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ABSTRACT
The influence of rotation on turbulent Rayleigh-Bénard

convection in combination with non-Oberbeck-Boussinesq
(NOB) effects is investigated by means of three-dimensional
direct numerical simulations (DNS). For this purpose the im-
pact of temperature dependent material properties is studied
in glycerol with a Prandtl number of Pr = 2547.9 within a
range of Rayleigh numbers of 105 ≤ Ra ≤ 108, and in water
with Pr = 4.38 at Ra = 108, both under no rotation and su-
perimposed with rotation within a Rossby number range of
0.3 ≤ Ro ≤ 3.0. The generated flow fields are analyzed with
respect to deviations from the Oberbeck-Boussinesq (OB)
case.

We obtain a breakdown of the top-bottom symmetry, that
is, different boundary layer thicknesses, modified mean tem-
perature profiles including an increase of the centre temper-
ature and asymmetric velocity flow patterns for glycerol as
well as for water in the non-rotating case. When the Rayleigh-
Bénard cell is rotated, NOB effects decrease with increasing
rotation rate, but are still significant. In particular they lead
to a smaller gradient of the temperature within the bulk. The
Nusselt number Nu in the non-rotating NOB cases slightly de-
creases, while it slightly increases in the rotating ones. How-
ever, the change in Nu remains within a few percent for all
cases.

INTRODUCTION
Rayleigh-Bénard convection is a common and popular

example how to simplify the in general highly complex buoy-
ancy driven flows occurring in nature as well as in engineer-
ing. That means, the fluid is considered to be confined within
a rather simple geometry with a heating plate at the bottom
and a cooling plate at the top and thus the flow is driven by a
temperature gradient ∆T , occasionally superimposed by rota-
tion.

A well-established method to study this idealised prob-
lem from a mathematical and numerical point of view is to
make use of the Oberbeck-Boussinesq (OB) approximation
(Boussinesq, 1903; Oberbeck, 1879). This means, all mate-
rial properties are assumed to be constant, in particular also
the density, and correspondingly the fluid is incompressible.
However, within the buoyancy term, the density varies lin-
early with temperature. This might indeed be admissible for
certain cases, but nonetheless the range of validity of this ap-
proach is actually quite restrictive. Deviations due to the vi-
olation of the OB assumption are commonly referred to as
non-Oberbeck-Boussinesq (NOB) effects.

Gray & Giorgini (1976) provided a mathematically
straightforward way to calculate the validity range of the OB
approximation by the requirement that certain ε factors are
smaller than the requested accuracy. Since at this point we
are only interested in NOB effects induced by the temperature
dependencies of the material properties, these are given by

ε1 =
αm gH

cp,m

Tm

∆T
, ε2 =

αm gH
cp,m

νm

κm
, (1)

ε3 = −∆T
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∂ρ

∂T

∣∣∣∣
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∂cp
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, (2)
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∂T
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∂Λ

∂T

∣∣∣∣
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, (3)

ε7 =
∆T
αm

∂α

∂T

∣∣∣∣
Tm

. (4)

Here H is the height of the cylinder, g the gravitational ac-
celeration, α the isobaric expansion coefficient, ρ the density,
ν the kinematic viscosity, Λ the heat conductivity and cp the
specific heat at constant pressure. The indices t, b and m here
and in the following refer to the quantity at the top, the bot-
tom and the arithmetic mean temperature Tm = Tt+Tb

2 , respec-
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Figure 1. Relative deviations of water (upper panel) and
glycerol (lower panel) properties X from their values Xm at
a mean temperature of Tm = 40◦, according to Ahlers et al.
(2006); black solid line, density ρ; green dashed line, thermal
diffusivity κ; orange short dashed line, specific heat capac-
ity cp; purple dashed dotted line, kinematic viscosity ν ; blue
dashed triple-dotted line, expansion coefficient α; pink dotted
line, thermal conductivity Λ. Please note the very different
scales, necessary for the deviations in viscosity.

tively. That means, if |ε1| . . . |ε7| ≤ 0.1, a residual error of at
most 10% is guaranteed. The factor ε3 represents the com-
mon α∆T ≤ 0.1 criterion which is often quoted as sufficient
criterion.

