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ABSTRACT
In this numerical work, we compare the acoustic prop-

erties of a fractal square grid with those of a regular grid by
means of a hybrid approach based on Lighthill’s analogy and
Direct Numerical Simulation (DNS). It has been shown that
the turbulence generated by fractal objects can have different
properties than those generated by a regular object: whereas a
regular object effectively introduces a single length-scale into
the flow, a fractal object can introduce a wide range of length-
scales into the flow. These distinct turbulent states depending
on the grid are found to lead to different acoustic radiations
both in terms of sound pressure levels and frequencies.

INTRODUCTION
A promising noise reduction concept based on multiscale

flow profilers/shapers such as fractal grids has been studied
experimentally in Poitiers (France) and Imperial College Lon-
don (UK) [1,2]. This new noise reduction concept arose from
recent research on turbulence generated by fractal grids in a
wind tunnel [3,4]. Indeed, flows generated by multiscale grids
have some very unusual properties which could be interesting
for noise reduction. The aim of this work is to investigate via
DNS the acoustic field generated by a fractal grid in order to
check its noise reduction potential. A fractal square grid and
a regular grid (see figure 1) of equal blockage ratio are inves-
tigated and compared in order to capture the influence of the
shape of the grid on the acoustic field, but also to attempt to
understand how the acoustic field is modified when it is gen-
erated at different scales. This numerical study follows exper-
imental measurements undertaken in an anechoic chamber in
Poitiers and in an aeroacoustic wind tunnel in Braunschweig
(Germany) in the framework of the OPENAIR project, a Eu-
ropean Commission initiative. In these experiments, a reduc-
tion in sound pressure levels was obtained at low frequencies,
while an increase in sound pressure levels was obtained at
high frequencies, and overall, a slight reduction in sound pres-

sure levels was indeed recorded with fractal spoilers relative
to solid and regular grid spoilers. It should be interesting to
check if such a behaviour can be reproduced numerically.

Identifying the mechanisms responsible for the produc-
tion of sound by turbulent flows remains to date an extremely
difficult task, even for very extensively studied problems, like
jet noise. Experimental studies are generally not sufficient
when knowledge about the physical mechanisms of noise pro-
duction is required. DNS allow the calculation of all unsteady
flow quantities and can help us to investigate the aerodynami-
cally generated sound. The direct computation of sound by
solving the compressible Navier Stokes equations provides
both the aerodynamic field and the acoustic field simultane-
ously [5–7], but the very high cost of this direct approach is
still a limiting factor. In consequence, flow-generated acous-
tic fields are often predicted via a hybrid approach [8,9], using
acoustic analogies or wave extrapolation methods.

In the present work, DNS of turbulent flows generated
by a regular and a fractal grids are carried out [10], thanks to
an efficient parallel solver called Incompact3d for the incom-
pressible Navier-Stokes equations [11–13]. Then the acoustic
radiation from the flow across the grids is evaluated thanks to
a hybrid approach based on the Lighthill acoustic analogy.

FLOW SIMULATIONS
The objective of present simulations is to obtain the

instantaneous databases necessary to evaluate the acoustic
sources from the turbulent flow through the grids, in order to
investigate their associated sound radiation. In this numerical
study, we are interested in two turbulent flows generated by
two grids: one regular grid and one fractal square grid (see
figure 1). The streamwise upstream velocity U∞ is uniform
in all cases with no turbulence. Unlike the regular grid, the
fractal grid does not have a well-defined mesh size. [3] intro-
duced an effective mesh size Me f f =

4T 2

P
√

1−σ where P is
the perimeter length of the fractal grid, T the lateral size of
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Figure 1. Scaled diagrams of the two different grids used in
this numerical study: a regular grid (left) and a fractal square
grids with an aspect ratio tr of 8.5 (right), where tr is the ratio
between the biggest and smallest lateral thicknesses.

