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ABSTRACT
This paper considers the application of four Reynolds

Averaged Navier Stokes (RANS) models to a range of pro-
gressively complex test cases, exhibiting both 2-D and 3-D
flow separation. Two Eddy Viscosity Models (EVM) and two
Reynolds Stress Transport Models (RSM) are employed, of
which two (one in each category) are based on elliptic blend-
ing formulations. This study attempts to gain more insight
into the importance of two modelling features for these flows;
the usage of turbulence anisotropy resolving schemes and the
near-wall limiting behaviour. As expected, there is no single
best model, though some clear trend in performance is ob-
served.

INTRODUCTION
The dramatic increase in available computational power

in recent years has tended to draw turbulence research away
from advanced Reynolds-Averaged Navier Stokes (RANS)
closures, to focus instead on approaches that fully, or par-
tially, resolve the turbulent structures. Since fully resolved
approaches (Direct Numerical Simulation) remain impracti-
cal for industrially relevant cases, a series of progressively
more significant approximations are usually adopted for such
applications. While Large Eddy Simulation (LES) has been
successfully applied to complex flows for moderately high
Reynolds numbers, the formal application of this methodol-
ogy also remains computationally prohibitive for the majority
of industrial flows. In particular, the sufficient resolution of
near-wall structures with LES requires extremely fine meshes.

In response to the above limitations, a number of so
called hybrid RANS-LES schemes have been developed
across the community (see, for example Haase et al., 2009;
Fröhlich & von Terzi, 2008) in which the near-wall turbulence
is modelled using a RANS approach, and LES employed for
the outer flow regions. However, the majority of these hybrid
methods retain rather simple (often linear) eddy-viscosity-
based RANS closures. These simple modelling schemes are
known to perform poorly in flows with, amongst other fea-
tures, complex separation, reattachment, impingement, and
curvature (Haase et al., 2006). As such, it is relevant to ques-
tion the impact of the RANSmodel on the hybrid solution, and
the potential improvements one might gain by using a more
complex scheme within such approaches.

This paper therefore attempts to explore the performance

of a number of advanced eddy-viscosity and Reynolds stress
transport models in a range of flows involving challenging
separation and reattachment features. The focus is on the use
of such schemes within a purely RANS solution strategy, to il-
lustrate their performance, although this will also allow some
conclusions to be drawn regarding the expected performance
if they were applied within the more computationally expen-
sive hybrid approaches. A number of common 2-D flows are
first examined, before two flows with 3-D effects are com-
puted.

DESCRIPTION OF THE MODELS
Four models are compared in the present study, namely

the k-ω SST of Menter (1994), the SSG model of Speziale
et al. (1991), the blended k− ε − v2/k (BL-v2/k ) model of
Billard & Laurence (2011) and the Elliptic Blending RSM
(EBRSM) of Manceau & Hanjalić (2002). The first two of
these are fairly widely used and well validated models, thus
serving as a reference against which to judge the performance
of the more recent BL-v2/k and EBRSM schemes.

The BL-v2/k and the EBRSM are, respectively, elliptic-
blending adaptations of the v2− f and the Ri j− fi j models of
Durbin (1991) and Durbin (1993). Both models are designed
to take at least some account of the correct near-wall asymp-
totic behaviour of the Reynolds stresses, without using tradi-
tional wall-reflection or other geometry-dependent terms, to
simplify application to complex geometries. In both models,
a non-dimensional parameter α is solved for using an elliptic
equation of the form:

L2∂kkα−α =−1 (1)

where L represents some turbulent length-scale. α varies from
zero at walls to unity in free-stream regions and is used as a
blending parameter in both closures.

The EBRSM formulation: The parameter α is here
used in the Reynolds stress transport equations to model the
pressure strain term, φ∗i j

1, and the dissipation rate, εi j, blend-
ing between forms devised for the near-wall (subscript w) and
outer flow (subscript h) regions:

1The term φ∗
i j in fact represents the sum of the deviatoric pressure-

strain, φi j , and the pressure diffusion component.
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φ∗i j = (1−α3)φ∗i j,w+α3φ∗i j,h

εi j = (1−α3)εi j,w+α3εi j,h (2)

εi j,h is simply taken as isotropic, 2/3εδi j , while the term
φ∗i j,h is based on the SSG model. In the near-wall region,
the model of Rotta (1951) is used for the dissipation rate,
εi j,w = εuiu j/k, whilst φ∗i j,w is constructed to balance other
leading order terms at walls (namely εi j,w and molecular dif-
fusion), and is taken as

φ∗i j,w =−5
ε
k
(uiukn jnk+u juknink−

1
2
ukulnknl(nin j+δi j))

(3)
where n = ∇α is used to identify the direction normal to the
wall (See Manceau & Hanjalić, 2002, for details).

