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ABSTRACT

Direct numerical simulation has been performed to study

wall-driven flow over a backward-facing step at Reynolds

number Re = 5200 based on the step height h and the up-

per wall velocity Uw. The flow configuration consisted of

a step with height equal to that of the upstream channel

yielding an expansion ratio 2: 1. The instantaneous enstro-

phy contours revealed the formation of Kelvin-Helmholtz

instabilities downstream of the step. A fully redeveloped

Couette flow cannot be reached in the downstream part of

the channel due to mass conservation. The local wall pres-

sure coefficient gave evidence of an adverse pressure gradient

in the recovery region where a Couette-Poiseuille flow type

prevailed. The budgets for the Reynolds shear-stress and

turbulent kinetic energy have been computed. In the mix-

ing layer, the peak production of turbulent kinetic energy

was 2.5 times larger than that of viscous dissipation.

INTRODUCTION

Turbulent flow over a backward-facing step (BFS) is a

simplified case of the general family of separated flows with

widespread industrial applications. Although its geometry

is simple, the flow physics is still complex. Typical proto-

types of BFS flows are the boundary layer, the plane channel

and the Couette flow cases, see e.g. (Eaton and Johnston,

1981). A common feature of these flows is the existence of a

shear layer emanating from the step corner and reattaching

further downstream leading to the formation of a recircula-

tion bubble. The presence of the internal shear layer and

the massive recirculation zone gives rise to complex flow dy-

namics which for instance affect the turbulence production

and Reynolds stress anisotropy.

The most studied BFS flow is the pressure-driven flow

in a plane channel with a sudden one-sided expansion. Due

to the principle of mass conservation, the Reynolds number

remains the same downstream of the step as in the upstream

part of the channel. In a BFS Couette flow, on the other

hand, the Reynolds number becomes higher downstream

of the step. It is well known that the shear-driven turbu-

lent Couette flows (Bech et al., 1995) exhibit a number of

characteristic features which make them distinguishingly dif-

ferent from the pressure driven Poiseuille flow, notably the

monotonically increasing mean velocity profile. The only

investigation of BFS Couette flow we are aware of is the re-
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Figure 1: Flow configuration.

cent experimental study by Morinishi (2007). He considered

a configuration with the step height h equal to half of the

upstream channel height, i.e. with an expansion ratio 3:2.

The upstream Reynolds number was about 24000.

In the present study we perform direct numerical sim-

ulation (DNS) of turbulent Couette flow over a BFS. This

will enable us to gather accurate mean flow and turbulence

statistics throughout the flow domain, as well as to explore

in detail the instantaneous vortex topology in the mixing

layer and the recirculation bubble as well as in the reattach-

ment zone. We intentionally considered a BFS configuration

where the flow upstream of the step is the same as studied

by Bech et al. (1995).

METHOD

Flow configuration and governing equations

Figure 1 shows a schematic view of the Couette

backward-facing step flow which is composed of a step of

height h and an upper wall moving with velocity Uw. Of

particular relevance in backward-facing step flows is the ex-

pansion ratio ER. This dimensionless parameter is defined

as the ratio between the downstream and upstream channel

heights, i.e. ER = H/(H − h). In the present study we

consider a flow configuration where the step height is equal

to that of the upstream channel, i.e. H = 2h. This gives an

expansion ratio of 2 : 1.

The governing equations are the time-dependent, in-

compressible Navier-Stokes equations for a viscous fluid ex-

pressed in non-dimensional form:

∇ · u = 0 (1)

∂u

∂t
+ (u · ∇)u = −∇p +

1

Re
∇2

u (2)
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Table 1: Computational parameters.

Re Nx × Ny × Nz Δx+ Δy+ Δz+

5200 672 × 384 × 192 4.8-14.8 0.083-4.2 8.2

Here, the variables have been non-dimensionalized by h

and Uw and the Reynolds number based on the step height

and upper wall velocity, Re = Uwh/ν, is 5200.

Numerical approach

The computational domain has a length of Lx = 39h in

the streamwise x−direction including an inlet section Ls =

15h, H = 2h in the wall-normal y−direction, and Lz =

9.43h in the spanwise z−direction.

No-slip boundary conditions are imposed at all the wall

surfaces. In the spanwise direction, the flow is assumed to

be statistically homogeneous and periodic boundary condi-

tions are used. A realistic fully turbulent flow is generated

at the input by recycling finite-length time series of the in-

stantaneous velocity planes. This technique was first used

by Barri et al. (2008) in a numerical simulation of plane

channel flow. At the exit, we solve the convective equation

∂u/∂t + Uc∂u/∂x = 0 to ensure a proper outflow condi-

tion. This type of boundary condition was used in previous

numerical simulations by (Lowery and Reynolds, 1986) for

mixing layer and (Le et al., 1997) for turbulent flow over a

backward-facing step and is considered suitable for vortical

structures moving out of the domain.

