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ABSTRACT
A second-moment-closure model, selected following a

preliminary study of several models of the same class, is sub-
jected to extensivea-priori analysis in a flow separating from
a curved surface, leading to a newly proposed corrections
aimed specifically at the separated shear layer. The analysis
includes a separate examination of the dissipation-rate equa-
tion, the dissipation anisotropy and the pressure-strain corre-
lation, with the aim of clarifying the validity and effective-
ness of various components therein. This is done by reference
to highly-resolved LES data recently generated by Lardeau
et al. (2011) for a canonical turbulent boundary layer separat-
ing from a curved ramp, with results including a complete set
of second-moment budgets. The nature of thea-priori tests is
described, and the outcome discussed.

INTRODUCTION
Second-moment-closure (SMC) models are generally

expected to give superior predictive capabilities in complex
flows containing a variety of strain types and subjected to
body forces. However, many validation studies (e.g. Wang
et al., 2004) demonstrate that this expectation has only been
fulfilled to a limited extent, and this has discouraged the adop-
tion of complex SMC models in industrial CFD practice.
While SMC models often perform well when simple shear is
combined with one other type of “complex” strain (e.g. cur-
vature), SMC models often give results that are no better, or
even worse, than carefully calibrated eddy-viscosity models
when several types of strain interact in a geometrically com-
plex setting.

A particularly problematic group of flows comprises
those in which separation occurs from gently curved surfaces
– the prevalent type in engineering practice. Relative to flows
separating from a sharp corner, these are characterised by a
significant streamwise stretch over which the flow is intermit-
tently separated and attached. This process results in an espe-
cially high level of unsteadiness in the separated shear layer

downstream of the time-averaged separation location and also
within the recirculation region below the shear layer. One
statistical manifestation of this unsteady separation is an ex-
tremely high level of turbulence energy and stress in the sep-
arated shear layer, reflecting levels of turbulence-energypro-
duction that exceed the dissipation rate by factors of up to 4.
Others are the formation of a thin recirculation zone, with an
extremely pointed wedge of reverse-flow layer downstream of
separation, and early reattachment at a very shallow angle.

While there is a significant variability among models in
terms of the details of the solutions they yield, a recurring
defect is that most predict insufficient levels of turbulence ac-
tivity in the separated shear layer and thus, generally, a seri-
ous delay in reattachment and excessive recirculation, short-
comings that reflect an inability of the models to account for
the dynamics of the separation process, made worse by the
tendency of the models to depress the turbulent stresses in
the shear layer bordering the recirculation zone because of
the effects of (stabilizing) curvature on the turbulent stresses.
For second-moment models to become an attractive modelling
category in practice, especially in view of their complexity,
their ability to predict separation and recirculation mustbe im-
proved significantly. This has to be done, preferentially, with
closure forms that are not too elaborate, because numericalin-
tractability goes hand-in-hand with mathematical complexity
and the increased non-linearity involved.

The present paper reports a study of a particular SMC
model (Jakirlić and Hanjalić, 1995), selected based uponpre-
liminary computations with several models to identify the best
candidate for further study and, ultimately, for improvement
directed specifically at separation from curved surfaces. The
emphasis of the study is ona-priori examinations of the valid-
ity of specific model components and terms in the separated
shear layer, and on related improvements. The key to such
efforts is the availability of accurate and detailed reference
data for pertinent geometries. The one preferred herein was
generated very recently by Lardeau et al. (2011) with highly-
resolved (near-DNS) LES for a turbulent boundary layer sep-
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arating from a curved ramp. This case is geometrically sim-
ple, yet physically complex, readily controlled in respectof
mesh quality and supported by accurate unsteady inlet condi-
tions. Data available for comparisons include a complete set
of second-moment budgets and various fields for length-scales
and ratio of statistical quantities.

DESCRIPTION OF THE FLOW
The geometry under consideration is shown in Fig. 1.

The ramp is an enlargement of that used originally by Song
and Eaton (2004). Atx/H = −7.36, a (close to) canon-
ical zero-pressure-gradient boundary layer, at momentum-
thickness Reynolds numberReθ = 1193,Re= 13700 (based
on the step heightH and inlet free-stream velocityUin) and
boundary-layer thicknessδ99 = 0.83H, was prescribed by
injecting up to 150,000 instantaneous realisations, covering
1120H/Uin, and obtained from a separate highly-resolved
LES precursor simulation, with statistics matching published
DNS data. The actual LES, being close to a DNS, was per-
formed over a spanwise domain of 3.7H with a mesh of 24
million nodes, using a second-order collocated finite-volume
code. The ratio of Kolmogorov to cell dimension was below
10, and the SGS viscosity, obtained with a mixed-time-scale
model, was below 0.2 of the fluid viscosity. More details
about the LES will be reported in a separate paper (Lardeau
et al., 2011) currently in preparation.

