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ABSTRACT

Results of direct numerical simulations (DNS) of vibrat-

ing grid turbulence are presented. Turbulence is generated

at a grid in the x1 − x2 plane which vibrates normally to

itself. There is no mean velocity in the flow. Hence, in a sta-

tistical sense turbulence is generated in a plane and diffuses

out while at the same time gets damped due to dissipation.

Due to zero mean shear there is no production of turbulence

apart from the region at grid. Numerical simulations for two

different Reynolds numbers (based on an amplitude and fre-

quency of the grid) Re = 500, 1000 were performed using a

spectral code. Statistics of turbulence was accumulated and

the evolution of the turbulent/non-turbulent interface was

detected and compared to the theoretical result obtained

by Oberlack and Guenther (2003) using Lie group analysis.

Good agreement was found between DNS and theoretical

results.

INTRODUCTION

We consider the problem of free-shear turbulent diffusion

with no production due to a mean-velocity gradient. Tur-

bulence is generated at the plane x1−x2 and diffuses in the

direction x3 > 0 (schematic view of simulation box is shown

in the Fig. 1. In the middle of the box one can see the grid).

Turbulence is homogeneous in the plane perpendicular to

Figure 1: Schematic of the computational domain with the

grid in the middle.

the diffusion. Experimentally, this problem is investigated

by a plane vibrating grid in a sufficiently large tank. Grid

is vibrating at a sufficiently small amplitude but at a large

frequency. In the papers Hopfinger and Toly (1976), Hopfin-

ger and Browand (1982) and De Silva and Fernando (1994)

the results of a such experiments were reported. Vibrating

grid in a water tank generates flow as a result of interac-

tions between the individual jets and wakes created by the

motion of the grid bars. Ideally no mean flow exists and tur-

bulence is considered isotropic and homogeneous in planes

parallel to the grid. Based on dimensional analysis Long

(1978) predicted that the mean depth of the turbulent/non-

turbulent interface H(t) grows in time according to a power

law H(t) ∼ t1/2. This was confirmed experimentally by

Dickinson and Long (1978). Recently, Holzner et al. (2006)

used detailed measurements and detection algorithm for the

turbulent/non-turbulent interface and they confirmed the

same propagation law. Even more recently in the group

of Prof. Tropea from Technische Universität Darmstadt,

Germany, the similar experiments were performed to study

the rotating grid turbulence (see the paper by Kinzel et al.

(2008) for details). They use the oscillating grid to gener-

ate turbulence in a water tank and PIV to determine the

two-dimensional velocity and vorticity fields. They estimate

the exponent of the power law and obtained the following

expression:

H(t) ∼ t0.5±0.1.

Yang (1992) and Godeferd and Lollini (1999) performed

numerical simulations in a context close to the experiments

reported in the paper Hopfinger and Browand (1982). Yang

(1992) used a pseudo-spectral code with two homogeneous

directions along which the assumption that the flow is pe-

riodic. In order to model oscillating grid he introduced a

complicated local forcing aimed to generate isotropic tur-

bulence. This work dramatically suffered from the coarse

vertical resolution. The next DNS was performed by Gode-

ferd and Lollini (1999) with the similar pseudo-spectral code.

They introduced a local forcing on a plane in physical space

to simulate the effect of vibrating grid. In their simulations

they achieved the Reynolds number Re = 100 at the grid.

PHYSICAL PROBLEM AND NUMERICAL METHOD

The main aim of this work was to the simulate turbulence

generated by the vibrating grid similar to the experiments

discussed in the introduction. For this purpose we numeri-

cally solve the incompressible Navier-Stokes equations:

∂iui = 0, (1)

∂tui + ∂j(uiuj) = −1

ρ
∂ip + ν∇2ui, (2)

within a parallelepiped domain with dimension L1 = L2 =

2π, L3 = 2π · d (where d is an integer number) and with the

periodicity conditions in all directions:

ui(x + Ljej , t) = ui(x, t), i = 1, 2, 3. (3)
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These boundary conditions are suited to simulate homo-

geneous and isotropic turbulent fields. The mathematical

structure of the problem leads naturally to the adoption

of a spectral discretization and in particular to a Fourier-

Galerkin method. To keep the advantage of the spectral

method, we locate the grid in the middle of the simulation

box that allows us to use periodic boundary conditions and

apply Fourier decomposition in all three directions. Fourier-

Galerkin spatial discretisation method was coupled with a

low storage fourth order Runge-Kutta scheme for the time

integration (for details see Iovieno et al. (2006)).

