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ABSTRACT

When a vessel filled with fluid is weakly precessing, de-
veloped turbulence is sustained in it. This interesting feature
is quite attractive in engineering applications such as the ef-
fective turbulent mixing in a smooth cavity. The aim of our
study is, for such applications, to clarify, experimentally, the
suitable parameters (the rate of the precession, for example)
and the effective shape of the vessel to produce strong turbu-
lence.

Our previous laboratory experiments of fluid motions in
a precessing sphere have shown that for Reynolds numbers
Re (defined by the radius of the cavity, the magnitude of the
spin angular velocity, and the kinematic viscosity of the fluid)
larger than several thousands, turbulence can be sustained if
the precession rate Γ (defined by the ratio of the magnitude
of the precession angular velocity to that of the spin) is larger
than 0.5 %, and it is most developed when Γ is about 5 %.

However, since only the viscous stress parallel to the wall
produces turbulence in the spherical cavity, the shape is not
necessarily the best to sustain strong turbulence effectively.
Therefore, in the present study, we conduct experiments for
flows in a precessing prolate spheroid. The result is, however,
contrast to our intuition; that is, for a given Reynolds number,
the minimum precession rate to sustain turbulence is signifi-
cantly smaller in the precessing sphere than in the spheroid.
This implies that the wall-normal stress does not enhance the
turbulence, and that the precession of a symmetric cavity can
produce more complex flows.

Furthermore, in order to investigate the influence of
roughness of the cavity wall on the transition to turbulence,
we investigate flows in the same prolate spheroid but with a
step around the spin axis (the height of which is about 0.025a,
where a is the minor radius of the cavity). It is then shown that
the flow dependence on Γ is hardly affected by this step. This
result might imply that the transition to turbulence is due to
the instability of the internal flow structures rather than those
in the boundary layer.
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Figure 1. Precessing vessel. The precession axis is fixed in
the laboratory, whereas the spin axis is fixed in the preces-
sion frame which rotates in a constant angular velocity ΩΩΩp.
In our experiments, the two axes are set in a right angle. The
shown vessel is the prolate spheroid [shown in figure 3(b), be-
low] with the ellipticity 0.9, where the major axis (polar axis)
coincides with the spin axis.

Introduction
The precession is defined by the rotational motion of the

spin axis of an object around another axis (the precession axis)
which is not parallel to the spin axis. An example of a pre-
cessing object is shown in figure 1. In the present study, we
restrict ourselves within the case that the spin and the pre-
cession axes are perpendicular to each other as shown in this
example. The fact that weak precession of a vessel produces
strong turbulence of the confined fluid is contrast to our gen-
eral experience that it is rather difficult to sustain a turbulent
flow inside a smooth cavity only by its rotational motion; re-
call the fact that the solid-body rotational flow of the confined
fluid is always established by the steady rotation of an any-
shaped cavity.
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Figure 2. Experimental apparatus. The precession of the vessel (the outer shape of which is cylindrical) is driven by a pair of
stepper motors. The light source for visualisations and measurements is the laser sheet on the plane perpendicular to the spin axis.
The incident laser beam goes along the precession axis, and the laser sheet is produced by the cylindrical lens fixed on the turntable.
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Figure 3. Vessels used in the experiments. The cylindrical outer shape is common, whereas the shape of the cavity is (a) a sphere
(radius is 90 mm) and (b,c) a prolate spheroid (ellipticity is 0.9, major radius is 90 mm). The cavity (c) is the same as in (b) but
with a 2 mm height step on the cavity wall. Each vessel consists of two parts. The cross-section on the plane spanned by the spin
and the precession axes is shown.

Because the spin axis of the Earth slowly precesses with
the period of about 27000 years, since the seminal experiment
by Malkus (1968) and theoretical work by Busse (1968), quite
a few geophysicists have been interested in the potential abil-
ity of the weak precession to produce turbulence of melted
iron in the outer core (Vanyo, 1991; Vanyo et al., 1995; Vanyo

& Dunn, 2000; Noir et al., 2003; Cardin & Olson, 2007), es-
pecially from the point of view of the sustaining mechanism of
the geomagnetic fields (Kerswell, 1996; Tilgner, 1999, 2005,
2007; Wu & Roberts, 2009). However, this simple mecha-
nism to sustain strong turbulence has not been emphasised in
engineering, although its wide applications to mixers without
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stirrers, chemical reaction chambers, food processors, and so
on are expected.

