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ABSTRACT
Turbulent fluid motion is characterized by a large range

of physical and temporal scales, so that the smallest eddies are
typically many orders of magnitude smaller than the largest
eddies, and the time scales also encompass many orders of
magnitude. This complexity makes turbulent flows extremely
difficult to predict and so experiments become crucial in any
effort to model the flow behavior. It is the same complex-
ity, however, that makes turbulence measurements very diffi-
cult, and current methods often suffer from inadequate spa-
tial and temporal resolution to capture the full range of scales
present in the flow. We describe a new nano-scale anemom-
etry probe that dramatically extends the range of possible
turbulence measurements, and we demonstrate its impact by
presenting turbulence measurements in a pipe flow over an
unprecedented range of conditions. The results reveal a re-
markable similarity in the scaling for the mean flow and for
the streamwise turbulence intensity, which marks the onset of
what we call the extreme Reynolds number regime.

INTRODUCTION
The behavior of wall-bounded turbulence at very high

Reynolds numbers is of great interest due to the many prac-
tical applications that encounter high Reynolds number tur-
bulence, and because most turbulence theory is based on the
concept of sufficient separation of scales where the energy-
containing motions are distinct from the dissipating motions,
which only occurs at high Reynolds number. In that respect,
the relevant Reynolds number can be defined as the ratio of the
largest scales of motion to the smallest ones, which for pipe
flow would be R+ = Ruτ/ν , where R is the pipe radius, uτ is
the friction velocity (=

√
τw/ρ), τw is the wall shear stress,

and ρ and ν are the fluid density and kinematic viscosity, re-
spectively.

Here, we are interested in exploring the behavior of tur-
bulence in pipe flow over a large Reynolds number range,
specifically 1.1× 103 ≤ R+ ≤ 1.01× 105, in order to eluci-

date scaling trends in the turbulence statistics and draw com-
parisons with the scaling of the mean flow.

The mean flow scaling in high Reynolds number pipe
flow, following McKeon et al. [2004], can be divided into
four distinct regions. The first is the near-wall region, ex-
tending from the wall out to approximately y+ = 50, where
the relevant scaling parameters are uτ and the viscous length
scale, ν/uτ . The near wall region encompasses the viscous-
dominated region (y+ ≤ 5) and the buffer layer. Here, y is
the wall-normal distance, and all “plus” variables are non-
dimensionalized using uτ and ν . Further from the wall, be-
tween approximately y+ = 50 and 600, exists a power law
region, where the mean velocity follows U+ = 8.70(y+)0.137.
If the Reynolds number is high enough so that a range ex-
ists such that 600 ≤ y+ ≤ 0.12y/R, there is a third region
where the mean velocity follows a logarithmic law of U+ =
(1/κ) lny+ +B and κ and B are constants. Finally, beyond
y/R≈ 0.12 a fourth region can be observed, referred to as the
wake region, where the mean velocity scales with outer vari-
ables, that is, it is a function of y/R.

The scaling of the turbulence statistics is less clear. In
the viscous region, we know from asymptotic analysis that
the non-dimensional streamwise component of the fluctua-
tions u+2

= u2/u2
τ will vary as u+2 ≈ 0.35y+. In the buffer

layer, near y+ = 15, u+2 reaches a maximum and although
measurements in boundary layers indicate that this peak in-
creases with Reynolds number, Hultmark et al. [2010] found
that in pipe flow the peak remained at a constant level, at least
for Reynolds numbers up to R+ = 3300. The streamwise tur-
bulence intensity level then decreases until about y+ = 80,
but further from the wall, Morrison et al. [2004] reported on
the basis of hot-wire measurements that its behavior depends
on Reynolds number, where for R+ ≥ 10,000 it begins to in-
crease again to reach a second, outer peak located at a position
approximately given by y+ = 1.8(R+)0.52.

The presence of an outer peak has been disputed, mainly
on the grounds that it could be artificially introduced through a
form of experimental error experienced in hot-wire anemome-
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try referred to as spatial filtering. As the Reynolds number in-
creases for a fixed hot-wire length l, the size of the wire length
relative to the smallest turbulent motions increases, causing
contributions to the measured turbulence energy from motions
smaller than the wire length to become attenuated. Although
the precise limit is not known, it seems likely that the non-
dimensional wire length l+ needs to be less than about 5 for
the effects of spatial resolution in the near-wall region, where
the smallest turbulence scales exist, to be negligible [Smits
et al., 2011]. The effect of spatial filtering in the outer region
has been studied less extensively, but at the highest Reynolds
numbers studied by Morrison et al. l+ = 385, so that spa-
tial filtering undoubtedly had a significant impact, potentially
even far from the wall. Given this possibility, the appearance
of an outer layer peak in u+2 could simply be an artifact of
increasing spatial filtering effects as the wall is approached.