the wind tunnel and σ the blockage ratio. When applied to a
regular grid, Me f f equals the actual mesh size of the grid. The
simulations are performed with the same Reynolds number
(based on U∞ and Me f f ) ReMe f f = 4500, same blockage ratio
(σ = 0.25) and same effective mesh size (Me f f = 15.4tmin,
where tmin is the size of the smallest lateral thickness of the
fractal grid). Note that the thickness of the bars for the regular
grid is 2.6tmin. Each turbulent flow governed by the incom-
pressible Navier-Stokes equations is considered in Cartesian
coordinates xi = (x,y,z). To solve these equations, we use In-
compact3d based on sixth-order compact schemes for spatial
discretization and a third order Adams-Bashforth scheme for
time advancement. To treat the incompressibility condition,
a fractional step method requires to solve a Poisson equation.
This equation is fully solved in spectral space, via the use of
relevant 3D Fast Fourier Transforms. The pressure mesh is
staggered from the velocity mesh by half a mesh, to avoid
spurious pressure oscillations. With the help of the concept
of modified wave number, the divergence free condition is en-
sured up to machine accuracy. More details about the present
code and its validations, especially the original treatment of
the pressure in spectral space, can be found in [11]. The mod-
elling of the grids is performed by an Immersed Boundary
Method. The present method is a direct forcing approach that
ensures the no-slip boundary condition at the grid walls. Be-
cause of the size of the simulations, the parallel version of
Incompact3d has been used. Based on a highly scalable 2D
decomposition library and a distributed FFT interface, it is
possible to use the code on thousands of computational cores.
More details about this efficient parallel strategy can be found
in [13].

The computational domain is Lx ×Ly ×Lz = 460.8tmin ×
115.2tmin ×115.2tmin discretized on a Cartesian mesh of nx ×
ny × nz = 2305× 576× 576 mesh nodes. It is split in 3,456
computational cores. Inflow/outflow boundary conditions are
used in the x-direction and periodic boundary conditions in the
y- and z-directions. The time step ∆t = 0.015tmin/U∞ is low
enough to have a CFL condition of about 0.75. The stream-
wise position of the grids (10tmin ) from the inlet boundary of
the computational domain has been carefully chosen to avoid
any spurious interactions between the modelling of the grid
and the inflow boundary condition. An illustration of the flow
obtained in both cases is given in figure 2, in which enstro-
phy isosurfaces are plotted. These isosurfaces are normalised
in such a way that the decay of the turbulence is not visible
on these plots. The one obvious difference in these visualiza-

Figure 2. Turbulent flows generated by the regular grid (top)
and by the fractal grid (bottom). Specifically, 3D isosurfaces
of (in blue) the absolute value of the vorticity vector nor-
malised by its maximum over the y-z plane at the x-position
considered, and of (in green) the x-component of the vorticity
normalised by its maximum over the y-z plane at the x-position
considered. The value on both isosurfaces is 0.7.

tions between the turbulent flow generated by the regular grid
and the turbulent flow generated by the fractal square grid is
that the latter is clearly more intermittent. The fact is also that
these two different types of turbulent flows are generated in
different ways. In the regular grid case, same-size wakes in-
teract within a couple of mesh sizes from the grid and mix to-
gether in a uniform fashion close to the grid. In the fractal grid
case, [4, 10, 14] suggested that the smallest bars on the grid
generate the smallest wakes which meet and mix together at
the smallest distance from the grid, whereas larger bars gener-
ate larger wakes which meet and mix at a further distance from
the grid, and that this process repeats itself from the small-
est to the largest turbulence-generating scales on the grid in
a way which causes the turbulence to progressively intensify
over a protracted distance from the grid. Following this tur-
bulence generation mechanism, the turbulence decay for both
grids is clearly visible in figure 3 where we plot the maximum
of the turbulent kinetic energy kmax over every (y− z) plane
as a function of the streamwise coordinate x. It is clear from
this figure that the present fractal grid generates higher turbu-
lent kinetic energy than the regular grid, even very close to the
grid.

One can also see in figure 4 how u′/U∞ peaks at differ-
ent streamwise locations along streamwise lines crossing the
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Figure 3. Streamwise evolution of the maximum of the tur-
bulent kinetic energy for the two grids.

grid at different lateral locations for both grids. For the frac-
tal square grid, there are clear wake-like behaviours where
this location is on a blocking bar and more jet-like behaviours
where this location is on an empty region of the grid. It is also
clear from this picture that the furthest peak point is the one
on the centreline. For the regular grid, we observe differences
in the turbulence production region very close to the grid but
nevertheless a similar behaviour for u′/U∞ after x/tmin ≈ 75
where the turbulent flow is quasi-homogeneous.

In the following, we are interested in investigating the
sound production associated with the turbulent flow for both
grids. In particular, we will see whether the differences in
behaviour of flow structures which we have just highlighted
involve or not differences on the acoustic field.