To mimic the action of the grid the function introduced

in the work by Godeferd and Lollini (1999) was used in our

simulations with small modifications. We implemented a

local forcing on a plane in the physical space simulating the

effect of an oscillating grid, so that diffusive turbulence is

created. The external force fi(x1, x2) has the following form

(Fig. 2):

fi =
n2S

2

˛̨
˛̨ δi3

4
cos

„
2π

M
x1

«
cos

„
2π

M
x2

«˛̨
˛̨ sin(nt) +

βi

4

ff
,

(4)

where M is the mesh size, S/2 – amplitude (stroke of the

grid), n – frequency. βi are random numbers with the uni-

form distribution. The chosen shape of the forcing is a

superposition of a deterministic function that explicitly con-

tains the grid parameters (mesh size, amplitude and time

frequency) and of a random component. Turbulence gener-

ated by such a forcing is similar to that one generated by

an oscillating grid in experiments. Our forcing (4) is dif-

ferent from that one introduced in the paper by Godeferd

and Lollini (1999) where alternating sources and sinks were

introduced. We have modified the grid function to get re-

sults analogous to the experiments by Kinzel et al. (2008).

In their experiments turbulence propagates away from the

grid and dissipates, being a result of interactions between

the individual jets and wakes created by the motion of the

grid bars.

x2

x1

Figure 2: Schematic view of the grid function without the

random part.

All the following quantities presented are non-

dimensionalized with the help of the reference length S and

time frequency n. Choosing S and n as the reference length

and time frequency scales, we can define Reynolds number

in the following manner:

Re =
nS2

ν
. (5)

The simulations are performed using a numerical domain

of the size: x1, x2 ∈ [−π; π], x3 ∈ [−2π; 2π]. The Reynolds

numbers, ratio of the grid amplitude to the mesh size and the

number of modes have the following values in the performed

DNS:

Re = 500, 1000;
S

M
= 2;

Nx ×Ny ×Nz = 128× 128× 128; 128× 128× 256.

(6)

The number of “rods” in the grid was 32. We performed

the DNS at the two different Reynolds numbers given above

with a mesh size twice as small as the grid stroke. This

ratio was also chosen in the experiment by Kinzel et al.

(2008). The Reynolds number achieved in the paper Gode-

ferd and Lollini (1999) was Re = 20 that is much smaller

than that one achieved in the experiments where it was of

the order of 3000. Our aim was to perform a DNS with

the Reynolds number closer to the experimental one. The

presented DNS results are obtained at Reynolds numbers

much higher than reported in the paper Godeferd and Lollini

(1999) but still smaller than in the experiments. However,

the results show good agreement to the theory (Oberlack

and Guenther, 2003) and experiments (Kinzel et al., 2008).

RESULTS OF NUMERICAL SIMULATIONS

First we show the behavior of turbulent kinetic energies.

Figs. 3 and 4 exhibit the turbulent kinetic energy normal-

ized on the energy at the grid vs. x3 for low (Re = 500) and

high (Re = 1000) Reynolds number cases at the different

time snap shots. We see that the kinetic energy dissipa-

tion is faster in the case of high Reynolds number case as it

was expected. Next two figures (Figs. 5 and 6) represent

K

x3

Figure 3: Normalized turbulent kinetic energy (K/K|grid)

at Re = 500: t = 100, t = 200, t = 400,

t = 600.

the turbulent kinetic energy (non-normalized and normal-

ized correspondingly) comparison for the different Reynolds

numbers. Dashed line corresponds to Re = 500, solid line

shows Re = 1000.

In the paper of Oberlack and Guenther (2003) authors

using Lie groups analysis of the multi-point correlation equa-

tions consider the problem of shear-free turbulent diffusion.

They obtained three different invariant solutions or scaling
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K

x3

Figure 4: Normalized turbulent kinetic energy at different

Reynolds numbers Re = 1000: t = 100, t = 200,

t = 400, t = 600.

K

x3

Figure 5: Non-normalized turbulent kinetic energy at differ-

ent Reynolds numbers Re = 500, Re = 1000.