The BL-v2/k model: The aim of the more simple elliptic
blending eddy viscosity model is to embed in a robust formu-
lation some features of more complex approaches. It uses the
blending formulations of equation (2) in a modelled transport
equation for the variable ϕ = v2/k, in addition to a modified
k-ε system:

Dk
Dt

= P− ε−Cε3(1−α)3
k
ε
E+∂ j

(

ν
2
+
νt
σk

)

∂ jk (4)

Dε
Dt

=
Cε1P−C∗

ε2ε
T

+∂ j

(

ν
2
+
νt
σε

)

∂ jε (5)

In the k equation, the inclusion of the term E =
2ννt(∂k jUi)(∂k jUi) (introduced by Jones & Launder (1972) to
the ε equation), and the factor of two in the denominator of the
molecular diffusion, implies that the quantity ε has a different
definition to that conventionally employed in k-ε schemes (i.e.
a change of variable ε → ε+(1−α)3 kε E+ 1

2ν∂ j jk). The co-
efficient C∗

ε2 is taken as a function of the turbulent transport
of k to ε ratio,C∗

ε2 =Cε2+α3(Cε4 −Cε2)tanh
(
∣

∣

∣

Dt
k
ε

∣

∣

∣

)

, as pro-
posed by Parneix and Laurence (1997). Full details of the
scheme can be found in Billard & Laurence (2011) and Bil-
lard (2011).

All the models have been implemented in the open
source Code Saturne (Archambeau et al., 2004; Fournier
et al., 2011) which is used in the present study. All but the
RSM-SSG model are low Reynolds number models which
can be integrated all the way to walls. Calculations using the
RSM-SSG model use the scalable wall function method of
Grotjans & Menter (1998) to handle the near-wall region.

Figure 1 compares the normal Reynolds stresses pre-
dicted by the models in the case of plane channel flow for
two friction velocity based Reynolds numbers Reτ = 395 and
Reτ = 2000 (DNS data of Kim et al. (1987) and Jimenez &
Hoyas (2008) are also shown for comparison). The peak and
the near-wall behaviour of the Reynolds stresses are well pre-
dicted by the EBRSM model. The same conclusion holds for
the BL-v2/k model as far as the wall normal stress is con-
cerned. As expected, the mean velocity predictions of all
models are in good agreement with DNS, and are thus not
shown here.

TWO DIMENSIONAL SEPARATED FLOWS
We now consider the performances of these models in

three 2-D flows. The first case considered is the flow over

Figure 1. Profiles of the mean Reynolds stresses in a plane
channel flow for Reτ = 395 and Reτ = 2000, ◦DNS — BL-
v2/k , — SSG , — EBRSM.

periodic 2-D hills, reported by Almeida et al. (1992) (refer-
ence data taken from the LES of Temmerman and Leschziner
(2001)). This is a pressure-induced recirculating flow which
has been used quite extensively for comparing the perfor-
mance of many RANSmodels (Jang et al., 2002; Temmerman
et al., 2003). The geometry is shown in Figure 2 (left): the hill
height h1, domain heightH1 and inter-hill distance L1 are such
that H1 = 3.036h1 and L1 = 9h1, and the Reynolds number,
based on the bulk velocity and h1, is 10590. The LES study
of Fröhlich et al. (2005) suggested that this flow features a
strong intermittency in the recirculation zone; the modelling
of which is out of the reach of RANS models on 2-D grids.
Despite this, several simple models are known to return fairly
good predictions of the recirculation length, by virtue perhaps
of the consideration of such flows during model development.

In the present results, the skin friction coefficient along
the bottom wall (Figure 3, left) indicates an over-prediction
of the recirculation length by the EBRSM and the k-ω SST
model, unlike the BL-v2/k model which appears to predict a
flow pattern closer to that observed in the LES data. This is
reflected by the mean stream-wise velocity profiles, shown in
figure 4 (top), where it is also seen that the two stress transport
models are the most capable of predicting the flow accelera-
tion and resulting near-wall peak of the velocity at the location
x/h1 = 0.