A non-uniform mesh is employed in the streamwise and

wall-normal directions in order to adequately resolve the tur-

bulence scales in the separation region and the vicinity of the

walls whereas a uniform mesh is used in the spanwise direc-

tion. The detailed computational parameters are shown in

table 1 where the grid spacing is measured in wall units using

the viscous length scale li = ν/uτi based on the wall-friction

velocity at the input uτi = 0.032Uw.

The DNS code used to numerically solve the governing

equations 1 and 2 is MGLET (see Manhart, 2004). MGLET

is a finite-volume code in which the Navier-Stokes equations

are discretised on a staggered Cartesian mesh with non-

equidistant grid-spacing. The discretisation is second-order

accurate in space. A second-order explicit Adams-Bashforth

scheme is used for the time integration. The Poisson equa-

tion for the pressure is solved using a multi-grid algorithm.

The simulations were started from an arbitrary flow field

and thereafter let to evolve to a statistically steady state.

The time step used was Δt = 0.001h/Uw. Statistics were

gathered for a period of 396h/Uw after the flow field first

had evolved into a statistically steady state.

RESULTS AND DISCUSSIONS

Transverse vortices are a commonly observed feature in

turbulent shear flows. Nychas et al. (1973) showed that

the underlying mechanism in the formation of such vortical

structures is a Kelvin-Helmholtz instability and is associ-

ated with wall region ejection. An outward displacement

of low-speed fluid from the near wall region and an inward

motion of high-speed fluid result in an interface where two

streams of fluid move almost parallel to each other with

different velocities. This interface between the high- and

low-speed fluid region, being unstable, can lead to such a

vortex formation. In backward-facing step flows, the forma-

x/h

y/h

Figure 2: Instantaneous enstrophy contours.
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Figure 3: Streamlines of the mean flow.
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Figure 4: Skin friction coefficient variation downstream the
step: ———, Lower wall; – – – –, Upper wall (divided by a
factor of 10).

15 20 25 30 35

0

3

6

9

12

15

Cp

x/h

×10
−2

Figure 5: Pressure coefficient variation downstream the step:
———, Lower wall; – – – –, Upper wall.

tion of Kelvin-Helmholtz (K-H) vortices takes place behind

the step and were observed by Neto et al. (1973).

In order to see whether or not K-H vortices are embed-

ded in the present flow field, the instantaneous contours of

enstrophy are plotted in an (x, y)−plane in figure 2. There is

an apparent roll-up of the shear layer behind the step edge

where the unsteady K-H vortices are generated and break

up into numerous small high-intensity vortices as they are

transported downstream. This flow pattern phenomenon is

caused by the Kelvin-Helmholtz instability where the os-

cillations induced by the latter are due to the interaction

between the shear layer and the re-circulating region near

the step.
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Figure 6: Mean streamwise velocity profiles. The symbols
denote DNS data from Bech et al. (1995).

Mean statistics

From pressure-driven BFS flows it is known that the un-

steady behaviour of the shear layer causes the reattachment

line to fluctuate around a mean value XR, see e.g. (Friedrich

and Arnal, 1991). The streamline pattern of the mean flow

in figure 3 shows a large primary separation bubble which

extends about 7.5h downstream of the step. A secondary

bubble of length 1.78h can be observed adjacent to the cor-

ner. The skin friction coefficient, defined as Cf = τw/ 1
2
ρU2

w,

is shown in figure 4 and confirms that a secondary separa-

tion bubble with anti-clockwise flow (Cf > 0) is embedded

within the primary separation bubble with clockwise mo-

tion (Cf < 0). This flow pattern is consistent with the

findings of Morinishi (2007) who reported that reattachment

occurred at XR = 6.63h ± 1.4h and the secondary bubble

was at 1.88h ± 0.4h. Downstream of x/h = 30, Cf is al-

most constant along both walls with the wall-friction along

the moving surface being about 10 times higher than at the

lower surface. This suggests a substantial asymmetry of the

mean velocity field.

The local wall pressure coefficient is defined as Cp =

(P − Po)/ 1
2
ρU2

w where Po is a reference pressure taken at

x/h = 5. In figure 5, Cp exhibits a local minimum close to

the position of maximum backflow (i.e. beneath the core of

the primary separation bubble). Downstream of x/h = 30,

an almost linear variation of Cp is observed. This implies

that the streamwise mean pressure gradient has become in-

dependent of x and the flow field can be considered as being

nearly fully developed in the downstream part of the com-

putational domain. This is consistent with the constancy of

Cf observed in figure 4.

