equation for the reactive scalar flux ρu′′ f ′′.
This scalar flux is directly related to u′′, see Eq. (2), and is
involved in the velocity-pressure term of the transport equa-
tion for the turbulent kinetic energy ρk. Therefore, this ve-
locity splitting procedure is fully consistent with a second
order approach and able to provide algebraic closures for
the turbulent transport terms, as an alternative to solving
additional transport equations.

The reactive scalar flux ρu′′ f ′′ can be modeled by em-
ploying the same strategy:

ρu′′ f ′′ =−ρ(νT /σT )∇ f̃ +ρsβλ (1+ψ) f̃ ′′2M. (10)

It should be noticed that the ratio of the second terms of
the RHS of the modeled passive and reactive scalar fluxes,
i.e. thermal expansion terms in Eq.(8) and Eq.(10), leads to
ρu′′ f ′′/ρu′′ξ ′′ = f̃ ′′2/ξ̃ ′′ f ′′, which may be rewritten using
Eqs. (2) and (4) as:

u′′ = f ′′ũ′′ξ ′′/ f̃ ′′ξ ′′. (11)

This expression is very similar to the one early proposed
by Jones (1994): u′′ = ξ ′′ũ′′ξ ′′/ξ̃ ′′2, but more general, i.e.
suited to reactive flows. Moreover, for passive scalar mix-
ing, i.e. f = ξ , Eq.(11) becomes strictly identical to Jones’
expression.

Finally, the velocity splitting procedure provides alge-
braic and consistent closures for turbulent transport terms
that account for thermal expansion effects. Their behaviour
is in agreement with second order approach and it allows to
recover and generalize available relations.

TURBULENT COMBUSTION MODEL
The final closure is obtained by considering the in-

finitely fast chemistry limit so that the turbulent flame brush
corresponds to the chemical equilibrium, see Figure.(1). It
must be noticed that this assumption has been retained for
the sake of simplicity and the above model can be used
as well with others flamelet closures. From a preliminary
calculation of the chemical equilibrium, the mean density
ρ , mean temperature T̃ and mean species mass fractions
can be tabulated from the mixture fraction Probability Den-
sity Function (PDF). A presumed β -PDF is considered here
so that only the mean mixture fraction ξ̃ and its variance
ξ̃ ′′2 are required to define the PDF shape. Thus, only the
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Figure 2: Temperature profiles obtained from tabu-
lated data for three values of the segregation rate S.
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Figure 3: Correlation ξ̃ ′′ f ′′ profiles (top) , and profiles
of variance f̃ ′′2 (bottom), as obtained from tabulated
data for three values of the segregation rate S.

transport of these two averaged quantities is required to cal-
culate the scalar fields. Figure (2) shows the profiles of
mean temperature that can be obtained using such tabulated
data for different values of the segregation rate, defined by
S = ξ̃ ′′2/(ξ̃ (1− ξ̃ )). For small values of the segregation
rate, the mean temperature profile approaches the chemi-
cal equilibrium profile presented in Fig.(1). However, for
large values of the segregation rate the mean temperature is
close to the fresh reactants temperature. These tabulated
data also allow to determine the correlations involved in
Eqs.(8-9-10), i.e f̃ ′′2 and ξ̃ ′′ f ′′. Profiles of these quantities
are reported in Fig.(3).

As expected for small levels of the segregation rate,
these mean quantities reach a maximum close to the pure
air side conditions. This behaviour can be associated with
the strong variations of density around stoichiometric con-
ditions, i.e. for low values of the mixture fraction, see Fig.
1. For large values of the segregation rate, the mixture is
mainly composed of pure air and pure fuel pockets. Thus,
profiles show a bimodal characteristic: parabolic shape with
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Figure 4: Correlation ξ̃ ′′θ ′′ profiles (top), and profiles
of variance θ̃ ′′2 (bottom), as obtained from tabulated
data for three values of the segregation rate S.

a maximum at ξ̃ = 0.5. Accordingly, these correlations rep-
resent the effects of density variations induced by mixing
but also by chemical reactions.