The turbulent shear-stress predicted across the recircu-
lation bubble at x/h1 = 2 (Figure 4 (bottom)) is excessively
low for all models. This results in a lower level of turbulent
mixing between bulk and recirculating flow regions, which ex-
plains the over-prediction of recirculation length by the SST
and EBRSM schemes. The BL-v2/k model performs well in
this case, with an accurate prediction of recirculation length,
though examination of skin friction coefficient indicates a
slight over-prediction of the velocity gradient.

The second case considered is the flow over a wall-
mounted hump, reported by Greenblatt et al. (2004). The
geometry is shown in Figure 2 (centre). The hump chord
length c, its height h2 and domain height H2 are related by
H2 = 0.91c and h2 = 0.128c, and the Reynolds number based
on c is 9.36×105. In this case the flow separation is induced
by the geometry. As an illustration of results, the predicted
skin friction coefficient is presented in Figure 3 (centre). All
models provide a fair representation of the acceleration over
the hump, although the SST scheme underpredicts Cf here.
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Figure 2. Geometries of the periodic hill (left), the hump (centre) and the diffuser (right) with flow streamlines.

Figure 3. Skin friction coefficient for: the periodic hill (left), the hump (centre) and the 2 dimensional diffuser (right), ◦Ref. —
BL-v2/k , — k-ω SST , — SSG , — EBRSM.

Conversely, the SST appears to provide a good prediction of
the magnitude of the recirculating flow and the closest es-
timate of the reattachment location, although the recircula-
tion length is overpredicted by all models. The two elliptic-
blending based models give good results over the hump, but
then over-predict the recirculation length.

The third flow considered is the asymmetric plane dif-
fuser, reported by Buice & Eaton (1997) and Obi et al. (1993)
(reference data of Obi et al. (1993)), pictured in Figure 2
(right). The inlet height h3, outlet height H3 and length
of the expending section L3 are related by H3 = 4.7h3 and
L3= 21h3. The slant angle is α = 10◦, and the Reynolds num-
ber based on bulk velocity and h3 is 18000. The skin friction
coefficient along the inclined wall is shown in Figure 3 (right).
In this flow, the two elliptic blending based models correctly
predict the separation location, compared to a very early sep-
aration from the SST and almost no flow reversal when using
the SSG (with scalable wall functions). The flow reattachment
is better predicted with all schemes, although the EBRSM in-
dicates a somewhat early reattachment.

The rather ambiguous picture provided by these results
will perhaps seem familiar to some readers (i.e. the more
physical RSM’s being apparently unable to consistently pro-
vide a gain in accuracy). This is quite likely to be linked to
the fact that many EVM based schemes are calibrated to 2-D
flows such as those considered here, in which a single shear
dominates the flow, while the more complex RSM’s may per-
form more consistently over a wider range of complex 2- and
3-D flows.

In view of commonly held opinion that a single “om-
nipotent” turbulence model is unlikely to emerge, it is useful
to re-iterate the importance of model selection. In the follow-
ing section, we explore the application of the same models to
two 3-D separated flows.

Figure 4. Profiles of mean velocity (top) and turbulent shear
stress (bottom) on down-side of periodic hill, ◦LES — BL-
v2/k , — k-ω SST , — SSG , — EBRSM.

THREE DIMENSIONAL FLOWS
The case provided in Cherry et al. (2008) consists of flow

through a three dimensional diffuser (a duct with two contigu-
ous diverging walls), represented in figure 5, with Reynolds
number based on bulk velocity and inlet duct height of 104.
The authors took measurements using Magnetic Resonance
Velocimetry, and reported a separation starting at the upper
right diverging corner which extended further downstream
along the top wall. Only those models capable of resolving
anisotropy are able to capture the secondary vortices present
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Figure 5. Geometry of the 3D diffuser case.
Figure 6. Pressure coefficient along a mid-span line of the
lower wall in the 3D diffuser case, ◦Exp. — BL-v2/k , —
k-ω SST , — SSG , — EBRSM.