A few sample results are presented (Fig. 2) to illustrate
some salient features of the separated flow. Figure 2a shows
the time-averaged stream-function field, depicting the recir-
culation region. An extremely thin and elongated separation
zone and subsequent shallow reattachment are observed. The
zero-streamwise-velocity locus (dashed-dot line), essentially
bisecting the recirculation zone, is seen to be close to the
wall over a substantial proportion of the reverse-flow region
downstream of the separation point. Despite this proximity,
the early stage of separation is marked by a rapid increase in
turbulence energy and shear stress, primarily driven by very
high production, provoking large departures from equilibrium
conditions. The turbulence-production-to-dissipation ratio,
shown in Fig 2b, increases drastically following separation,
reaching a maximum value of 3.3 at aroundx/H ≈ 1. The
strong rise in turbulence intensity is dominated by the stream-
wise contribution, resulting in very high levels of anisotropy,
with only a gradual redistribution to other components. This
is reflected by low levels of Lumley’s “flatness parameter”,
A = 1− 1.125(A2 −A3), formed from the second and third
stress-anisotropy invariants, withA= 1 representing isotropy.
The contour plot in Fig. 2c shows that this parameter is es-
pecially low (of order 0.1) in an elongated thin layer near
the separation point, gradually increasing as the shear layer
evolves. However, the anisotropy level remains substantial in
central portions of the free shear region.

SELECTION OF SMC MODELS
A generic representation of the SMC models considered

herein is as follows:

Duiu j

Dt
= Pi j − εi j +Ti j +Φi j +Di j (1)

Figure 1: Geometry of the flow configuration, including
the streamwise mean-velocity field.

(a) Streamline contours of the time-averaged flow field. The
dashed-dot line represents the zero-streamwise-velocitylo-
cus. Separation:x/H = 0.83; reattachment:x/H = 4.36.

(b) Turbulence-production-to-dissipation ratio

(c) Flatness parameter contours.

Figure 2: Sample results from LES computation.

wherePi j , εi j , Ti j , Φi j and Di j represent, respectively, pro-
duction, dissipation, turbulent transport, pressure-strain corre-
lation and diffusion, the last combining pressure and viscous
contributions.

The starting point of the present work is the computation
of the flow described above with four existing low-Reynolds-
number SMC models. The choice of models was guided by
two main considerations: popularity of use and relative sim-
plicity; the latter being of importance to an industrial uptake,
thus dictating the omission of complex models using high-
order pressure-velocity-interaction approximations. Three
closures were included in the preliminary selection stage:(i)
the Shima (1998) model; (ii) the Jakirlić and Hanjalić (1995)
model (hereafter designated JH) and (iii) a low-Reynolds ex-
tension (Chen et al., 2000) of the Speziale et al. (1991) model,
the last of which using a relatively simple quadratic formu-
lation (hereafter designated SSG+C). Model solutions were
first compared with the reference LES data, but only a small
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(a) JH model – without Yap correction. (b) JH model – Simplestε-equation with Yap correction.

(c) SSG+Chen (1991/2000) model. (d) Shima (1998) model.

Figure 3: Streamline contours, including the zero-streamwise-velocity locus (dashed-dot line) – Full computations.
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Figure 4: Turbulence energy and shear-stress profiles normalized byU2
in – Full computations.

selection of this comparison can be included herein. Figure3
shows model-predicted stream-function fields, the LES refer-
ence solution being given in Fig. 2a. As is commonly ob-
served in separated flows, the models yield excessively large
recirculation zones, and feature, in addition, an abnormalreat-
tachment behaviour, wherein the streamwise velocity changes
sign twice in the wall-normal direction. A widespread prac-
tice, aimed to suppress (or reduce) the latter behaviour, isthe
use of a source term in the dissipation-rate equation, oftenre-
ferred to the “Yap correction” (although this includes several
related variants). An illustration of its phenomenologically
“beneficial” effect at reattachment is given in Fig. 3b in com-
parison with Fig. 3a, but the effect will be shown latter, upon
closer examination, to be incompatible with the underlying
rationale of the correction. As confirmed by the turbulence
energy and shear stress profiles included in figure 4, of the
models considered, the JH form performs best, and this was
thus singled out for detaileda-priori studies.