Figure 6 presents the mean streamwise velocity profiles

at four representative locations: inside the secondary bub-

ble, through the primary recirculation, downstream of the

reattachment and in the recovery region. Although the char-

acteristic S-shape of the mean velocity profile U(x, y) has

been retained at x/h = 37, the profile is yet far from being

anti-symmetric. Midway between the walls U is still roughly

half of 1/2Uw which should be reached in the case a fully re-

developed Couette flow. However, irrespective of the length

of the domain that can be used in the downstream part of the

channel, an anti-symmetric profile corresponding to a fully

re-developed Couette flow will not be reached. This is due

to the principle of mass conservation. It follows that since

the height of the domain after the step is twice that of the

inlet section and the mean velocity profile of Couette flow is

monotonically increasing to a constant value of Uw, the flow

cannot adjust itself to an anti-symmetric S-profile shape and

at the same time maintain a conserved flow rate. In the re-

circulation region the strongest backflow is observed beneath
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Figure 7: Turbulent intensities scaled with the upper wall
velocity Uw. ———, streamwise direction; · · · · · · ·, wall-
normal direction; – – – –, spanwise direction.
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Figure 8: Reynolds shear stress −uv/U2
w.

the core of the primary bubble, whereas the secondary sep-

aration region shows a weak mean-streamwise motion.

The turbulence intensities and the Reynolds shear stress

are shown in figures 7 and 8 at different streamwise loca-

tions downstream of the step. Although the r.m.s values

and −uv fall approximately to zero in the secondary recir-

culation region indicating a laminar-like flow, they exhibit

a high turbulence level immediately downstream of the step

at y/h ≈ 1. This localized high-turbulence zone, mainly for

urms, is obviously caused by the locally high mean-shear-

rate in the mixing layer emanating from the step edge. As

the flow progresses downstream, the streamwise turbulence

intensity peaks are broaden and attenuated while the tur-

bulence levels of the spanwise and wall-normall components

increase. Downstream the reattachment and in the recovery

region, the discrepancy in urms between the two walls per-

sists where a substantially higher longitudinal turbulence

intensity is observed near the moving wall that is almost

twice that seen near the stationary wall.

The turbulence exhibits everywhere the usual shear-flow

anisotropy with the streamwise intensity being the most sig-

nificant. The profiles of −uv show that the Reynolds shear

stress is positive almost throughout the whole domain.

The two-dimensional mean flow has developed to an es-

sentially uni-directional flow in the downstream part of the

computational domain, i.e. beyond x/h ≈ 30 or 15 step

heights h downstream of the sudden expansion. It is note-

worthy that the upstream pure Couette flow redeveloped

into a mixed Couette-Poiseuille flow in contrast to the clas-

sical pressure-driven backward-facing step flow where an

upstream Poiseuille flow inevitably redevelops to another

pure Poiseuille flow far downstream of the step. In the

present case, however, an adverse pressure gradient is estab-

lished with the view to assure global mass conservation. The

resulting mixed Couette-Poiseuille flow exhibits major asym-
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Figure 9: uv budget normalized by u4
τi

/ν at x/h = 18. —
——, Pij ; – – – –, −εij ; · · · · · · · , Πij ; — · —, Tij ; —–•—–,
Uk∂(uiuj)/∂xk.

metries in the turbulence field with a substantially reduced

turbulence level along the stationary wall. The resulting

flow field closely resembles the Couette-Poiseuille flow sim-

ulations reported by Kuroda et al. (1995).

Kinetic energy and shear stress budget

In this section, the budgets for the Reynolds shear stress

and the turbulent kinetic energy are presented at a stream-

wise position passing through the center of the primary

separation zone (i.e. x/h = 18). The transport equations

for the Reynolds stress tensor are

D

Dt
(uiuj) = Pij − εij + Πij + Gij + Dij + Tij (3)

where

Production term:

Pij = −uiuk

∂Uj

∂xk

− ujuk

∂Ui

∂xk

(4)

Dissipation term:

εij = 2ν
∂ui

∂xk

∂uj

∂xk

(5)

Pressure-strain term:

Πij =
1

ρ

(
p

∂ui

∂xj

+ p
∂uj

∂xi

)
(6)

Pressure diffusion term:

Gij = −
1

ρ

(
∂

∂xi

puj +
∂

∂xj

pui

)
(7)

Molecular diffusion term:

Dij = ν
∂2

∂x2
k

uiuj (8)

Turbulent diffusion term:

Tij = −
∂

∂xk

uiujuk (9)

The budget for the turbulent kinetic energy q2/2 =

uiui/2 is one half the sum of the budget of the diagonal

components of the Reynolds stress tensor.
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Figure 10: Turbulent kinetic energy budget normalized by
u4

τi
/ν at x/h = 18. ———, PK ; – – – –, −εK ; — · —, TK ;

—–•—–, Uk∂(q2/2)/∂xk.