The behavior of the streamwise turbulence spectrum,
φuu, is yet another question. In the logarithmic region, we
expect the low wavenumber region to scale with R, the in-
termediate wavenumber region to scale with y, and the high
wavenumber region to scale with the Kolmogorov length, η .
Overlap arguments predict φuu ∝ k−1

x , between the R− and
y− scaled regions, and φuu ∝ k−5/3

x , between the y− and
η− scaled regions, where kx is the streamwise wavenumber.
Perry et al. [1986], upon integrating this model spectrum, pre-
dicted a logarithmic variation in streamwise turbulence inten-
sity, with an additional viscous term that diminishes with in-
creasing Reynolds number. This analysis extended the earlier
work by Townsend [1976], who used the attached eddy hy-
pothesis to first suggest a logarithmic variation in the stream-
wise fluctuations.

To study the behavior of the turbulence fluctuations and
the energy spectrum at extreme Reynolds numbers, it is clear
that improved turbulence instrumentation is necessary. In par-
ticular, much smaller probes are required to reduce the ef-
fects of spatial filtering. Here, we use a new class of thermal
anemometry probes which are an order of magnitude smaller
than conventional hot wires, and we report turbulence mea-
surements in pipe flow over an unprecedented Reynolds num-
ber range to demonstrate that the inner peak is invariant with
Reynolds number, that the outer peak is a genuine feature of
high Reynolds number pipe flow and that its magnitude in-
creases with Reynolds number. Finally, we demonstrate a re-
markable symmetry between the scaling of U+ and u+2, and
we report, for the first time, experimental evidence for the log-
arithmic scaling of the streamwise turbulence over more than
one decade in y/R.

EXPERIMENTAL TECHNIQUES
All experiments were conducted in the Princeton Super-

pipe, as described by Zagarola and Smits [1998] and McK-
eon et al. [2004]. The facility uses compressed air as the
working fluid to obtain Reynolds numbers within the range
35× 103 ≤ ReD = DU/ν ≤ 38× 106. The pipe itself was
commercial steel, as described by Langelandsvik et al. [2007],
with a diameter of 130 mm and an rms roughness height
krms = 5µm, with an equivalent sandgrain roughness of ks =
1.6krms. The flow conditions for each Reynolds number are
given in Table 1. It should be noted that for ReD greater

Figure 1. Measurement conditions.

than about 7× 105 the surface roughness begins to have an
effect on the friction factor, although Townsend’s hypothesis
is expected to hold at all Reynolds numbers studied here since
krms/D = 1/26000 [see Jiménez, 2004].

To measure the streamwise component of the velocity
fluctuations, we used the Nano-Scale Thermal Anemometry
Probe (NSTAP) described by Vallikivi et al. [2010] and shown
in figure 2. The sensitive element is a 60 µm long platinum
ribbon, measuring 2 µm by 100 nm in cross-section. The fre-
quency response is typically 150 kHz or higher at zero ve-
locity when operated in the constant temperature mode using
a Dantec Streamline system, increasing to about 300 kHz at
the highest Reynolds number. The data was filtered at 150
kHz using an analog 8 pole Butterworth filter and sampled
at 300kHz for all cases. The values of the non-dimensional
length l+ and the distance from the wall to the first measure-
ment point, y0 , are listed in table 1, where another advantage
of using the NSTAP over conventional hot-wires is evident.
Namely, the distance from the wall to the first measurement
point in the current study was maintained at 28 µm, which
was much closer than was possible using conventional probes,
for which some part of the probe would inevitably contact
the wall when y0 < 80 µm. Minimizing y0 is a very impor-
tant consideration at high Reynolds number in the Superpipe,
where the viscous length scale shrinks to smaller than a mi-
cron.

RESULTS
First, the performance of the NSTAP was compared

to that of a conventional hot-wire in a regime where both
probes are expected to have no, or at least little, spatial fil-
tering. The three lowest Reynolds number cases in this study
(ReD = 45× 103, ReD = 80× 103, and ReD = 150× 103)
match the Reynolds numbers explored by Hultmark et al.
[2010], where he used a hot-wire with 2.5 µm diameter. The
measured streamwise Reynolds stress profiles from both stud-
ies are compared in figure 3a, where it is clear that the two
probes agree very well in the outer region. In the near-wall
region, however, small differences are observed. The NSTAP
captures slightly more of the turbulent energy than the hot-
wire, especially for the two higher Reynolds numbers. Al-
though l+ for the hot-wire was within the conventionally ac-
cepted length of l+ / 20, it is clear that the spatial filtering
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Figure 2. Scanning electron microscope image of a typical
NSTAP.

was significant enough to produce a measurable difference
between the two probes. This is demonstrated in figure 3b,
which shows the same data after applying the correction for
spatial filtering effects proposed by Smits et al. [2011]. Once
corrected, the results from both probes agree extremely well
throughout the depth of the wall layer. As well as highlighting
the importance of spatial filtering for even relatively short wire
lengths, these results help to demonstrate that the NSTAP per-
forms well as a velocity sensor and that it can provide reliable
turbulence measurements.

