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ABSTRACT

A Large eddy simulation of a turbulent reacting round

jet (Sandia Flame D) was performed. The sub-grid stress

arising out of non-linearities of the governing equations were

modeled using the explicit filtering approach. A posteriori

comparisons with benchmark experiments indicate that the

explicit filtering method suffices to model the effect of sub-

grid stress on the filtered velocity field for non-reacting flow.

However, in the presence of reaction the sub-grid scale effects

arising from the strong non-linearity of the reaction rate is

poorly accounted for, leading to a discrepancy between ex-

periment and simulation.

INTRODUCTION

Among the remaining challenges for large eddy simula-

tion (LES) is the need to understand how to simulate flows

in which phenomena at scales smaller than the discretiza-

tion play an important role. A most important application

of this type is turbulent combustion. In many cases the

flames are very thin—much thinner than the grid spacing

that is adequate for LES of non-reacting flow at the same

Reynolds numbers. So the effect of the flame on the evo-

lution of the computed large scale part must be modelled.

Suppose the flame thickness to be O(λf ) and grid spacing

Δ. When λf � Δ, the use of flamelet models have been

successful (see, Pitsch (2005) for a recent review of the vari-

ous approaches). When λf ∼ Δ, it is possible to artificially

thicken the flame so that flame structure can be represented

on a feasible grid. Our present investigations are to deter-

mine whether the more general pdf-type approach proposed

in Colucci et al. (1998) & Jaberi et al. (1999), combined with

the filtering approach to LES (Mathew et al., 2003) is use-

ful. The generality lies in that, in principle, the approach

is not restricted to thin flames. So it is especially useful

when the reaction zones of different species vary widely and

the expectations of a flamelet models are not met. The

flame chosen for simulation studies is the partially-premixed,

piloted, round-jet, methane flame at moderate jet speeds

known as the SANDIA flame D from benchmark experi-

ments (Barlow & Frank, 2003) of a series of flames.

FORMULATION

Governing Equations

The governing equations for the compressible flow of

a perfect gas undergoing chemical reaction with heat re-

lease are the equations for conservation of mass, momentum

and energy, transport equations for reactant mass fractions

and the equation of state (Williams, 1985). For low Mach

number (M � 1) flows, direct integration of these com-

pressible equations are computationally expensive because

of the severe restriction on the time step due to acoustic

wave propagation. This restriction can be circumvented by

performing a low Mach number expansion of the governing

equation. When the essential dynamics in flows such as low-

speed combustion is dependent on density differences but

not on compressibility, this procedure improves computa-

tional efficiency. Following Majda & Sethian (1985) the low

Mach number equations are,

∂ρ

∂t
+ ∇ · (ρU) = 0, (1)

ρ
∂U

∂t
+ ρU · ∇U = −∇p(1) +

1

Re
∇ · τ, (2)

∇ · U =
1

γp(0)

"
γ

PrRe
∇2T − dp(0)

dt
+ H(Ri)

#

, (3)

ρ
∂Z

∂t
+ ρU · ∇Z =

1

ScRe
∇2Z (4)

ρ
∂C

∂t
+ ρU · ∇C =

1

ScRe
∇2C + Ri (5)

p(0) = ρT (6)

Here, velocity U, density ρ, temperature T , and lengths

x were scaled with their respective reference quantities

U∞, ρ∞, T∞ and L∞. The pressure p(0) represents the ther-

modynamic pressure and does not take part in the fluid

dynamic process. Pressure p(1) is the hydrodynamic pres-

sure. Pressure was non-dimensionalized with the reference

thermodynamic pressure ρ∞RT∞, where R is the univer-

sal gas constant, and time t by L∞/U∞. H = H(Ri) is

the heat source term. Ri = R(ρ, Ci, T ) is the reaction rate.

Chemistry was modeled as a single single step, irreversible

reaction of the form,

CH4 + 2 O2 → CO2 + 2H2O + heat.