For such applications, in this article we aim at revealing
the parameter dependence of flow structures in a precessing
cavity. It can be shown from the Navier-Stokes equations for
an incompressible viscous fluid that, once we fix the angle
between the spin and precession axes, only the following two
parameters

Re =
a2Ωs

ν
(Reynolds number) (1)

and

Γ =
Ωp

Ωs
(precession rate) , (2)

which is sometimes called the Poincaré number, control the
flow in a precessing cavity. Here, we have employed the ra-
dius a of the sphere (or the minor radius of the spheroid) and
the reciprocal of the spin angular velocity Ωs as characteristic
length and time, respectively to define the Reynolds number
(1); and ν is the kinetic viscosity of the fluid. In (2), Ωp is
the magnitude of the precession angular velocity. It was re-
cently shown (Goto et al., 2007, 2011) by conducting a sys-
tematic series of experiments of turbulence in a precessing
sphere that the strongest turbulence is sustained when the pre-
cession rate is very weak such as Γ ≈ 0.05 and the maximum
Taylor-length based Reynolds number is about

√
Re.

However, a possible objection of these experiments is in
the choice of the cavity shape. More concretely, since a sphere
does not change its shape by its precession, the wall-normal
stress cannot play a role to produce turbulence in the cavity.
Hence, other asymmetric shapes are likely to be more effec-
tive to sustain stronger turbulence. Therefore, in the present
study, we conduct experiments using a precessing spheroid (a
prolate spheroid with the ellipticity 0.9), and compare the re-
sults with those for the precessing sphere.

Experimental setup
It is not difficult to drive the precession of a vessel such

as shown in figure 1 in the laboratory. The precession may be
driven by rotating a vessel in a constant angular velocity ΩΩΩs on
the turntable which rotates in a constant angular velocity ΩΩΩp.
For this purpose, we have constructed an apparatus depicted
in figure 2.

In our experiments, the two rotational motions are driven
by a pair of stepper motors, and the working fluid is degassed
tap water. As stressed in the previous section, this system is
controlled only by the Reynolds number (1) and the preces-
sion rate (2). Therefore, the excellent reproducibility of ex-
periments is assured as long as the kinematic viscosity ν of
the fluid and the magnitudes Ωs and Ωp of two angular veloc-
ities are precisely determined. For the former, we monitor the
temperature of the fluid by an accurate thermistor embedded
in the vessel; and for the latter, we use precise pulse generators
and stepper motors with sufficiently small step angles.

The light source of flow visualisations and measurements
is a laser sheet, which runs through the centre of the cavity

in the perpendicular direction to the spin axis. As shown in
figure 2, the incident laser beam runs along the precession
axis, and it is fanned out by the cylindrical lens fixed on the
turntable. By this mechanism, the laser sheet rotates together
with the turntable. Then, the reflected light by the particles
on this laser sheet are recorded by a digital camera fixed on
the table. In other words, all the flow visualisations and mea-
surements are conducted in the frame (the precession frame)
rotating with the turntable. Note that the boundary conditions
and the governing equations for the confined fluid are time-
independent in the precession frame. Therefore, as seen be-
low (figure 4), flow in the cavity is steady in this frame of
reference, when the precession rate Γ is small.

As also shown in figure 2, the outer shape of the ves-
sel is cylindrical, whereas shapes of the cavity is spherical or
spheroidal. More precisely, we use the three different cavities
shown in figure 3; (a) a spherical cavity (the radius is 90 mm),
(b) a spheroidal cavity (a prolate spheroid, the polar axis of
which coincides with the spin axis, the ellipticity is 0.9, and
the major radius is 90 mm), and (c) the same spheroidal cavity
as in (b) but with a step of about 2 mm on the cavity wall.

By the use of a large bearing to support the spin axis, a
flat observation window is set at the bottom of the cylindrical
vessel, which is made of acrylic (the refractive index is 1.49),
and the images are taken by the digital camera from the per-
spective along the spin axis. It is then verified by taking the
image of reference grids on the visualised plane that the dis-
tortion of images are negligibly small especially in the central
region on the measurement plane.