Now, to highlight the variable density effects that are
only induced by chemical reactions, the same correlations
are presented but the considered variable is a progress vari-
able denoted θ , see Fig. (4). This progress variable is
the normalized temperature defined as follows: θ = (T −
Tmin)/(Tmax−Tmin), where Tmin is the temperature of fresh
reactants and Tmax the temperature at stoichiometry. The
behaviour of the correlations profiles obtained with this re-
active variable differs significantly from the one presented
above in Fig.(3). For large values of the segregation rate, the
correlations vanish because temperature in the two streams
of fresh reactants are the same. For small values of the seg-
regation rate, the progress variable variance θ̃ ′′2 exhibits the
same behaviour as the variance f̃ ′′2. However, the cross
correlation θ̃ ′′ξ ′′ becomes negative in the main part of the
flame brush whereas f̃ ′′ξ ′′ is always positive. This result re-
flects the influence of the chemical equilibrium which leads
to a maximum of the temperature profile T (ξ ) whereas the
chemical equilibrium value of the specific volume f (ξ ) dis-
plays a monotonic evolution, see Fig. 1.

As our first objectives is to model the effects of chemi-
cal reactions on turbulent transports. We choose to consider
the progress variable θ instead of the normalized specific
volume f in Eqs. (8-9). Moreover, for the sake of sim-
plicity, both model parameters λ and Ψ have been set to
unity. The unit vector that characterizes the flux orientation
of the second term of Eq. (8) have been defined as follows:
M = ∇θ̃/‖∇θ̃‖. Therefore, the final closure for the turbu-
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Figure 7: Studied configuration. Mean mixture frac-
tion for non-reactive flow

lent transport terms writes:

ρu′′ξ ′′ =−ρ(νT /σT )∇ξ̃ +2ρsβ ξ̃ ′′θ ′′M. (12)

ρk = ρkvT +ρ(sβ )2θ̃ ′′2. (13)

The only unknown parameter in this set of equations is the
chemical consumption rate s which should be related to the
scalar dissipation rate (SDR). It can be obtained analytically
in simplified cases, see for example Liñan & Crespo (1976);
Marble & Broadwell (1977). It can be evaluated from de-
tailed chemistry calculations as well. It must be pointed out
that in the case of a stretched diffusion flame at the limit of
extinction the value of s can be approximated as s= ρmaxSL,
so that the proposed closure becomes fully consistent with
the previous analysis conducted by Robin et al. (2011). In
this study, we choose to express this chemical consumption
rate as s = γρmaxSL, where γ is a model parameter. Whose
sensitivity will be evaluated.

NUMERICAL SIMULATIONS OF INERT AND
REACTIVE TURBULENT JETS

Density variations in hydrogen-air flames are due to
both reactive and mixing processes and both may modify
the scalar turbulent flux ρu′′ξ ′′ and turbulent kinetic energy
ρk. However, the final closure proposed, i.e. Eqs. (12)
and (13), is able to represent effects of density variations on
turbulent fluxes induced by chemical reactions only. Thus,
modifications of turbulent fluxes by the density variations
induced by non reactive mixing are neglected. Therefore,
we first checked that classical first order closures, for in-
stance k− ε model and gradient law, are able to predict ac-
curately enough the mean structure of the flow in an inert
turbulent jet featuring large density variations, see Fig. 5
to Fig. 7. Indeed, the configuration considered is the jet of
helium surrounded by a co-flow of air investigated by Djeri-
dane et al. (1996) and Amielh et al. (1995). The numerical
simulation is performed using the CFD code developed by
eDF, Code_ Saturne (Archambeau et al., 2004). The mesh
retained is made up of 10 000 cells.

Figure 7 shows the mean mixture fraction field ob-
tained by the numerical simulation and the corresponding
boundary conditions applied to the computational domain.
The inlet boundary conditions have been taken from the
data available in Djeridane et al. (1996) and Amielh et al.
(1995). Results presented in Figs. 5 and 6 show a satisfac-
tory agreement between the numerical simulation and ex-
periments for the mean velocity, turbulent kinetic energy
and mean mixture fraction.

These results confirm that the classical k−ε model as-
sociated with gradient law is able to predict the main struc-
ture of such an inert jet with variable density. Nevertheless,
the density variations induced by combustion processes lead
to local velocity variations that are expected to modify more
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strongly turbulent fluxes and so the main structure of the
flow. Accordingly, the closure proposed above, i.e. Eqs.
(12) and (13), is now applied to the numerical simulation of
a turbulent reactive jet of hydrogen surrounded by a co-flow
of air, see for example Kent & Bilger (1973); Stårner & Bil-
ger (1980); Kennedy & Kent (1981). The mesh retained is
made up of 20 000 cells and the corresponding inlet bound-
ary conditions have been taken from the data available in
Kent & Bilger (1973). Fig. (8) shows the turbulent scalar
flux ρu′′z ξ ′′ and the turbulent kinetic energy ρk obtained
from numerical simulations along the radial direction z at
x/D = 5. Profiles are also plotted versus the mean mixture
fraction, see Fig. (9).

