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ABSTRACT
A Large-Eddy Simulation (LES) of scalar dispersion

over a wavy wall has been performed and is compared with
Direct Numerical Simulation (DNS) data for the same case.
LES statistics show excellent agreement with DNS data at a
much lower computational cost. The LES mesh cell count has
been reduced by a factor of eight and the timestep doubled as
compared to the DNS calculation. Mean flow and Reynolds
stress data is presented along with mean scalar and scalar flux
statistics. Barycentric maps are used to visualize the state
of turbulence in the flow field captured by LES while scat-
ter plots of mean scalar concentration give an overall picture
of predictive performance. For both of the prior analysis tech-
niques, RANS results are included in the discussion to place
the LES results in appropriate context in terms of computa-
tional expense and accuracy.

INTRODUCTION
From tracking the spread of the release of a hazardous

material to predicting the impact on air quality due to emis-
sions, there are many important applications for scalar disper-
sion modeling. The high population densities found in urban
areas make them important regions in which dispersion must
be understood (Britter and Hanna, 2003). The complex ge-
ometries found in urban areas pose an additional modeling
challenge. With the advent of automated unstructured mesh-
ing techniques, Computational Fluid Dynamics (CFD) meth-
ods are suited for scales at which individual buildings mustbe
resolved. Comparisons of Reynolds-Average Navier Stokes
(RANS) and Large-Eddy Simulation (LES) approaches to dis-
persion modeling are still common in the literature for both
real urban areas (Gousseau et al., 2011) and idealized geome-
tries (Salim et al., 2011) as the best method is still up for de-
bate (Fernando et al., 2010).

This LES study builds upon prior investigations of dis-
persion (Rossi et al., 2010; Rossi, 2010; Philips et al., 2010)

Figure 1: Computational domain

in which various RANS methodologies were explored. RANS
simulations in complex geometries were found to yield rea-
sonable results when the turbulence models effectively cap-
tured anisotropies in the Reynolds stresses. Additionally, a
scalar flux model that takes advantage of this anisotropy infor-
mation is required. The Standard Gradient Diffusion Hypoth-
esis (SGDH) uses a scalar value for the diffusivity that does
not always capture the correct behavior of the turbulent scalar
flux. Tensorial formulations of the diffusivity are better suited
to incorporate flow anisotropy information in the scalar field
prediction. In the current work, the anisotropy in the turbu-
lent flow predicted by LES will be examined. If the modeled
subgrid stresses and fluxes are truly isotropic, then large scale
anisotropy should be captured without the need for the type of
models employed in the RANS approach.

NUMERICAL EXPERIMENT
An LES of fully developed turbulent flow through a wavy

channel is performed at a Reynolds number of approximately
6,800 based on the mean channel height, 2h, and the bulk ve-
locity. A passive scalar with a Schmidt number,Sc = 1, is
released from the wave crest and allowed to develop down-
stream. The accuracy of this LES study will be assessed
via comparison with DNS data presented and analyzed in
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Rossi and Iaccarino (2009). Additionally, RANS modeling
results from Philips et al. (2010) are discussed to further con-
textualize the results of this study.

Governing Equations
The filtered continuity, momentum, and passive scalar

transport equations,
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are solved using the unstructured, finite volume code CDP
developed at Stanford’s Center for Turbulence Research. A
semi-implicit Crank-Nicholson method is used to advance
the solution in time while centered differencing is used for
spatial derivatives. The dynamic Smagorinski model of
Germano et al. (1991) was used to close the subgrid stresses,
τr

i j, in the momentum equation. A constant turbulent Schmidt
number, Sct = 0.9, was then used to obtain the subgird
scalar fluxes,q j. Further details on CDP may be found in
Mahesh et al. (2004); Ham and Iaccarino (2004); Ham et al.
(2006).

Computational Domain and Mesh
The wavy wall computational domain is shown in Fig. 1

where the wavelength,λ , is set equal to 2h. A fully devel-
oped turbulent flow is driven by a constant pressure gradient
applied as a source term,Πg, to the x-momentum equation.
While the flow is periodic in the streamwise, x, and spanwise,
z, directions, the scalar field is not. The scalar develops for
approximately three wavelengths before being removed from
the domain via a sponge. The sponge termΦsp, shown in Eq.
3, is active only in the regionx/λ = 3.75 to x/λ = 4.00 but
there may be effects on the scalar field immediately upstream
due to recirculating turbulent eddies. All analysis is therefore
performed well upstream of the sponge region.