The flow visualisations (shown in figures 4 and 6, below)
are conducted by the suspension of reflective flakes. Here, the
flakes we use are thin flat particles, the size of which is about
(10μm)2 × 0.1μm. A small amount (0.04 g) of flakes are
seeded in the water of about 3.0 kg in the cavity.

Flow dependence on the precession rate
First, we investigate the flow dependence on the preces-

sion rate (2). The results of flake visualisations at a fixed
Reynolds number, Re = 8.0× 104, are shown in figure 4(a)
for the sphere, and in figure 4(b) for the spheroid.

It is interesting that the qualitative parameter dependence
is common both in the cases of the sphere and the spheroid as
summarised in the following:

1. For Γ = 0, the solid-body rotational flow is established
[figures 4(a1,b1)].

2. For very small precession rates, steady flows are sus-
tained, in which clear stationary patterns are observed
[figures 4(a2, b2)]. It may be worth mentioning, in pass-
ing, that the boundary layer theory (see Kida 2011) and
direct numerical simulation show that the steady flow ob-
served in figure 4(a2) consists of the inclined solid-body
rotational flow accompanied with a pair of conical inter-
nal shear layers.

3. For slightly larger Γ , a periodic flow is observed [figures
4(a3, b3)]. The instability of the steady flow seems to
be triggered in the central region of the cavity. Note that
the periodic flow (b3) in the spheroid is observed around
Γ = 0.03, which is ten times larger than in (a3), Γ =
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(a1) Γ = 0 (b1) Γ = 0

(a2) Γ = 0.002 (b2) Γ = 0.02

(a3) Γ = 0.003 (b3) Γ = 0.03

(a4) Γ = 0.01

(a5) Γ = 0.04 (b5) Γ = 0.04

(a6) Γ = 0.1 (b6) Γ = 0.1

(a7) Γ = 0.2 (b7) Γ = 0.2

(a8) Γ = 0.4 (b8) Γ = 0.4

Figure 4. Flow visualisations by reflective flakes in (a) the precessing sphere, and in (b) the precessing prolate spheroid. The
Reynolds number Re is fixed at 8.0×104, and the flow dependence on the precession rate Γ is investigated. In (a1,b1), the solid-
body rotational flows around the spin axis are established. The steady flows observed in (a2) and (b2) become unstable at the
precession rate shown in (a3) and (b3) to be periodic flows, respectively. The flows shown in (a4–a8,b5–b8) are turbulence; though
turbulence is confined only in the outer region for the stronger precession cases (a7, a8, b7, b8).

0.003, for the sphere.

4. For larger Γ , turbulence is sustained; for relatively small
Γ , the circulation around the spin axis dominates [fig-
ures 4(a4, b5)], whereas almost isotropic turbulence is
sustained for larger Γ [figures 4(a5, a6, b6)].

5. For larger Γ , turbulence is weaker, and confined within

the outer region. Whereas, in the inner region, laminar
flow appears due to the rapid turntable rotation [figures
4(a7, a8, b7, b8)].

6. For larger Γ (≈ 1), the flow tends to the solid-body rota-
tional flow about the precession axis, and no fluid motion
except in the thin boundary layer is observed in the pre-
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cession frame.

Although the qualitative feature of the transition from
laminar flows to turbulence is quite common in the both cavi-
ties, the critical values of the transition are significantly differ-
ent. The comparison between figures 4(a) and (b) shows that
weaker precession can produce turbulence in the precessing
sphere than in the spheroid. More detailed parameter surveys
show that Γ ≈ 0.004 is sufficient for the former cavity, but
Γ � 0.04 is needed for the latter at this Re to sustain turbu-
lence. Indeed, developed turbulence is observed in the sphere
when Γ = 0.01 [figure 4 (a4)], but a steady flow accompa-
nied with a stationary pattern is observed in the spheroid at
the same precession rate Γ = 0.01 [figure 4 (b2)].

The qualitatively same flow dependence on Γ as in fig-
ure 4 is observed for different Reynolds numbers in the range
O(103) < Re < O(105).