Transport coefficients and specific heats were taken as func-

tions of temperature. Three non-dimensional parameters ap-

pearing in equations (2)–(5), are the Reynolds number Re =

ρ∞U∞L∞/μ∞, the Prandtl number Pr = cp∞μ∞/k∞ and

the Schmidt number Sc = μ∞/ρ∞D∞. The heat release

(H(Ri)) and the reaction source term (Ri) appearing in

equation (3) and (5) were modeled using an Arrhenius type

rate equation. Then the rate of consumption or generation of

fuel (F ≡ CH4), oxidizer (O ≡ O2) and product (P ≡ CO2

& H2O) are

RF = RO = −RP = Da ρCF ρCO exp(−Ze/T ), (7)
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and the heat release term,

H = Ce Da ρCF ρCO exp(−Ze/T )/Cp. (8)

The non-dimensional parameters appearing in the reaction

rate are the Damkohler number, Da = ρK∞L∞/U∞, where

K∞ is the reaction rate parameter and Zeldovich number

Ze = Ea/RT∞, where Ea is the activation energy. The non-

dimensional heat release factor Ce = C∞ � H/ρ∞Cp∞T∞,

where Cp∞ is the reference specific heat at constant pressure

and �H is the heat of reaction. Solutions were obtained by

integrating equations (2), (4) and (5) subject to the con-

straints imposed by equations (1), (3), (6).

Numerical Method

The governing equations were discretized in cylindri-

cal coordinate using a partially staggered grid (Lowery &

Reynolds, 1986). Spectral-like fourth-order compact differ-

ence schemes (Lele, 1992; Chakravorty & Mathew, 2004),

were used to evaluate the spatial derivatives. The improved

resolution offered by the compact differencing scheme leads

to increased possibility of aliasing error. In the present sim-

ulation no explicit de-aliasing algorithm has been used, but

the skew-symmetric form of discretization employed here

does provide for high wavenumber filtering. Where needed,

interpolations were done using high-resolution formulas The

convective part of scalar transport equations were discretized

using the 5th-order WENO scheme of Jiang & Shu (1996).

The conservation equations were integrated in time using

2nd-order accurate Runge-Kutta scheme. Traction free con-

dition was used along the lateral boundary to allow for

entrainment of flow into the jet. Along the outflow plane, ad-

vective boundary condition was imposed (Akselvoll & Moin,

1995).

Large Eddy Simulation

The sub-grid scale effects of the flow field were mod-

eled using an explicit filtering procedure (Mathew et al.,

2003). The method follows from the approximate deconvo-

lution model of Stolz & Adams (1999). The deconvolution

approach is a mathematically consistent way of approxi-

mating the unresolved scale based on the solution of the

filtered governing equations. The method consists of a pri-

mary filtering operation followed by a deconvolution step to

approximate the unclosed terms arising out of filtering the

governing equations. It has been shown in Mathew et al.

(2003) that this two steps of primary filtering and approx-

imate deconvolution when implemented sequentially on a

code reduces to a single explicit filtering step. In the present

study optimized fourth-order implicit filters of Lele (1992)

were used. These filters have the property that they are

perfect low-pass filters. The low wavenumber modes of the

solution are left unchanged in the filtering operation and at

the same time the filter falls smoothly to zero beyond a cer-

tain filter cut-off value. Figure 1 shows the transfer function

for the various interpolation , differentiation and the filter

operators used in the present study.

FMDF method

Jaberi et al. (1999) developed a method called the Fil-

tered Mass Density Function (FMDF) to model the effects

of the subgrid scalar fluctuations in variable density reacting

flows. In this approach, the sub-grid scalar fluctuations are

treated in a probabilistic manner and their evolution in time

is obtained by solving a modeled transport equation.

Figure 1: Transfer functions:: – – : interpolation; – · – :

first derivative (standard); – ·· : first derivative (staggered);

· · · : second derivative; – – · : filter; —–: exact.