Experiment EBRSM SSG BL-v2/k k-ω SST

Figure 7. Contours of mean streamwise velocity at three different YZ planes ( top-bottom, x= 2cm, x= 8cm and x= 15cm ).

in the inlet and outlet ducts, though at a recent turbulence
modelling workshop (Brenn et al., 2008) it was concluded that
many RSM’s (and most EVMs) predicted the flow recircula-
tion to appear erroneously on the side wall rather than on the
top wall.

The simulations were performed on grids of up to 212×
60×180 points, to obtain grid-independent results, with suit-
able near-wall refinement to ensure that the nondimensional
wall-distance of the near-wall nodes was less than unity. In-
flow conditions were taken from precursor periodic duct sim-
ulations at the same Reynolds number. Figure 6 presents the
evolution of the pressure coefficient, Cp, along the bottom
wall (at midspan), whilst Figure 7 compares the present results
with the experimental data in the form of contours of the mean
streamwise velocity at four different cross sections (distance
x is defined from the start of the expansion, and the thick line
represents the isovalueU = 0). As seen from the contours, the
EBRSM results are very similar to the experimental data, with
the correct location and extent of the recirculation bubble, as
confirmed by the Cp prediction. The SSG returns a corner re-
circulation which is larger than the experiment at x= 2cm and
which then develops further downstream along the side wall
at the end of the diverging section. Its under-prediction ofCp
also reveals a larger flow recirculation than in the experiment.
The same erroneous trend is observed for the two EVM’s, but
the development of the recirculation along the side wall starts
earlier (x ≤ 8cm). Both models also over-predict the recircu-
lation, with particularly poor behaviour returned by the k-ω
SST model.

Figure 8. Geometry of the swept wing case.

The difference between EBRSM and SSG results reveals
the importance of an accurate near-wall turbulence representa-
tion, as this is the major difference between these two models.
As linear EVM’s, both BL-v2/k and k-ω SST do not capture
the secondary flow in the inlet duct. However, this is not the
origin of the subsequent discrepancies, since simulations (not
shown here) with both models using an inlet field as predicted
by the EBRSM scheme also failed to capture the correct sep-
aration pattern.

The final case reported here is that of flow separation
from a highly swept wing. The 3-D geometry, shown in Fig-
ure 8, is a 40o swept wing, at 9o angle of incidence, rep-
resenting the onset of stall. The Reynolds number based
on freestream velocity and root chord length is 210000, and
detailed measurement data have been obtained by Zhong &
Turner (2007), highlighting a complex flow pattern over the
wing. The case was also the object of an Implicit LES re-
ported in Hahn & Drikakis (2009) and a Hybrid RANS/LES
simulation of Li & Leschziner (2007).

The computational domain represents half of the wing
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Figure 9. Visualisation of instantaneous vorticity (left) and time averaged streamlines (right) of the Implicit LES simulation of
Hahn & Drikakis (2009).

EBRSM SSG BL-v2/k k-ω SST
Figure 10. Vorticity contours at different streamwise locations (top) and streamlines (btm) over the wing.

geometry and was meshed with 256× 134× 112 cells (to-
tal 3.8M), using an hyperbolic tangent based refinement in
the near-wall region to ensure the presence of enough points
within the viscous sublayer; the largest non-dimensional wall-
distance of the near-wall nodes was found to be of order 0.5
near the wing tip. Symmetry conditions are prescribed for all
variables at the symmetry plane, and freestream inlet turbu-
lence is prescribed so that the associated turbulent lengthscale
k3/2/ε represents 20% of the chord length. As a consequence
of this fully turbulent approach flow, a by-pass transition oc-
curs on the wing.

Figure 10 shows the predicted vorticity on plane cuts
over the wing and the streamlines just over the wing. Figure 9
provides equivalent flow visualisations of the implicit LES as
presented in Hahn & Drikakis (2009). The leading edge vor-
tex (LEV) captured by all models is comparable to that re-
ported by the LES and experimental data, and is characterized
by strong vorticity (as seen in Figure 10) and delimited by the
re-attachment line clearly shown by the streamlines. Both the
LES and experimental data also report the presence of a sec-
ondary vortical region, represented by additional saddles on
the surface streamlines within the LEV (as seen on Figure 9,
right). This feature is only captured clearly by the EBRSM
in the present study, and is also visible in the vorticity plots,
where the EBRSM is the only model whose results exhibit a
second smaller region of high vorticity beneath the main one.
Towards the wing tip the interaction between the LEV and the

opposing outer flow is characterized by another saddle point
(see Figure 9, right). Although this is picked up qualitatively
by all models, as seen in the streamlines, it is best represented
by the two elliptic blending based models.