The details of the computational mesh for the aforemen-
tioned geometry are shown in Tbl. 1. The number of compu-
tational cells used in each direction for the LES was half that
for the DNS except in the spanwise direction where an odd
number was necessary to maintain the same source position.
The characteristic velocity,

U∗ =

(

2hΠg

ρ

)1/2

(4)

is defined based on the imposed pressure gradientΠg and the
channel height. This velocity scale is used to define the mesh
plus-spacing values reported in Tbl. 1.

Simulation Procedure
The simulation was initialized and advanced in time for

approximately 80T to remove initial transients, whereT is one

Table 1: Wavy wall mesh parameters

CASE Nx ×Ny ×Nz ∆x+ ×∆y+×∆z+

DNS 256×96×128 14×0.13−18×14

LES 128×48×65 27×0.70−37×27
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Figure 2: Vertical profiles of mean streamwise velocity:
× DNS, — LES resolved

flow through time. The flow and scalar field was then moni-
tored and averaged over approximately 350T using a timestep
of 1.75T ×10−3. Flow field statistics presented hereafter will
be normalized byU∗, while scalar field statistics will be nor-
malized by the concentration at the source,C0. Angled brack-
ets,〈〉, will be used to designate time averaged quantities, to
differentiate from the overbar used for the filtering operation.
Note that though the filtering overbar is omitted on compari-
son plots, the statistics presented for the LES computationare
time averages of resolved quantities, while the DNS statistics
presented have not been filtered.

FLOW FIELD PREDICTION
Mean Flow

Profiles of mean velocity in the streamwise direction are
shown in Fig. 2 and the LES is found in excellent agree-
ment with DNS data at the four streamwise stations shown.
The mean velocity is under-predicted very slightly towardsthe
channel center, but the separated and reattached flow regions
near the wall are predicted well. The mean vertical velocity
is also predicted well by LES, though the profiles are omitted
here for the sake of brevity.

Reynolds Stresses in Physical Space
The Reynolds stresses predicted by the LES computation

are now compared with DNS data. The resolved shear stress,
〈u′v′〉, is well represented up toy/2h≈ 0.15 at which point the
predicted magnitude is larger than DNS (Fig. 3). Addition-
ally, the peak shear stress in the separated downslope region
is somewhat greater than found in the DNS case. The subgrid
shear stress predicted by LES is reported in Fig 3 along with
the resolved shear stress to illustrate the modeling contribu-
tion. At maximum, the subgrid shear stress was 5% to 6% of
the resolved stress on the wave downslope and trough, respec-
tively. Given the small difference, only the resolved stresses
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Figure 3: Vertical profiles of the〈u′v′〉 Reynolds stress:
× DNS, — LES resolved, - - - LES subgrid
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Figure 4: Vertical profiles of the〈u′u′〉 Reynolds stress:
× DNS, — LES resolved
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Figure 5: Vertical profiles of the〈v′v′〉 Reynolds stress:
× DNS, — LES resolved

are reported subsequently for the normal Reynolds stress com-
ponents. The shape of the〈u′u′〉 stress matches qualitatively
with DNS data, though its magnitude is slightly over predicted
by LES (Fig. 4). Nevertheless, the height of the profile peak
at each location is consistent with DNS. In the separated flow
region atx/λ = 2.25, the〈v′v′〉 stress profiles contains a peak
at y/2h ≈ 0.05 that is not as prominent in the DNS data (Fig.
5). At the other streamwise locations, LES under-predicts the
peak value of the〈v′v′〉 stress but slightly over-predicts the
values in the channel center. Like the〈v′v′〉 stress,〈w′w′〉 is
also over-predicted by LES towards the center of the channel
(Fig. 6). The near-wall peak in the〈w′w′〉 stress is captured
accurately by the LES on the wave upslope; however, the de-
velopment of this peak, as seen in the wave trough profile,
begins earlier than in the DNS data.
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Figure 6: Vertical profiles of the〈w′w′〉 Reynolds stress:
× DNS, — LES resolved