Here we focus on two different fluids, water and glycerol.
The temperature dependencies of their material properties can
be seen in figure 1. It is already perspicuous that here neither
the isobaric expansion coefficient nor the kinematic viscosity,
the thermal diffusivity and the heat conductivity can be as-
sumed to be constant with temperature if the imposed adverse
temperature difference ∆T becomes too large. Indeed an ac-
curate calculation yields that the factor ε5 for water and ε4 for
glycerol are the demanding parameters, requiring ∆T < 1K.

NUMERICAL METHODOLOGY
We model turbulent Rayleigh-Bénard convection making

use of a 4th order finite volume code for cylindrical domains
developed by Shishkina & Wagner (2007) and performing Di-
rect Numerical Simulations (DNS). For the purpose of inves-
tigating NOB effects, the code has been advanced by taking
temperature dependent material properties into account. That
is, the viscosity ν , the thermal conductivity Λ and the density
in the buoyancy term ρ are described by polynomials up to

cubic order in the case of water and up to quintic order in the
case of glycerol,

X−Xm

Xm
= ∑

i
ai(T −Tm)i, X = ν ,Λ,ρ (8)

where the coefficients ai are adopted from Ahlers et al. (2006),
while the density ρ , except within the buoyancy term, and the
isobaric specific heat capacity cp are set constant to their val-
ues at the arithmetic mean temperature Tm. This approach
is accurate for most liquids, and also for water and glycerol
(see also figure 1), and accounts for the major relevant NOB
effects. Hence, the flow characteristics are obtained by solv-
ing the continuity equation for incompressible fluids (5), the
Navier-Stokes equations (6) and the energy equation (7) in
cylindrical coordinates (r,φ ,z), including the aforementioned
material functions. Here D

Dt denotes the substantial derivative
and the tensor τ̃ is defined via the stress tensor τ by τ̃ = τ

ρmν
.

As boundary conditions for the temperature, we impose
the lateral walls being adiabatic, and the top and bottom plate
being isothermal, i.e. they have a constant temperature Tt and
Tb, respectively. As boundary conditions for the velocity, we
apply impermeability and no-slip conditions in the case of no
rotation, whereas in the case of rotation the φ -component of
the velocity at the top and bottom and at the side walls is given
by

uφ

∣∣
z=H= uφ

∣∣
z=0= Ωr and uφ

∣∣
r=R= ΩR, (9)

with Ω being the constant angular velocity, R the radius and H
the height of the cylinder. Both times the boundary conditions
are completed by setting a 2π-periodicity in φ -direction.

The physical parameters radius R, buoyancy velocity√
gαmR∆T , temperature difference ∆T and the matching ma-

terial properties at the mean temperature, i.e. νm, Λm, ρm,
are used as reference scales for the non-dimensional equa-
tions solved numerically. Thus, the control parameters for our
simulations are essentially the Rayleigh, the Prandtl and the
Rossby number defined at the mean temperature Tm,

Ra =
αmg∆T H3

κmνm
, Pr =

νm

κm
, Ro =

√
αmg∆T H
2ΩH

. (10)

At the moment we restrict ourselves to Rayleigh-Bénard cells
with an aspect ratio of Γ = 2R

H = 1.
For our performed DNS we use staggered computational

meshes with nodes distributed equidistantly in φ -direction and
non-equidistantly in z- and r-direction, i.e. they are clustered
in the boundary layers. We perform an a priori analysis of our
meshes according to Shishkina et al. (2010). That is for water
with Pr = 4.38 the global mesh size is everywhere

hglobal ≤ H
Ra1/4(Nu−1)1/4

(11)

and to ensure that also the NOB simulations are properly re-
solved twice as many nodes N as required in the OB case are
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placed in the thermal and viscous boundary layer, λθ and λv,