The sensitivity to the value of the parameter γ is eval-
uated. The case γ = 0 corresponds to the results obtained
with a classical k-ε model associated with a gradient law
and the case γ = 1 corresponds to the maximum chemi-
cal consumption rate that can be reached in such diffusion
flames. Results clearly show that the scalar turbulent flux is
strongly modified by thermal expansion even for small val-
ues of the chemical consumption rate, i.e. small values of
γ . The scalar turbulent flux can even becomes negative, i.e.
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Figure 9: Transverse component of the scalar turbulent
flux ρu′′z ξ ′′ (top), Turbulent kinetic energy ρk (bot-
tom), across the mean flame structure at x = 5D plot-
ted versus the mean mixture fraction.

counter gradient, in the main part of the flame brush. how-
ever, the scalar turbulent flux is always found to be positive
in a very narrow part of the flame brush near stoichiometric
conditions. This peculiar behaviour is due to the changing
signs of the correlation ξ̃ ′′θ ′′ (see Fig. 4) and the changing
direction of the unit vector M = ∇θ̃/‖∇θ̃‖ = ∇T̃/‖∇T̃‖
(see Fig. 2) which both occur for small values of the mix-
ture fraction. If the correlation ξ̃ ′′θ ′′ reach zero at exactly
the same location as the one associated with maximum tem-
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perature value, then the thermal expansion effect on scalar
turbulent flux vanishes at this location and is negative else-
where enhancing the possible counter gradient turbulent dif-
fusion effect. In other cases, the thermal expansion effect
can be positive only in a very thin part of the flame brush en-
hancing, in this small area, the turbulent mixing processes.
This behaviour is very similar to the one observed in pre-
mixed flame in the thin flame limit where the scalar turbu-
lent flux is often counter gradient except in a very small re-
gion in front the flame brush. In turbulent diffusion flames,
this region is found near stoichiometric conditions. It must
be noticed that the scalar flux behaviour is partly controlled
by the definition retained for the direction of the additional
flux, i.e. the unit vector M. This direction may affect the
value of the scalar flux component ρu′′z ξ ′′ but also its sign.
We define M with the mean temperature gradient but other
solutions could have been chosen. However, whatever the
definition of M, an increase of turbulent kinetic energy will
be observed, see Fig. 8. For small values of the mean mix-
ture fraction, the turbulent kinetic energy can even be ten
times higher when considering thermal expansion effects
via Eq. (13). This phenomenon must be related to the cor-
relation θ̃ ′′2 appearing in Eq. (13), see Figs. (9) and (4).
Eventually, in turbulent diffusion flames, when the mixture
fraction variance reach its maximum value (S = 1) or min-
imum value (S = 0), there is no effect of thermal expan-
sion on turbulent fluxes. But for all intermediate values of
the segregation factor, temperature fluctuations must lead
to a strong production of turbulence. Moreover, consider-
ing large variations associated with very small values of the
mixture fraction must lead to a change of behaviour in a
very small region of the flame brush.

CONCLUSIONS
The description of hydrogen-air diffusion flame based

on the mixture fraction as a passive scalar, the normalized
temperature as a reactive scalar and the normalized spe-
cific volume allows to identify and treat separately den-
sity effects induced by both mixing and reactive processes.
The closure strategy of turbulent transport terms is based
on a velocity splitting procedure and leads to algebraic
models for the turbulent scalar flux and the turbulent ki-
netic energy. These models allows to recover and gener-
alise well-known previously established relations. The ob-
tained expressions involve scalar variances and correlation
that can be tabulated from chemical equilibrium or diffu-
sion flamelets structures. The changing sign of the correla-
tion must be directly related to the possible occurrence of
counter-gradient diffusion. The calculation of practical tur-
bulent diffusion hydrogen-air flame clearly shows a strong
production of turbulence near stoichiometric conditions.
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