Figure 4 shows the uncorrected turbulence fluctuations
in inner coordinates at 45× 103 ≤ ReD ≤ 5.7× 106. In the
near-wall region, there is no evidence of an increase in the
magnitude of the inner peak with Reynolds number, as has
been observed in boundary layers. However, for the four high-
est Reynolds numbers, a decrease of the magnitude can be
seen. This decrease can be attributed to spatial filtering since,
although the NSTAP is very small, at the highest Reynolds
number l+ = 93. To verify this observation, figure 5 shows
the same data corrected for spatial filtering. Here a collapse in
the near-wall region can be observed for all Reynolds num-
bers, confirming the Reynolds number invariance of inner
peak magnitude observed by Hultmark et al. [2010], at least
up to a Reynolds number ReD = 2×106 (R+ = 37×103 and
l+ = 34, which is the highest Reynolds number where the in-
ner peak is resolved.

Another very interesting feature in the high Reynolds
number cases is the existence of an outer peak for ReD >
5×105, similar to, and over the same Reynolds number range
as, the peak that was observed in the conventional hot-wire
measurements by Morrison et al. [2004]. The current results
support that the outer peak is a genuine feature of the flow and
not an artifact of spatial filtering as previously suggested. As
will be clear below, the outer peak is an important feature of
high Reynolds number turbulence.

Figure 6 shows the streamwise turbulent fluctuations
plotted in outer coordinates for y+ > 100. For high Reynolds
number (ReD ≥ 1× 106) the streamwise Reynolds stress has
a distinct logarithmic behavior for y/R < 0.1. Although

Figure 3. Turbulence intensities at: ◦, ReD = 45×103; 4,
80× 103; �, 150× 103. Hollow symbols are hot-wire data,
and filled symbols are NSTAP data. (a) Uncorrected results
and (b) results corrected for spatial filtering using the method
of Smits et al. [2011].

Townsend [1976] and Perry et al. [1986] predicted a logarith-
mic behavior in the turbulence fluctuations for large enough
Reynolds numbers, the measurements presented here are the
first to show its true evolution, and at the highest Reynolds
number it spans more than a decade in y/R. The authors pro-
pose that extreme Reynolds numbers are those Reynolds num-
bers where a region exists for which the fluctuations demon-
strate a logarithmic behavior. The present results suggest that
this occurs when there is a separation between the outer-scaled
range, y/R > 0.1, and the inner-scaled range, y+ < 1000,
which occurs when Reτ > 104. This range is the approx-
imately the same range as that identified by McKeon et al.
[2004] for which the mean velocity exhibits truly logarithmic
behavior.

At Reynolds numbers where the logarithmically-scaled
fluctuations occur, the logarithmic region extends all the way
to the outer peak. This suggests that the outer peak forms as
a result of increased scale separation between the inner scaled
turbulent motions and the outer-scaled turbulent motions. It
is interesting to note that the Reynolds number at which the
logarithmic behavior becomes evident is roughly the same as
when the outer peak emerges.

By comparing profiles of the fluctuating and mean veloc-
ities, as is done in figure 7, one can see that the same regions
that were defined by McKeon et al. [2004] for the mean ve-
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Figure 4. Turbulence intensities in inner variables at 45×
103 ≤ ReD ≤ 5.7× 106. All measurements were taken using
NSTAP. Uncorrected results.

Figure 5. Turbulence intensities in inner variables at 45×
103 ≤ ReD ≤ 5.7× 106. All measurements were taken us-
ing NSTAP. Results corrected for spatial filtering using the
method of Smits et al. 2011.

Figure 6. Turbulence intensities in outer variables for y+ ≥
100 at 45× 103 ≤ Red ≤ 5.7× 106. All measurements were
taken using NSTAP. Results corrected for spatial filtering us-
ing the method of Smits et al. 2011.

Figure 7. Comparison of mean velocity and turbulence pro-
file for R∗ = 101×105 (Red ≤ 5.7×106).
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Figure 8. Premultiplied power spectrum at R+ = 37000,
scaled using (a) R and (b) y. Points shown are in the loga-
rithmic layer, ranging from y/R = 0.026 (y+ = 970) to y/R =

0.10 (y+ = 3700)

locity profile are also evident in the turbulence profile. Since
the flow experiences roughness effects for ReD > 7× 105, at
the Reynolds number shown in figure 7, the mean velocities
are shifted to lower U+ values relative to the smooth-walled
logarithmic profile, but the slope and overall shape of the pro-
file is not altered by the effects of roughness (assuming that
Townsend’s hypothesis is valid). In figure 7, three different re-
gions have been identified: (1) the near wall region containing
the power-law like behavior in the mean velocity profile and
in the Reynolds stress profile the boundary of this region cor-
responds to the location of the outer peak; (2) the logarithmic
region in both the mean velocity and Reynolds stress profiles;
and (3) a wake region for y/R > 0.1 where the mean velocity
exhibits outer-scaling and the Reynolds stress decreases to the
centerline level.