Figure 7: Barycentric map for a vertical profile at the
wave crest:× DNS,◦ LES resolved

Barycentric Map Analysis
Further analysis of the turbulent flow field is now

performed using the Barycentric mapping method of
Banerjee et al. (2007). The method is similar to the invariant
approach of Lumley and Newman (1977) except that a linear
mapping is used to create the barycentric triangle shown in
Fig. 7. The corners of the triangle represent the one, two, and
three component states of turbulence which is equivalent to
the number of zero eigenvalues of the Reynolds stress tensor,
〈

u′iu
′
j

〉

. The state of turbulence along a vertical profile at the

wave crest, indicated in Fig. 1, is plotted in Fig. 7 for both
the DNS data and LES prediction. The results show excel-
lent agreement in predicting the peak towards one-component
turbulence along the flat wall. The peak corresponds to a max-
imum in turbulence production and the effectiveness of LES
in capturing this peak fits well with the idea that it resolves
the large scale features of the flow. The one-component peak
near the wavy wall side of the channel is shifted more towards
two-component turbulence and there is a greater differencein
the prediction of LES versus DNS. Recalling the plots of the
Reynolds stresses in physical space at the wave crest,〈u′u′〉
was over-predicted in the near-wall region, while the magni-
tudes of〈v′v′〉 and 〈u′v′〉 were under-predicted suggesting a
slightly more one-component nature. Lastly, the state of tur-
bulence near the center of the channel shows the LES data
shifted to be more in line with isotropic (three-component)
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Figure 8: Barycentric colormap in physical space. Red /
Green / Blue : 1 / 2 / 3 component turbulence, respec-
tively

turbulence. Therefore, some anisotropy information in there-
solved stresses has been lost due to the reduction in grid res-
olution and the subgrid modeling. To put this move towards
isotropy in context, it is instructive to compare the state of
turbulence captured by DNS and LES to RANS modeling for-
mulations. Fig. 8 shows the wavy wall physical domain filled
with a colormap representing location within the barycentric
triangle mapping. Given the periodic nature of the flow, four
results are displayed side by side. Comparing the DNS and
LES sections of Fig. 8, a slight smoothing of the colormap
is noticeable particularly in the channel center where the
flow becomes slightly more isotropic (blue). The first RANS
method shown is a second moment closure Reynolds Stress
Transport (RST) method (Launder, B. E. et al., 1975). By
solving transport equations for the six independent Reynolds
stresses it captures some of the basic turbulence structurebut
the colormap shows clear variations from that of the DNS.
Still other RANS approaches like thev2- f model (Durbin,
1991) shown furthest to the right in Fig. 8 use the Boussi-
nesq approximation to calculate the stresses which leads toa
more isotropic prediction of the state of turbulence. Whilea
similar approximation is used for the LES subgrid stresses,
it is clear from the colormap that this does not significantly
change the predicted turbulence anisotropy of the large scales
as compared with DNS. Further details of the RANS approach
may be found in Philips et al. (2010).

SCALAR FIELD PREDICTION
Mean Scalar

Results for the LES computation of mean scalar concen-
tration are shown in Figs. 9 and 10. The shape of the vertical
profiles shown in Fig. 9 is captured effectively by LES, though
the magnitude is under-predicted. The greatest deviation oc-
curs on the wave downslope where there is a peak in scalar
concentration at approximatelyy/2h = 0.05. Recall that in
this region the flow is separated and the Reynolds stresses
were slightly over-predicted. The increased turbulent mixing
leads to a lower value of scalar concentration predicted by
LES as compared to DNS. Spanwise profiles of mean concen-
tration are reported in Fig. 10. Again, LES generally under-
predicts the concentration. While this is apparent at the cen-
ter of the plume,z/2h = 1, the LES agrees quite well with
DNS data towards the edge of the plume beginning around
z/2h = 0.85.
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Figure 9: Vertical profiles of mean scalar concentration:
× DNS, — LES resolved
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Figure 10: Spanwise profiles of mean scalar concentra-
tion at y/2h = 0.05 above the wavy wall surface:×
DNS, — LES resolved
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Figure 11: Vertical profiles of streamwise scalar flux:×
DNS, — LES resolved