N(λθ ) > 2 ·
(
0.69Nu1/2) (12)

N(λv) > 2 ·
(
0.70Nu1/2Pr1/3). (13)

From a numerical point of view glycerol is even more chal-
lenging, since the high Prandtl number (Pr = 2547.9) puts se-
vere constraints on the mesh resolution. First of all the system
is dominated by single plumes and second the viscous bound-
ary layer becomes much thicker than the thermal one and
eventually saturates at a certain value (Grossmann & Lohse,
2001; Breuer et al., 2004; Schmalzl et al., 2004). This cannot
be described within theory of mesh requirements proposed
by Shishkina et al. (2010) and furthermore it is completely
unclear what happens with the boundary layer thicknesses in
case of strong NOB effects. Hence, we took the criterion from
Shishkina et al. (2010) for the mesh size in the boundary layer
and used it for the whole domain and furthermore divided the
mesh size by a safety factor of 2 to consider NOB effects, i.e.
all cells are smaller than

hBL =
1
2
·
[
2−3/2a−1E−3/2Nu−3/2H

]
(14)

(a = 0.482, E = 0.982).

Another issue with high Prandtl number fluids is that instabil-
ities due to momentum diffusion are damped much faster than
instabilities in the temperature and the system reacts almost
instantaneously on fluctuations in the temperature resulting in
a two to three orders of magnitude smaller time step than for
water.

In conclusion, we note that because of the very fine
meshes we were allowed to distribute our nodes equidistantly
and made use of this for Ra = 107 and 108, which enabled
us to use a bigger time step. For smaller Ra we used non-
equidistant meshes where the nodes were slightly clustered in
the vicinity of the walls.

NON-OBERBECK-BOUSSINESQ EFFECTS IN
GLYCEROL - WITHOUT ROTATION

The flow in large Prandtl number fluids differs to a
great extent to the flow at lower Prandtl numbers at the same
Rayleigh number. Instead of having a system that is domi-
nated by a large scale circulation (LSC), the system is rather
found to be in a regime dominated by plumes (Breuer et al.,
2004; Schmalzl et al., 2004), still an LSC exists. This implies
that the heat transfer is strongly convective and is consistent
with the fact that inertial forces are comparatively small, while
the momentum is very diffusive.

Here we want to focus on the example of glycerol, which
is additionally remarkable because its viscosity is highly tem-
perature dependent (see figure 1). For a temperature differ-
ence of ∆T = 40K the ratio between the top and bottom vis-
cosity at least reaches up to a factor of νt

νb
= 16, whereas in

water under the same condition the ratio is only about a fac-
tor of 2. However, due to the challenging computational re-
quirements, so far DNS had been restricted to two dimensions
and, interestingly, Sugiyama et al. (2007) found an absence of
the LSC in opposite to us. In our case an, albeit weak, LSC
persists, due to the three-dimensionality, indicating that 2D
simulations might not entirely be adequate to capture all NOB
effects.

In general one could say that NOB effects lead to the
breakdown of the perfect top-bottom symmetry found in the
OB case, as visualised in figure 2. Many of these asymme-
tries can be ascribed to the different viscosities in the cold
top and hot bottom layer. That is, the lower viscosity at the
warm bottom makes the plumes more prone to leave the bot-
tom layer and they are also more mobile, i.e. faster. The cold
plumes from the top show the exact opposite behaviour, i.e.
they are very viscous and thus rather stuck within the cold
bottom boundary layer. Furthermore the eventually emanating
plumes move much slower and hence, they are much longer
in contact with the ambient medium in the bulk and heat up
on their way down. Ergo, the response from the system due
the interplay of cold and hot plumes, is a modified mean tem-
perature profile (see figure 3) and associated with it different
boundary layer thicknesses and a deviation of the bulk tem-
perature Tc from the arithmetic mean temperature Tm. How-
ever, the difference Tm−Tc seems to decrease with increasing
Ra, although it remains significant. Another intriguing conse-