Hahn & Drikakis (2009) also reported a further flow
feature inboard of the main vortex, where their simulation
predicted a portion of fluid revolving around a focal point
and a separation zone near the trailing edge. In contrast,
the experimental data only showed streamlines aligned with
the freestream direction here. It is interesting to note that
the EBRSM results indicate a similar feature, whereas the
SSG and both EVM’s show trends similar to that of the ex-
periment.

Mean stream-wise velocity predictions are compared to
Laser Doppler Anemometry (LDA) experimental profiles in
Figure 11 at 50% span (as indicted on Figure 8), for 5 different
chord-wise locations. At this location the secondary vorticity
is captured by the EBRSM from the first station (10% chord)
where the profiles are marked by a wiggle visible at 10%, 30%
and 50% chord. It can also be seen in the experiment at the
same locations but with a smaller amplitude (though a change
in the profile concavity is still clearly visible). This secondary
vortical region also appears on the SSG profiles, but some-
what displaced (at 30% chord). Although this feature is to-
tally missed by the k-ω SST model (which predicts mono-
tonic profiles until the peak) the BL-v2/k model also captures
a near-wall velocity kink but at considerably greater chord lo-
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Figure 11. Velocity profiles at different chord location at 50% span over the wing.

cation (50% chord). The location of the velocity peak for all
four models is displaced away from the wall at 10% and 30%
chord locations, suggesting an excessive size of the LEV.

Approaching the wing tip (80% span), velocity profiles
(not shown here) reveal that the experimental data exhibits a
near-wall region of negative stream-wise velocity over all the
chord length, which is only partially captured by the models
(both elliptic relaxation based models only predict a negative
velocity for the two first chord locations). All models except
the k-ω SST under-predict the magnitude of the velocity peak,
but conversely the latter model under-predicts the boundary
layer thickness across the wing chord.

CONCLUSION
Differences between eddy viscosity modelling and sec-

ond moment closure, as well as the effects of the near-wall
turbulence representation, are illustrated by the variability of
results obtained in the five cases considered. While no clear
conclusions are drawn from the 2-D cases alone, some of the
flow features (such as the marked acceleration on the uphill
side of the periodic hill, or the secondary vorticity appear-
ing on the swept wing) are captured only with the most ad-
vanced model considered, the EBRSM. This is also the only
model able to predict the correct development of the recir-
culation in the 3-D diffuser flow. These observations sup-
port the principle that flows with strong 3-D effects, involving
multiple-shears as opposed to a single shear, necessitate stress
anisotropy resolution. The importance of near wall modelling
is also highlighted by observing the results of the SSG model
in high Reynolds form. These results justify the careful selec-
tion of the underlying RANS model in a hybrid RANS-LES
approach, as some of the modelling improvements considered
here (in particular in the near-wall region) would be active
where such approaches are in RANS mode.
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Fröhlich, J., Mellen, C.P., Rodi, W., Temmerman, L. & Leschziner, M.A. 2005
Journal of Fluid Mechanics 526, 19–66.
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Manceau, R. & Hanjalić, K. 2002 Physics of Fluids 14 (2), 744–754.
Menter, F.R. 1994 AIAA journal 32 (8), 1598–1605.
Obi, S., Aoki, K. &Masuda, S. 1993 Proceedings 9th Symp. of Turbulent Shear

Flow, Kyoto, Japan.
Rotta, J. 1951 Zeitschrift für Physik A Hadrons and Nuclei 129 (6), 547–572.
Speziale, C.G., Sarkar, S. & Gatski, T.B. 1991 Journal of Fluid Mechanics
227 (-1), 245–272.

Sveningsson, A., Pettersson-Reif, B.A. & Davidson, L. 2005 In Proceedings of
the 4th International Symposium on Turbulence and Shear Flow Phenom-
ena, Williamsburg, VA, USA.

Temmerman, L., Leschziner, M., 2001 In: Int. Symp. Turb. Shear Flow Phe-
nomena, Stockholm, Sweden.

Temmerman, L., Leschziner, M.A., Mellen, C.P. & Fröhlich, J. 2003 Interna-
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