Let φ(x, t) denote transported scalars (φ1 = Z, φ2 = C,

etc). The filtered mass density function, FL, is thus defined

as,

FL(ψ;x, t) =

Z +∞

−∞
ρ(x′, t)ζ[ψ, φ(x′, t)]G(x′ − x)dx′, (9)

ζ[ψ, φ(x, t)] = δ[ψ − φ(x, t)] ≡ ΠN
α=1δ[ψα − φα(x, t)] (10)

where, ψ are the composition space scalar values and

ζ[ψ, φ(x′, t)] is the fine-grained density. The transport equa-

tion for FL(ψ;x, t) may be written as (Jaberi et al., 1999),

∂FL(ψ,x′, t)

∂t
+

∂< u(x, t)|ψ >FL(ψ,x′, t)

∂xi
=

∂

∂ψi

hD
− 1

eρ(φ)

∂

∂xi

“ 1

ReSc

∂φi

∂xi

”
|ψ
E
FL(ψ,x′, t)

i

− ∂[R(ψ)FL(ψ,x′, t)]

∂ψi
.

(11)

The above equation represents the evolution of the filtered

mass density function of a transported scalar exactly. The

statistical information for any scalar field is obtained by

integrating in the scalar composition space. In the above

equation the chemical source term (the last term) appears

in closed form. The conditionally filtered terms appearing

in the above equation represents the sub-grid contributions.

These terms are unclosed and needs to be modeled. The con-

ditionally filtered term on the left hand side represents the

sub-grid convection and that on the right hand side represent

sub-grid mixing. Elsewhere, sub-grid-scale terms arising

from convection were closed using an eddy viscosity model

with the resolved strain rate and a kinetic energy(Jaberi

et al., 1999). Here we use FMDF with the explicit filtering

approach for convection terms. An Interaction by Exchange

with the Mean(IEM) type mixing model has been used for

sub-grid mixing (Pope, 1982).

RESULTS

Incompressible Round Jet

Large eddy simulation of an unconfined, isothermal, uni-

form density round jet was performed at a Reynolds number,

Re = 11, 000 based on nozzle exit diameter (D) and mean

centerline velocity (UCL|x = 0) at nozzle exit. This cor-

responds to the air jet experiments of Panchapakesan &

Lumley (1993). The computational domain in the axial
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Figure 2: Variation of the reciprocal of the mean center-

line axial velocity, U (normalized by jet centerline velocity

at nozzle exit UCL|x=0) with distance from the nozzle exit

(x/D = 0). —–: simulation; – � –: theoretical.

direction was 40D and in radial direction 10D. The compu-

tational grid consists of 256 × 160 × 40 points in the axial,

radial and azimuthal direction, respectively. At nozzle exit

a top hat velocity profile was assumed. Small perturbations

of amplitude 1% was added to the mean flow to trigger tran-

sition to turbulence. A weak coflow of 5% of the peak inflow

nozzle velocity was imposed. The simulation was initially

run for 240 non-dimensional time units D/UCL|x=0 to allow

the flow to develop into a statistically stationary state after

which turbulence statistics (time-averages) were collected.

Figure 2 shows the evolution of the reciprocal of the

centerline axial velocity UCL (—–) with distance from the

nozzle exit. Also shown in the same figure is the theoretical

decay rate (– � –)

UCL|x=0

UCL
=

1

Bu

h x

D
− x0

D

i
, (12)

where x0 is the virtual origin and Bu is the decay constant.

Bu varies from 5.4 (Wygnanski & Fiedler, 1969) to 6.06

(Panchapakesan & Lumley, 1993) depending on the experi-

mental and initial conditions. In the present study, Bu = 5.9

and x0 = −0.52 which agrees well with the values reported

previously (Wygnanski & Fiedler, 1969; Panchapakesan &

Lumley, 1993; Hussein et al., 1994) and (Boersma et al.,

1998) .