The selected models differ mainly in respect of the ap-
proximations for the pressure-strain processΦi j and dissipa-
tion tensorεi j they incorporate. Both are highly influential.
While the common argument used in relation to most mod-
els is that the anisotropic component ofεi j can be absorbed
into the model forΦi j , the JH proposal forεi j includes an ex-
plicit approximation targeting primarily the near-wall region,
but also affecting wall-remote shear layers. Moreover, the
closure involves the dissipation-rate invariantE, analogous
to the flatness parameterA, in addition to the latter, to rep-

resent the wall-blockage effects. The former is used both in
the “slow” fragment ofΦi j , and in the dissipationεi j model
itself. It is noted that each SMC model may be used with
one of several variants of the dissipation-rate equation, differ-
ences being rooted, for example, in the inclusion or omission
of auxiliary source/sink terms. The following section exam-
ines, througha-priori studies, the effectiveness and relevance
of the above specific model fragments, focusing on the sepa-
rated shear layer.

A-PRIORI STUDIES
A model modification introduced ahead of undertaking

thea-priori studies, was to replace the dissipation (“flatness”)
invariantE by use ofA. The primary motivation is two-fold.
First, this allows separate (decoupled) investigations ofthe
modelled dissipation tensor and the pressure-strain correla-
tion to be performed. Second (and linked to the former), the
LES does not allow reliable data forE to be obtained, and this
makes it very difficult to pursue targeted model improvements
based on thea-priori analysis in whichE is included. A third
argument is that preliminary studies had shown the dissipation
components to be well approximated by the algebraic expres-
sionεi j = εuiu j/k, at least in the separated shear layer, which
is of primary interest in the present study. The replacement
of E by An (with n = 0, 0.5, and 1), and even byE = 0, has
been found to have very minor consequences to the mean-flow
solutions.
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The a-priori analysis of models fragments is presented
below, starting with the dissipation equation, and intended to
address the relevance of the non-standard source terms which
are part of the JH model. An improved proposal is also sug-
gested. Then, the dissipation tensor and pressure-strain ap-
proximations are examined, with emphasis placed on assess-
ing the above replacement ofE by An.

Dissipation-rate equation
With the non-standard source terms excluded, the

dissipation-rate equation is:

Dε
Dt

=
∂

∂xk

[(

νδkl + Cε
k
ε

ukul

)

∂ε
∂xl

]

+ Cε1

ε
k

uiu j
∂Ui

∂x j
− Cε2

εε̃
k

(2)

where the coefficients take the standard values (Cε = 0.18,
Cε1 = 1.44 andCε2 = 1.92). One extra source term included
in the JH model is a Yap-like correction that is sensitised to
the wall-normal derivative of the integral length scale. Here, a
simpler variant is examined, much closer to the original form
proposed by Yap (1987):

Sl = max

{

(

l
le
−1

)(

l
le

)2

;0

}

ε̃ε
k

A (3)

wherel = k3/2/ε, le ≡ C−0.75
µ κyn ∼ 2.5yn is the equilibrium

length-scale andA the flatness parameter.
The a-priori test consists on inserting the LES-derived

mean velocity and Reynolds stresses into Eq. 2, and solv-
ing it in isolation (i.e. with all other quantities frozen). Pre-
dicted dissipation profiles returned by this test, at various ver-
tical streamwise locations (x/H = 0, 0.5, 1, 1.5, 3 and 4), are
shown in Fig. 5 by reference to LES data. In this figure,simple
identifies Eq. 2, whileoriginal identifies the JH-model form,
excluding the Yap-like term. The best result is obtained with
the simple form in the separated shear layer. The addition of
the Yap correction results in a collapse of the dissipation in
the separated shear layer, and is therefore counterproductive.
In the full computation, with all model equations active, the
Yap correction is also observed to be detrimental to accuracy,
as emerges from Fig. 6. The term in Eq. 3 tends to decrease
the length scale relative to its equilibrium value,l/le, which is
already low, however, without this correction in the separated
region, especially near the reattachment point (x/H = 4.36).
To summarize without further details, it has been found that
the extra source/sink terms in the JH form of the dissipation-
rate equation, including the Yap correction, either offer no
benefit or are counter-productive.

To steer the dissipation rate towards the reference data,
an alternative practice is investigated here. Noting the large
departure from turbulence-energy equilibrium in the separated
shear layer (see Fig. 7), and taking advantage of the stress-
anisotropy variations, we suggest to modify the destruction
term of theε–equation. Specifically, the following proposal is

considered and examined in ana-priori sense:

C′
ε2

= Cε2

(

1+ f (A,A2)|
Pk

ε
−1|

)

(4)

where f is a function of the stress invariantsA and/orA2.
Figure 8 shows the results for different functional forms:
f = A2/8, f = (1−A)/8 and a constant valuef = 0.2. Im-
provements are observed at the early stages of separation (e.g.
at x/h = 1.5), but is further room for an optimization that
yields better agreement throughout the shear layer.