To examine the spectral behavior, figure 8 shows the
streamwise velocity power spectrum at ReD = 2×106 (R+ =
3.7×104), premultiplied by the streamwise wavenumber kx =
2π f/U , where f is frequency and U is the local mean velocity.
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Figure 9. Power spectrum at R+ = 37000 in log-log form.
Locations y/R = [0.001,0.01,0.1,0.5,1.0] shown.
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Figure 10. Power spectrum premultiplied by k5/3
x at R+ =

37000. Locations y/R = [0.001,0.01,0.1,0.5,1.0] shown.

Several locations in the logarithmic layer are shown. We see
that within this region the expected low wavenumber R-scaled
(figure 8a) and intermediate wavenumber y-scaled (figure 8b)
behavior is convincingly demonstrated. What is not evident,
however, is the existence of a k−1

x overlap region where both
R and y scalings co-exist, as predicted by Perry et al. [1986].
Such a region would appear as a plateau in the spectra, which
is not evident.

Figure 9 shows power spectra measured at the same
Reynolds number as in figure 8, but in conventional log-log
form and with locations selected from across the entire pipe.
We see clear evidence of an inertial subrange in the form of
a k−5/3

x decay in the spectra, particularly in the outer layer.
To examine this region in more detail, we premultiply the
spectra by k5/3

x , as shown in figure 10. We see that at this
Reynolds number the spectra do not show an extended re-
gion of k−5/3

x , but when the Reynolds number is increased
to R+ = 1.01×106, as shown in figure 11, we see a true in-
ertial subrange spanning roughly a decade in wavenumber at
y/R = 0.5 and nearly two decades at y/R = 1.0.
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Figure 11. Power spectrum premultiplied by k5/3
x at R+ =

101000. Locations y/R = [0.001,0.01,0.1,0.5,1.0] shown.

CONCLUSIONS
Experiments were performed in a turbulent pipe flow

over a Reynolds number range extending from ReD = 4.2×
104 to 5.6×106. To obtain highly resolved measurements in
space and time of the streamwise component of the velocity,
a Nano-Scale Thermal Anemometry Probe was used with a
sensing length of only 60 µm. The results of this study con-
firms that the inner peak in the turbulent intensity is invariant
with Reynolds number, and that an outer peak appears further
from the wall at very high Reynolds number. In addition, at
extreme Reynolds numbers, the streamwise Reynolds stress
exhibits logarithmic scaling behavior, which is shown experi-
mentally here for the first time. The regions of the turbulence
scaling correspond very well with identifiable regions in the
mean velocity. Finally, power spectra within the logarithmic
region confirm the expected inner and outer scaling behavior
but a distinct region of k−1

x is not observed. The k−5/3
x varia-

tion expected in the inertial subrange is only seen at the very
highest Reynolds numbers for y/R > 0.5.
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J. Jiménez. Turbulent flows over rough walls. Annu. Rev.
Fluid Mech., 36:173–196, 2004.

L. I. Langelandsvik, G. J. Kunkel, and A. J. Smits. Flow in a
commercial steel pipe. J. Fluid Mech., 595(323-339):323–
339, 2007.

B. J. McKeon, J. Li, W. Jiang, J. F. Morrison, and A. J. Smits.
Further observations on the mean velocity distribution in

5



fully developed pipe flow. J. Fluid Mech., 501:135–147,
2004.

J. F. Morrison, B. J. McKeon, W. Jiang, and A. J. Smits. Scal-
ing of the streamwise velocity component in turbulent pipe
flow. J. Fluid Mech., 508:99–131, 2004.

A. E. Perry, S. M. Henbest, and M. S. Chong. A theoretical
and experimental study of wall turbulence. J. Fluid Mech.,
165:163–199, 1986.

A. J. Smits, J. Monty, M. Hultmark, S. C. C. Bailey,
M. Hutchins, and I. Marusic. Spatial resolution correction

for turbulence measurements. J. Fluid Mech., page In press,
2011.

A. A. Townsend. The Structure of Turbulent Shear Flow.
CUP, Cambridge, UK, 1976.

M. Vallikivi, M. Hultmark, S. C. C. Bailey, and A. J. Smits.
Nano-scale probes for turbulence measurement. Science,
page submitted, 2010.

M. V. Zagarola and A. J. Smits. Mean-flow scaling of turbu-
lent pipe flow. J. Fluid Mech., 373:33–79, 1998.

6