In figure 9, the equation for uv is largely dominated by

production and pressure-strain where a large peak of nega-

tive production is observed at y/h ≈ 1 that is balanced by

the pressure-strain term. Apart from a small region near the

lower wall, P12 is negative everywhere. The expression for

this production term is

P12 = −uv
∂U

∂x
− vv

∂U

∂y
− uu

∂V

∂x
− uv

∂V

∂y
(10)

Since the mean flow is statistically two-dimensional, the

first and fourth terms of equation 10 add up to zero due to

mass conservation. This implies that the change of sign of

P12 depends solely on the gradients of the mean streamwise

and wall-normal velocities. ∂U/∂y being dominant over all

the other mean gradient terms in this region, then equation

10 reduces to

P12 ≈ −vv
∂U

∂y
(11)

The above equation shows that the production of the

Reynolds shear stress at x/h = 18 is dominated by ∂U/∂y.

Between y/h = 0 and y/h ≈ 0.2, there is positive produc-

tion of uv due to ∂U/∂y being negative. This indicates a

negative Reynolds shear stress in that region. The change

of sign of P12 occurs when ∂U/∂y is equal to zero, and the

peak production is attained where ∂U/∂y exhibits a local

minimum in the shear layer.

The turbulent diffusion contributes to the increase of

Reynolds stresses in the central region whereas the viscous

dissipation is negligible almost everywhere in this case. The

nearly negligible viscous dissipation is consistent with the

observation made by (Bech and Andersson, 1996) in a fully

developed Couette flow. This is because ε12 consists of rel-

atively weakly correlated velocity gradients.

The budget for the turbulent kinetic energy is shown in

figure 10 at x/h = 18. In the shear layer, production and

dissipation are the most dominant terms whereas turbulent

diffusion transports energy into the upper half part of the

channel only. The contribution to PK comes mainly from

P11 (see figure 11) and its peak at y/h ≈ 1 is almost 2.5

times larger than that of εK . This infers that dissipation is

not in balance with production.

In the regions close to the wall, turbulence is substan-

tially damped along the lower one due to recirculation where

production and turbulent diffusion are almost negligible in

contrast to viscous dissipation which is the most significant
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Figure 11: Turbulent production terms normalized by u4
τi

/ν

at x/h = 18. ———, P11; · · · · · · · , P22; – – – –, P33.
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Figure 12: Pressure-strain terms normalized by u4
τi

/ν at
x/h = 18. ———, Π11; · · · · · · · , Π22; – – – –, Π33; — · —,
Πii.

(among the plotted terms). Along the upper wall, on the

other hand, there is turbulent diffusion from the maximum

source region towards and away from the walls and εK grows

rapidly with y/h attaining a maximum value at the solid sur-

face.

Since there is nearly no production of v2 and w2 as can

be inferred from figure 11, their only source of energy is from

Πij which serves to redistribute energy between the normal

stresses. This is shown in figure 12 where the pressure-strain

terms appearing in the u2, v2 and w2 equations are plotted

together at x/h = 18. Across the channel, ww acts as a

receiving component taking energy mainly from uu. The

profiles of Π11 and Π22 indicate a qualitative difference in

the energy exchange pattern between the two walls. While

there is a large energy transfer from the vv component to the

uu and ww between y/h = 0 and y/h ≈ 0.2, uu contributes

to vv in delivering energy to ww in the region near to the

upper wall. Away from the walls, the major effect of the

pressure-strain is to distribute energy from uu component to

the other two components. The sum of the three components

(i.e. Πii) is almost zero and this supports the adequacy of

the sampling procedure.

CONCLUSIONS

A direct numerical simulation of turbulent Couette flow

over a backward-facing step has been performed at a low

Reynolds number. The mean reattachment length of the

shear layer was found to be 7.5h. In the recirculation zone a

large negative skin friction coefficient was observed beneath

the core of the primary separation bubble.

The budgets for the Reynolds shear-stress and turbulent

kinetic energy were computed. The production of turbulent

kinetic energy was mostly into the streamwise normal stress

where the loss of kinetic energy from the mean flow resulted

in a gain in uu that was subsequently redistributed to the

vv and ww through the pressure-strain correlation.

In the recovery region, the mean velocity profile did not

retain the characteristic shape of pure Couette flow due to

mass conservation, while Reynolds stresses showed that tur-

bulence was substantially damped along the lower wall and

correspondingly enhanced near the moving surface due to

the increase in Reynolds number.
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