1
r

∂r (rur)+
1
r

∂φ uφ +∂zuz = 0 (5)

ρm

(
Dur

Dt
−

u2
φ

r

)
= −∂r p+ρm

(
1
r

∂r (rντ̃rr)+
1
r

∂φ

(
ντ̃rφ

)
+∂z (ντ̃rz)−

1
r

ντ̃φφ

)
ρm

(
Duφ

Dt
+

uruφ

r

)
= −1

r
∂φ p+ρm

(
1
r2 ∂r

(
r2

ντ̃φr
)
+

1
r

∂φ

(
ντ̃φφ

)
+∂z

(
ντ̃φz

))
(6)

ρm
Duz

Dt
= −∂z p+ρm

(
1
r

∂r (rντ̃zr)+
1
r

∂φ

(
ντ̃zφ

)
+∂z (ντ̃zz)

)
+(ρm−ρ)g

ρmcp,m
DT
Dt

=
1
r

∂r(Λr∂rT )+
1
r2 ∂φ (Λ∂φ T )+∂z(Λ∂zT ) (7)
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Figure 2. Slices of the temporal averaged dimensionless temperature T for glycerol with Pr = 2547.9 and Ra = 105 in the plane
perpendicular to the LSC, overplotted are the velocity vectors; the left panel shows the OB case, the right one the NOB case with
∆T = 40K, revealing the loss of symmetry when NOB effects come into play.

quence of NOB effects, nontheless closely related to that, are
the modified flow structures. Thus, in the example of Ra = 105

we still find four convection rolls in the plane perpendicular
to the LSC, but in the NOB case the upper two ones are less
extended in size and have a lower velocity with their centres
shifted closer to the cylinder axis. The LSC itself shows a
similar deformation.
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Figure 3. Mean temperature profiles, i.e. averaged in time t
and in every r−φ plane A, of glycerol for different Rayleigh
numbers Ra. The solid lines indicate the OB, the dashed line
the NOB cases.

NON-OBERBECK-BOUSSINESQ EFFECTS IN
WATER - WITH AND WITHOUT ROTATION

Water, while possessing rather weak temperature depen-
dencies (see figure 1), on the other hand has the advantage of
showing indeed developed turbulence at Ra = 108 and still be-
ing sensitive to NOB effects (Ahlers et al., 2006) and not to
forget, it requires less computational effort. Thus, with the in-

tent to scrutinise the influence of NOB effects also on rotation,
we here focus on water at a mean temperature of Tm = 40◦C
corresponding to Pr = 4.38 and four different simulation se-
tups: without rotation (Ro = ∞), with buoyancy dominating
over rotation (Ro = 3.0), with buoyancy and rotation equally
competing (Ro = 1.0) and eventually rotation dominating over
buoyancy (Ro = 0.3), each of them under OB and NOB con-
ditions.

In the non-rotating case, the characteristics of the flow
are similar to the above discussed case of glycerol (Horn et al.,
2010). Meaning, we find an enhanced centre temperature Tc,
the bottom boundary layer being thinner than the top one,
smaller temperature fluctuations within the bulk and a lower
skewness of the temperature, as presented in figure 4. Further-
more, we also have a slightly deformed LSC and less velocity
fluctuations.

But it is also known since decades (see e.g. Chan-
drasekhar, 1961; Julien et al., 1996) that low to moderate ro-
tation rates can stabilise the turbulent flow within a Rayleigh-
Bénard cell or in other words that the turbulent fluctuations
are diminished, and hence it is a fascinating question what
happens if NOB and rotational effects are superimposed.