METHODOLOGY FOR ACOUSTIC PREDICTION
The acoustic fields generated by the flow across each grid

are evaluated via a hybrid approach based on the Lighthill
analogy [15]. Lighthill’s equation is an exact reformulation
of the Navier-Stokes equations in order to obtain an inhomo-
geneous wave equation describing the sound generated in a
medium at rest by the fluctuating stresses embedded in a lo-
calised domain, called the source domain. The associated so-
lution can be obtained with the use of a Green function. Be-
cause in our configuration the source domain also involves
solid boundaries, the Curle formulation [16] of the integral
solution is used, based on the acoustic pressure pa in the am-
bient medium, at the observer position x and the time t. It can
be expressed as

pa (x, t) =
1

4π
∂ 2

∂xi∂x j

∫
V

Ti j

(
y, t − |x−y|

c0

)
dV

|x−y|
(1)
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S
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Figure 4. Streamwise evolution of (u′2)1/2/U∞ at different
lateral locations for the four simulations: + corresponds to
y/tmin = 0, z/tmin = 0, × to y/tmin = 28.8, z/tmin = 28.8, • to
y/tmin = 43.2, z/tmin = 43.2, ⊗ to y/tmin = 0, z/tmin = 28.8,
⊕ to y/tmin = 0, z/tmin = 43.2 and � to y/tmin = 0, z/tmin =

50.4.

where p is the pressure, ρ the density, u the velocity field
in the source domain V , S the surface of the solid bound-
aries and n the outward normal from the fluid. Ti j = ρuiu j +
(p− c2

0ρ)δi j − τi j is the Lighthill source term, where τi j are
the viscous stresses and c0 is the sound velocity in the ambi-
ent medium. The viscous contribution is negligible for flows
with relatively high Reynolds numbers, and the approximated
value of the Lighthill source term Ti j ≈ ρuiu j is generally re-
tained, for isothermal flows at low Mach numbers. Note that
the source quantities in the integrands of equation (1) have to
be evaluated at retarded times t −|x−y|/c0.

For a far field location at an observer point (|x| � |y|),
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[16] showed that (1) can be approximated by

pa(x, t) =
1

4πc2
0

xix j

|x|3
∂ 2

∂ t2

∫
V

[
Ti j

]
dV (2)

− 1
4π

1
|x|

∂
∂ t

∫
S
[ρui]ni dS (3)

− 1
4πc0

xi

|x|2
∂
∂ t

∫
S

[
ρuiu j + pδi j

]
ni dS (4)

where [...] denotes the fact that the source quantities are eval-
uated at retarded times.

As stated by [16], the sound field can be viewed as the
sum of three contributions: (i) the volume integral corre-
sponding to (2) representing the effects of the hydrodynamic
fluctuations included in the flow domain; (ii) the first surface
integral corresponding to (3) representing the effect of flow
rate fluctuations through the surface; and (iii) the second sur-
face integral corresponding to (4) representing a flux of mo-
mentum and pressure through the surface. If there is zero nor-
mal velocity at the surface, only the surface integral associated
with the pressure remains. If no solid boundaries are embed-
ded in the flow domain, only the volume integral remains, like
in the classical Lighthill theory.

From the equation of the acoustic pressure, dimensional
analysis can be carried out in order to evaluate the scaling of
the acoustic intensity I with the acoustic Mach number of the
flow. It is showed in [15] that the volume integral contribu-
tion (2) induces a scaling of I as M8, while the surface con-
tributions associated with (3) and (4) induce scalings of I as
M4 and M6 respectively. In the present configuration of grid-
generated turbulence, we consider only a flow at low Mach
number, so the contributions of the surface integrals are ex-
pected to be dominant. We follow an approach successfully
used to predict previously the sound radiated by a flow around
a cylinder (see figure 5) and consider a control surface S sur-
rounding the actual solid surface of the grid (because the lat-
ter is very complex to define accurately). In such case where
a shifted control surface S is used, the contributions of mo-
mentum flux through the control surface have to be retained.
Furthermore, the surface integral associated with the flow rate
is zero because the flow is stationary upstream of the grid.
Hence the formulation that we have retained here to estimate
the acoustic pressure is only based on the surface integral (4).
It is important to note at this point that the present methodol-
ogy based on the estimation of surface integrals accounts ac-
tually for the sound generation by the turbulent flow itself. In
fact the surface integrals are not the actual physical sources of
sound, but represent the diffraction by the solid surface of the
sound generated by the turbulent flow. It is well known that
the diffraction process is the main contributor to the sound
production, for a flow at low Mach number, as shown by [17]
in the case of the sound radiated by a flow around a cylinder.