Dissipation-rate tensor
The second model component examined here is the dis-

sipation anisotropy. The tensorial model used in Jakirlićand
Hanjalić (1995) is as follows:

εi j = fsε∗i j +(1− fs)
2
3

δi j ε, fs = 1−
√

AE2 (5)

ε∗i j =
ε
k

uiu j +(uiuk n jnk +u juk nink +ukul nknl nin j ) fd

1+ 3
2

upuq

k npnq fd
(6)

wheren is the unit normal to the wall,Ret = k2/(εν) the
turbulence Reynolds number,2

3εδi j the isotropic dissipation,
ε∗i j stands for the dissipation tensor in the near-wall region,
fs being the blending function of the last two quantities, and
fd = (1+0.1Ret )−1.

The replacement of the parameterE in Eq. 5, discussed
earlier, is considered here. In the presenta-priori test, LES-
derived fields forε anduiu j are inserted into Eq. 6 to derive
ε∗i j . Then fs andεi j are computed. In other words, no equation
is solved, other than (5) and (6). The normalized dissipation
components,̃εi j = εi j /

2
3ε, are reported in Fig. 9. The use of a

blending function (and consequently theE-paramater therein)
turns out to be ineffective. In fact, both the anisotropic part
of the dissipation-tensor model,ε∗i j (corresponding toE = 0),
and the Rotta model,εuiu j/k, provide good approximations
prior to separation and in the separated shear layer, by com-
parison to the reference data.

Pressure-strain correlation
The final test reported in this paper concerns the

pressure-strain approximation. This test entails the insertion
of the LES data into the related JH modelled term:

Φi j = −C1εai j − C2

(

Pi j −
2
3

Pkδi j

)

+ Φw
i j (7)

C1 = C+
√

AE2, C2 = 0.8A1/2, C = f (A,A2,Ret) (8)

where the wall-reflection redistribution term,Φw
i j , is not given

here. It does not containE, in any event. The pressure-
strain correlation is highly influential, and its approximation
is the principal source of differences among SMC models, es-
pecially in the vicinity of separation. A misrepresentation of
the energy redistribution process in highly anisotropic sheared
regions necessarily leads to wrong productions. In the case
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Figure 5: Dissipation-rate profiles at various streamwise locations – A-priori tests.
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Figure 6: Length-scale ratiol/le at various streamwise locations – Full computations.
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Figure 7: Departure from turbulence-energy equilibrium. Profiles at various streamwise locations – Full computations.
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Figure 8: Dissipation-rate profiles at various streamwise locations – A-priori tests of the proposals.
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Figure 11: k-budget atx/h = 1.5 – from LES data.

of separation from curved walls, the main defects observed
are depressed turbulence energy and shear stress in the ini-
tial stretch of the separated shear layer. A particular posi-
tion, x/H = 1.5, where the maximum shear-stress and turbu-
lence productions occur in the separated shear layer, is se-
lected to illustrate the nature and outcome of thea-priori
study. Figure 10 shows the pressure-strain contribution in
the uu anduv budgets in that particular location. First, it is
recognised that the sensitivity of the model to the replace-
ment of E is marginal. Second, the LES-derived pressure-
velocity correlation (as contrasted with the pressure-strain part
alone), also included in the figure, is close to the modelled
pressure-strain fragment in the separated shear layer. Specif-
ically in relation to the last observation, Fig. 11 shows, for
the same location, the LES-derived turbulence-energy budget.
The pressure-diffusion component, representing the departure
of the pressure-velocity correlation from the contracted (zero-
valued) pressure-strain term. This departure is low compared
to the prime components (production, turbulent transport and
dissipation rate), except near the wall, and this suggests the
zero-divergence constraint applied to the modelling of the
pressure-strain process is of little importance. Thus, in the
present context of predicting separated flow, the decomposi-

tion of the pressure-velocity interaction into pressure-strain
and pressure-diffusion, the latter assumed to supplement tur-
bulence diffusion, appears to be of little relevance. The fact is
that the “pressure-strain model” is a much better approxima-
tion of the complete pressure-velocity interaction than itis of
the true pressure-strain part. The implication is that pressure-
diffusion need not be modelled separately.

CONCLUSIONS
The a-priori analysis of the particular model selected

has highlighted the redundancy, or even detrimental effects,
of several auxiliary source/sink terms in the dissipation-rate
equation, and the overly elaborate nature of the tensorial ap-
proximation of the anisotropic dissipation-rate components in
the separated shear layer. To achieve a better representation
of dissipation, a specific proposal has been made, but its ef-
fectiveness throughout the flow has yet to be verified by full
computations. Finally, it has been shown that separate mod-
elling of the pressure-strain correlation and pressure-diffusion
is of little relevance. The pressure-strain model is, in effect,
a fair approximation of the pressure-velocity interactionas a
whole, despite the former being subject to a zero-divergence
constraint.
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