Figure 3 shows the variation of Reynolds shear stress

across the jet in nondimensional radial coordinate, η =

r/(x − x0). These profiles were obtained by averaging the

nondimensional profiles over 12.5d < x/D < 32.5. Also

shown in the same figure are the measurements of Pancha-

pakesan & Lumley (1993) and Hussein et al. (1994) (hot-

wire). Although, the simulation does overpredict the mean

Reynolds stress in the region ( 0.05 < η < 0.15 ), the overall

agreement with the experimental results is quite good. This

discrepancy is probably due to the difference in the prob-

lem set up. The experiments of (Panchapakesan & Lumley,

1993), (Hussein et al., 1994) were performed without any

coflow, whereas for computational reasons the jet in the

present study was surrounded by a weak coflow.

SANDIA FLAME D

The flame chosen for simulation is the partially premixed

methane/air flame of Barlow & Frank (2003) (Sandia Flame

D) which is well-documented for benchmarking. At the in-

flow plane, the fuel jet (25%CH4 : 75% dry air by volume)

Figure 3: Turbulent shear stress profile (normalized by the

local mean axial velocity U2
CL) versus non-dimensional ra-

dial coordinate, η.—— : simulation; – –: Hussein et al.

(1994); �:Panchapakesan & Lumley (1993).

emerges from a circular port of diameter 7.2 mm with a mean

velocity of 49.6 m/s with a parabolic profile at 294 K. A pi-

lot flame of mean velocity 11.4 m/s and a nearly flat profile

at 1880 K occupies a concentric annulus between diameters

7.7 mm and 18.2 mm. Outside the pilot is a weak co-flow of

0.9 m/s. The shear layers at jet boundaries are thin. The

Reynolds number based on bulk fuel jet velocity, its vis-

cosity and port diameter is 22400. At the inflow boundary

mean experimental profiles given in Barlow & Frank (2003)

were imposed for velocity, temperature, mixture fraction and

CH4 mass fraction. Random perturbations were added to

the inflow mean velocity field to facilitate transition to tur-

bulence. The random perturbations were chosen in such a

way that the rms of the fluctuations matches the experimen-

tal data. In the experiments, the flame length is about 65

diameters. At this time, the jet flame has been simulated in

a domain extending 20D in the axial direction and 5D in the

radial direction. There were 128, 80 and 40 grid points in the

axial, radial and azimuthal directions, respectively. Only the

explicit filtering method has been applied. So the reaction

rate term does not have any contribution from scales which

Figure 4: Stoichiometric mixture fraction ( white line) su-

perimposed on temperature isosurfaces.
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are too small to be represented on the grid. This method is

expected to provide a reasonable simulation where the flame

is not too thin and turbulent fluctuations are not too strong.

Figure 4 shows the temperature on a longitudinal sec-

tion through the flame. Also shown in the same figure the

stoichiometric contour Z = 0.355 ( white line). The stoichio-

metric surface closely follows the region of high temperature.

Close to the nozzle exit, due to the high temperature of the

pilot jet, the viscosity increases about 5 times. Owing to this

increased viscosity and reduced density, the flow evolves like

a laminar jet. Around x/D = 8 instability waves appear,

roll-up and then breakdown into a turbulent state at around

12D. Beyond 12D the flow is completely turbulent.

In figures 5–7 centerline evolution of mean and rms of

the axial velocity, mixture fraction and temperature will be

presented for the entire streamwise length of the domain.

However, discussion will be limited upto x < 16 to dis-

card the effects arising out of outflow boundary conditions.