Minimum precession rate to sustain unsteady
flows

Next, we investigate the dependence on Re of the criti-
cal precession rate Γc to sustain unsteady flows. We plot, in
figure 5, the boundary between the steady flows (open sym-
bols) and the unsteady flows (closed symbols). Circles and
squares denote the sphere and spheroid cases, respectively. It
is clearly observed in this figure that turbulence is more eas-
ily (at weaker precession rates) sustained in the sphere than
the spheroid. More precisely, figure 5 shows that the critical
values of the precession rate Γc to sustain an unsteady flow is

Γ (sphere)
c ∼ Re−0.9 (3)

for the sphere, whereas

Γ (spheroid)
c ∼ Re−0.4 (4)

for the spheroid. These imply that in a huge Reynolds-number
system (such as in the outer core of the Earth, or industrial
mixing chambers), a spherical cavity is much more effective
to sustain turbulence than the spheroid.

Roughness of the cavity wall
Before closing the present article, we report the experi-

ments on the influence of the roughness of the cavity wall. As
shown in figure 3, for a technical reason, each of the cavities
used in our experiments consists of two parts. This implies
that there is a small step on the cavity wall. The height of the
step, which is approximately symmetric about the spin axis,
is the order of the machining tolerance (0.1 mm ≈ 0.001a).
However, since the boundary layer thickness is also quite
small, it might affect the critical number of the precession rate
Γ to sustain turbulence.

To investigate the influence of the small step, we conduct
experiments of the flow in a precessing spheroid [figure 3(c)]
with a large step, the height of which is about 2 mm ≈ 0.025a.

For the given Reynolds number, Re = 4.0×104, flow vi-
sualisations for the precession rates Γ = 0.03, 0.032 and 0.034
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Figure 5. Boundary between the steady flows (◦ for the
sphere, � for the spheroid) and unsteady flows (• for the
sphere, � for the spheroid). The horizontal and vertical axes
are the Reynolds number Re and the precession rate Γ , respec-
tively. It is seen that, for a given Reynolds number, weaker
precession can sustain unsteady flows in the sphere than in
the spheroid. Dotted lines indicate Re−0.9 and Re−0.4.

are shown in figure 6; where (a) is the results for the spheroid
without the step, and (b) is for with it. No qualitative differ-
ence between (a) and (b) is observed. In the both cases, when
Γ = 0.03 a steady flow with a stationary pattern is observed;
when Γ = 0.032 an instability of the steady flow takes place
in the central region; and when Γ = 0.034, the instability be-
comes more noticable.

This result assures that such a small step on the cavity
wall, which is inevitable in our experiments, has no influence
on the critical value of the precession rate to sustain turbu-
lence. Furthermore, it implies that the instability to produce
turbulence may well occur in the internal flow rather than in
that in the boundary layer, although this is not conclusive be-
cause, here, only the step symmetric about the spin axis has
been investigated.

Conclusion
The most remarkable conclusion of the present study

is that turbulence is more easily sustained in the precessing
sphere than in the precessing spheroid. This experimental
fact is scientifically interesting because it seems contradic-
tory to our intuition. It is also important in geophysics, since
the Earth is a spheroid. Furthermore, it is encouraging from
the viewpoint of applications because a simpler shaped cav-
ity makes more complex fluid motions. Although the physical
reason of this controversial conclusion is unknown, the axis-
symmetric mode might be the most unstable, and the asymme-
try of the spheroid could be a disadvantage for the instability
to grow.

We are now conducting a series of systematic measure-
ments by particle image velocimetory, as well as direct nu-
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(a1) Γ = 0.03 (a2) Γ = 0.032 (a3) Γ = 0.034

(b1) Γ = 0.03 (b2) Γ = 0.032 (b3) Γ = 0.034

Figure 6. Flake visualisations of flows in (a) the smooth prolate spheroid, and in (b) the spheroid with a step on the cavity wall.
The Reynolds number is fixed at 4.0× 104. No qualitative difference between the two cases is observed. The both flows are
steady with the similar stationary pattern at the precession rate Γ = 0.03, and these flows become unstable in the central region at
Γ = 0.032 (the instability is more conspicuous at Γ = 0.034).

merical simulations; and we shall report more quantitative re-
sults based on the these experiments and numerical simula-
tions elsewhere in the near future.
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