The acoustic pressure in our flow configuration is ob-
tained from the surface data recorded at two planes S1 / S2,
located at one mesh node before/after the grid. The final for-
mulation of the acoustic pressure that we use in the present

U

D

Figure 5. Acoustic prediction of the sound generated by the
flow around a circular cylinder of diameter D, based on the
surface integrals of Curle’s formulation (equation 4). At top,
flow configuration and surfaces used as control surfaces (solid
surface in cyan, shifted surface with a shift of D/2 in red) ; at
bottom, acoustic pressure signals vs. distance of the cylinder
centre obtained by using the solid surface as control surface in
cyan, and that obtained by using the shifted surface as control
surface in red.

work can be expressed as
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(5)

with (X ,Y,Z) the coordinates of the observer point and R =√
X2 +Y 2 +Z2. The computational estimations of the corre-

sponding integrals have to be carried out carefully so as to take
into account the difference in propagation distance between
two source points because their respective contributions must
be collected at different emission times so that they reach the
observer point at the same time. It is therefore necessary to
perform interpolations of the source fields known at discrete
points and times to obtain the values at the exact position and
time imposed by the integrals at retarded times. The results
presented in the following section are obtained with the aid of
an optimised acoustic algorithm which was developed to give
access to acoustic fields generated by unsteady flows [18]. It
is based on an advanced time approach [19] and an iterative
selection of source-observer pairs involved in the sound gener-
ation process at a given time-step. It has already been used to
compute successfully the sound radiated by a turbulent mixing
layer [18] and a turbulent wake behind a cylinder [20].
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Figure 6. Acoustic pressure fields generated by the regu-
lar grid at top and by the fractal grid at bottom, in the ob-
server plane (−500 tmin < X < 500 tmin, −500 tmin < Y <

500 tmin, Z = 0), at the observer time t = 81 tmin/U∞. The
centre of the regular/fractal grids is located at (0,57.2tmin,0).

ACOUSTIC RESULTS
In this section, the procedure presented in the previous

section is applied to compute the acoustic fields radiated by
the grid flows. From the simulation of each flow, 667 source
fields in the two surfaces S1 and S2 located at one mesh nodes
before and after the grids respectively are stored during 150
tmin/U∞. Our acoustic predictions are made for a flow with
a Mach number M = U∞/c0 = 0.1. First the acoustic fields
radiated in an observer plane located at Z = 0 are computed.
The observer plane of size 1000 tmin ×1000 tmin contains 106

mesh nodes. Examples at a given observer time of the acoustic
pressure fields obtained are shown in figure 6 for the regular
and fractal grids. We note differences between both fields,
in particular in terms of acoustic wavelengths: about 4 / 10
wavefronts are observed in the case of the flow generated by
the regular / fractal grid respectively. The wave amplitudes are
also slightly larger for the fractal square grid by comparison
with the regular grid.

Figures 7 and 8 show the time evolution of the acoustic
pressure at the same observer location for both cases. As in
figure 6, we observe that the time period of the pressure sig-
nal is larger in the case of the regular grid than in the case of
the fractal grid. In these figures the contributions of the terms
associated with the pressure and with the momentum flux are
also shown. We notice that the contribution associated with
the momentum flux is dominant in the case of the flow gen-
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Figure 7. Time evolution of the acoustic pressure at the ob-
server location (250 tmin,433 tmin,0) for the regular grid.
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Figure 8. Time evolution of the acoustic pressure at the ob-
server location (250 tmin,433 tmin,0) for the fractal grid.

erated by the fractal grid, while both contributions play a sig-
nificant role in the case of the regular grid. Similar results are
obtained for others observer locations.

From the previous pressure signals, we can obtain the
spectra of the Sound Pressure Level (SPL) at the correspond-
ing observer location, defined as SPL = 10log p2

a
p2

0
, with the

reference value p0 = 2 10−5 Pa in standard atmospheric con-
ditions. Figure 9 makes a comparison between the spectra
obtained for both flows, where the spectra corresponding to
the fractal square grid and the regular grid are the red curve
and the blue dashed curve respectively. For low Strouhal num-
bers (St < 0.2, with St = f tmin/U∞), the sound levels gener-
ated by the regular grid flow are larger than the sound levels
generated by the fractal square grid flow. For higher Strouhal
numbers(0.2 < St < 0.4), the sound levels generated by the
fractal grid flow are larger than the sound levels generated by
the regular grid flow, while for the largest Strouhal numbers,
both spectra seem quite similar. This trend is consistent with
that obtained in laboratory experiments on the acoustic per-
formance of fractal spoilers [2], even through the experimen-
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Figure 9. Comparison of acoustic spectra measured at the
observer location (250 tmin,433 tmin,0) for both grids (red
curve: fractal grid, blue dashed curve: regular grid).

tal set-up was different and the fractal spoilers had a much
higher blockage ratio (σ ≈ 0.75). In the experiments [2], the
spectra of the fractal spoilers showed a reduction of the sound
levels at lower frequencies similarly to what we observe here
where there is a reduction for St ≤ 0.2. Finally, we find that
in present results, the overall noise generated by the fractal
square grid flow is found to be slightly larger (1.5 dB) than
the overall noise generated by the regular grid flow.
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