K

x3

Figure 6: Normalized turbulent kinetic energy at different

Reynolds numbers Re = 500, Re = 1000.

laws: classical diffusion-like solution, deccelerating diffusion-

wave solution and finite domain diffusion due to rotation. In

our study we considered only the first case. One of the main

results of the paper Oberlack and Guenther (2003) was that

the mean depth the of the turbulent/non-turbulent interface

evolves in time by the following power law:

H(t) = A(t− t0)m + B, (7)

where A, m, B are constants. One of the main aim of our

DNS was to validate this power law and find the values of

the constants. Figs. 7 and 8 show the mean depth of the

H

t

Figure 7: Mean position of the turbulence/non-turbulence

interface H(t) in linear axes. theoretical result and

DNS.

H

t

Figure 8: Mean position of the turbulence/non-turbulence

interface H(t) in logarithmic axes. theoretical result

and DNS.

turbulent/non-turbulent interface H(t) in linear and loga-

rithmic scaling correspondingly. Constants in equation (7)

taken from the DNS have the following values in our normal-

izations: A = 1.7 10−3; B = 0.5 10−2; t0 = 0; m = 0.4.

The value of m is close to the experiments performed by

Kinzel et al. (2008) where it was obtained that m = 0.5±0.1.

As one can see from the Figs. 7 and 8 there is good agree-

ment between DNS and theory. Curves representing the

DNS and theoretical results (dashed line for DNS and solid

one for the theoretical result) collapse in one.

As for the turbulence structure itself plots in Fig. 9

shows velocity fields for different moments of simulation

time: t = 0; 20; 50 at small Reynolds number case. As

it is observed from the figure, at t = 0 the turbulence struc-

tures are comparable to the mesh size, but as DNS evolves

the length scales grow in the direction x3 > 0.

Fig. 10 represents the time evolution of kurtosis (see

equation 8) at Re = 500. As we see from the figure the

peak of the kurtosis increases in time. The high peak means

that the turbulence at lower Reynolds number is far from a

homogeneouty. This is clearly seen from the velocity fields

presented in Fig. 9. The turbulent structures increase away
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Figure 9: Velocity fields for different snapshots t = 0; 20; 50

at Re = 500.

k

t

Figure 10: Time evolution of kurtosis at Re = 500. t =

0; t = 25; t = 50; t = 100.

from the grid.

k =
u4

(u2)2
. (8)

Fig. 11 shows the instantaneous velocity field at t =

0; 20; 50 for Re = 1000. In this case the turbulent field

is closer to homogeneouty which is also confirmed by the

comparison of kurtosis presented in the Fig. 12. This figure

Figure 11: Velocity fields for different snapshots t =

0; 40; 60 at Re = 1000.

shows the kurtosis at Re = 500 (solid line) and Re = 1000

(dashed line).

k

t

Figure 12: Comparison of Kurtosis at Re = 500 ( line)

and Re = 1000 ( line).

Figs. 13 and 14 show the r.m.s. components of velocity.

Horizontal/non-homogeneous uh and vertical/homogeneous

uv components of r.m.s we define as it follows:

uh =

q
u2
3,

uv =
1

2
(

q
u2
1 +

q
u2
2).
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As one can see the horizontal/non-nhomogeneous compo-

uh,v

t

Figure 13: Spatial evolution of the r.m.s. velocity compo-

nents at Re = 500. uh, uv .

uh,v

t

Figure 14: Spatial evolution of the r.m.s. velocity compo-

nents at Re = 1000. uh, uv ..

nent of r.m.s in the case of high Reynolds number case

decreases by the same law as the vertical/homogeneous com-

ponent does. It means that in this case the turbulence is

homogeneous as it was shown from the figures of velocity

fields (see Fig. 11). As for the low Reynolds number case,

the bahavior of the horizontal component of r.m.s is differ-

ent than the behavior of the vertical one. In this case the

turbulence is not homogeneous in the horizontal (the direc-

tion perpendicular to the grid plane) direction that was also

shown by the instantaneous velocity fields (see Fig. 9).

CONCLUSION

DNS of grid turbulence was performed for two different

Reynolds numbers Re = 500, 1000. The power law of

time evolution of the turbulent/non-turbulent interface H

was validated and good agreement was found between DNS

and theoretical results. The value of the power constant was

found close to the experimental one. Statistics of the grid

turbulence was accumulated for long simulation time and

presented in the paper. Instantaneous turbulent structures

were compared for different Reynolds numbers.
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