Scalar Flux
The resolved turbulent scalar fluxes from LES are re-

ported in this section. The contribution of the modeled sub-
grid fluxes was small with a maximum of 2.5% of the resolved
component, and as such they are not shown here for the sake
of brevity. Vertical profiles of the streamwise flux in Fig. 11
show that the LES yields a reasonable representation though
the extent of the negative peak is slightly broader as compared
with DNS data. Agreement in the near-wall region is excellent
as the location and magnitude of the positive peak is well cap-
tured. As seen in Fig. 12, the peak value of the vertical flux
is under-predicted at the wave crest but agreement improves
moving downstream. A spanwise plot is included to show the
behavior of the spanwise flux (Fig. 13). LES predicts a much
broader peak in spanwise flux on the wave downslope than the
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Figure 12: Vertical profiles of vertical scalar flux:×
DNS, — LES resolved
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Figure 13: Spanwise profiles of spanwise flux aty/2h =

0.05 above the wavy wall surface:× DNS, — LES re-
solved

DNS data indicates. Despite this disagreement upstream, the
spanwise flux is well represented in the wave trough and wave
upslope.

Scatter Data Analysis
Much as the barycentric colormap in Fig. 8 allowed for

greater analysis of the state of turbulence, the scatter plots
of mean concentration presented herein provide a look at the
overall predictive performance. Fig. 14 takes the mean con-
centration data from the DNS dataset and plots it versus a LES
or RANS prediction at the same point. In the case of a per-
fect model, all data points would lie along the solid black line
shown in Fig. 14. Deviation from the central black line indi-
cates error in the predicted mean scalar values and the dashed
black lines delimit one decade of over-prediction or under-
prediction. As can be seen in the first plot of Fig. 14, the
LES simulation is not biased towards over or under-prediction
and remains well within an order of magnitude of the DNS
data down to a concentration of〈C/C0〉 ≈ 10−6. The bottom
two plots of Fig. 14 are included to show results typical of a
RANS approach for the current geometry. In this case, results
are shown from thev2- f model using two different models for
the turbulent diffusivity. The Standard Gradient Diffusion Hy-
pothesis (SGDH) is a constant turbulent Schmidt number ap-
proach that leads to a bias towards under-prediction and large
deviations from DNS data. The Generalized Gradient Diffu-
sion Hypothesis (GGDH) is a tensorial formulation of the tur-
bulent diffusivity proposed by Daly and Harlow (1970). It in-
corporates more flow anisotropy information, see Philips etal.
(2010) for further details, and is successful in reducing the
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Figure 14: Scatter plots comparing DNS mean concen-
tration values from the region 2< x/λ < 3 to modeled
concentration values: top, LES; Middle, RANS SGDH;
bottom, RANS GGDH

data spread; although, a modest bias towards over-prediction
now occurs.

DISCUSSION
In this study, a LES of scalar dispersion through a wavy

channel was performed. LES was effective in predicting
scalar dispersion over the wavy wall. Differences in mean
flow prediction between LES and DNS were extremely small.
A barycentric analysis of the state of stress predicted by LES
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indicated a slightly more isotropic turbulence in the center of
the channel than the DNS case; however, the overall state was
reproduced much more accurately than was obtained using
RANS models. The LES mean scalar prediction was good,
though not quite as accurate as the mean flow results. This
could be related to the simplified, constantSct approach taken
to close the subgrid fluxes. A future evaluation should con-
sider calculating this value dynamically. Nevertheless, scatter
plots showed an unbiased overall predictive performance by
the LES with minimal data spread from DNS values. While
more sophisticated RANS approaches could reduce the spread
in mean scalar prediction, a slight bias towards over or under-
prediction remained. While the results herein generally indi-
cate a stronger performance by LES than RANS, simulation
cost must be taken into account. The RANS calculations dis-
cussed can be performed over a period of several hours while
collecting statistics from the LES took on the order of days.
Moving to higher Reynolds numbers is another necessity, as
the quality of the LES results may decrease as the subgrid
modeling contribution to the solution increases. Nevertheless,
at higher Reynolds numbers, LES and RANS may continue
to fulfill different roles with LES providing a baseline for im-
provement in RANS modeling.
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