Under rotation the plumes are stretched to rather colum-
nar vortices, also known as Ekman vortices. When Ro is de-
creased the amount of vortices rises, while their mean radius
decreases and, depending on Ro, they are able penetrate more
or less far into the bulk. These vortices promote horizontal
mixing when compared to vortical mixing, hence fully three
dimensional turbulent mixing is less efficient. Thus, this in-
creased horizontal mixing provides the reason for the persist-
ing mean temperature gradient in the centre. To act contrary
to the attenuated vertical motion caused by rotation, the up-
wards moving plumes also need a larger temperature differ-
ence between them and the adjacent bulk fluid, i.e. the rms
temperature increases with Ro. NOB effects seem to inhibit
the lateral mixing, leading to decreased rms and skewness val-
ues, as visualised in figure 4, which is consistent with the fact
that the mean temperature gradient solely depends on Ro and
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Figure 4. Mean profiles of water for different Rossby num-
bers Ro, Ro = ∞ corresponds to the non-rotating case. The
solid lines indicate the OB, the dashed line the NOB cases.
The uppermost panel shows the average temperature (note,
that not the whole temperature range is shown), the middle
one the temparture rms values and the lowermost one the
skewness of the temperature, all averaged in time t and in
every r− φ plane A and plotted as function of the vertical
coordinate.

Pr (Julien et al., 1996) and these two parameters certainly vary
when the material properties are not constant.

Another interesting aspect of rotating Rayleigh-Bénard
convection is the enhancement of the heat flux due to Ekman
pumping (see e.g. Kunnen et al., 2006), the columnar vortices
extract fluid from the boundary layers and thereby increase
the vertical heat flux. Since they are only the prominent struc-
tures for low to moderate rotation rates, only then, of course,
this enhancement can be found. Indeed, the Nusselt numbers
obtained in the OB simulations, and given in table 1 with dif-
ferent rotation rates, show exactly this behaviour and are also

in good agreement with Zhong et al. (2009), albeit at another
Rayleigh number. When now looking at Nu for the NOB case
we obtain a similar phenomenological behaviour, but a defi-
nite increase of Nu opposing to the decrease of Nu found in
the non-rotating case.

Table 1. Nusselt number, Ra = 108, Pr = 4.38.

case Nu

OB (Ro = ∞) 32.9

OB (Ro = 3.0) 32.8

OB (Ro = 1.0) 33.7

OB (Ro = 0.3) 37.6

NOB (∆T = 40K, Ro = ∞) 29.7

NOB (∆T = 40K, Ro = 3.0) 34.6

NOB (∆T = 40K, Ro = 1.0) 35.5

NOB (∆T = 40K, Ro = 0.3) 38.1

SUMMARY AND CONCLUSION
In the presented study the influence of NOB and rota-

tional effects was investigated by simulating Rayleigh-Bénard
convection of water and glycerol in cylindrical cells of unity
aspect ratio with different rotation rates.

Without as well as with rotation, the temperature depen-
dency of the material properties results in asymmetric flow
fields, well reflected in the increased bulk temperature, bound-
ary layers and the convective roll structures. It is also notewor-
thy, that the temperature gradient maintained under rotation is
diminished under NOB conditions. The deviation of the heat
flux Nu, however, is within a range of a few percent, despite
the fact that our simulations were performed with ∆T severely
violating the OB validity conditions. Nonetheless, it is as-
tonishing that Nu increases when the Rayleigh-Bénard cell is
rotated while it decreases if not.
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Figure 5. Cross sections of the time-averaged dimensionless temperature field T at half height of the cylinder, i.e. z = H/2, for
water with Pr = 4.38 and Ra = 108. The left panels show the OB case, the right ones the NOB case with ∆T = 40K, the upper
panels correspond to the non-rotating the lower ones to the rotating case with Ro = 0.3.
While the OB and NOB case without rotation show clear signs of a large scale circulation, the rotating cases simply show the
traces of the Ekman vortices that are transported along approximately concentric trajectories. Nonetheless both NOB cases reveal
an increased centre temperature Tc.
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