Figure 5 shows the centerline variation of the mean (U) and

Figure 5: Centerline evolution of mean (U) and rms (U ′) of

axial velocity component. —–: mean (simulation); – –: rms

(simulation); �: mean (experiment); �: rms (experiment).

the rms (U ′) of the axial velocity component, normalized

by bulk velocity at the nozzle exit. Close to the nozzle exit

(x ≤ 5D) all the velocity fluctuations have disappeared and

the mean velocity evolves like a laminar flow; only beyond

x > 5D does the flow show the growth of velocity fluc-

tuation. This does not necessarily imply that the explicit

filtering is dissipative as in our calculation of the incom-

pressible round jet at Re = 11000 the method was able to

correctly predict the experimentally reported centerline rms

of 20%−30%. A more likely cause could be the random per-

turbations that were introduced at the inflow plane. Such

perturbations provide only the intensity and not the phase

relations between different turbulent modes. This leads to

the damping of the fluctuations and only after sufficient dis-

tance downstream does the flow recover and develop realistic

turbulence properties (Akselvoll & Moin, 1995; Le & Moin,

1994).

Figures 6 and 7 show the centerline variation of mean

and rms of mixture fraction (Z) and temperature (T ), re-

spectively, as predicted by the LES. Both the mean mixture

fraction and temperature follows the experimental results

closely, however differences show up in their rms values.

Close to the nozzle exit none of the scalars show any fluctu-

ations and only beyond x/D > 10 do they show any growth,

but are nonetheless underpredicted. However, as suggested

by Pitsch (2005), the underprediction of these scalars in the

near field of the jet (x < 15D) could be due to experimental

uncertainties as all the scalar rms should fall to zero at the

nozzle exit.

Figure 6: Centerline evolution of mean (Z) and rms (Z′)

mixture fraction. —–: mean (simulation); – –: rms (simu-

lation); �: mean (experiment); �: rms (experiment).

Figure 7: Centerline evolution of mean (T ) and rms

(T ′)temperature. —–: mean (simulation); – –: rms (simu-

lation); �: mean (experiment); �: rms (experiment).

Figure 8: Radial mean and rms profile of mixture fraction at

x/D = 15. —–: mean (simulation); – –: rms (simulation);

�: mean (experiment); �: rms (experiment).

Figures 8, 9 and 10 show the radial profile of mean and

rms of mixture fraction, temperature and CH4, respectively,

at x/D = 15. Mixture fraction mean and rms follows the

experimental results closely but deviations appear in the

temperature and CH4 profiles. The temperature profile

shows a lower peak value and less spreading in the radial

direction. In fact, beyond r/D < 1 the temperature profile

drops off rapidly while the CH4 profile shows a sharp de-

crease in the fuel rich region (r/D < 1). A similar feature

was observed in the radial profiles of mixture fraction, tem-

perature and CH4 at x/D = 7.5 (not reported here). To
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Figure 9: Radial mean and rms profile of temperature at

x/D = 15. —–: mean (simulation); – –: rms (simulation);

�: mean (experiment); �: rms (experiment).

Figure 10: Radial mean and rms profile of CH4 mass fraction

at x/D = 15. —–: mean (simulation); – –: rms (simula-

tion); �: mean (experiment); �: rms (experiment).

explain the discrepancies appearing in the radial profiles it

is necessary understand the reaction zone structure at these

locations in terms of the time averages of temperature and

CH4 conditioned on the mixture fraction.

Figure 11: Conditional mean CH4. x/D = 7.5::– –: sim-

ulation; �: experiment. x/D = 15::—–: simulation; �:

experiment.

Figures 11 and 12 shows the conditional averages at

x/D = 7.5 & 15 for CH4 and temperature, respectively.

The conditional averages for both CH4 and temperature fol-

lows the experimental results closely in the fuel lean region,

but differs significantly in the fuel rich regions. The lower

Figure 12: Conditional mean temperature . x/D = 7.5::– –:

simulation; �: experiment. x/D = 15::—–: simulation; �:

experiment.

value of CH4 in the vicinity of (0.7 < Z < 0.9) as com-

pared to the experimental results together with higher value

of temperature in the same region indicates the existence

of a fuel rich combustion zone apart from the one at the

stoichiometric ratio (Z = 0.35). However, no such partially

premixed reaction can be observed in the experimental re-

sults. This difference in results between temperature and

CH4 is partially due to the absence of sub-grid scale model

for reaction/heat-release. The transport equation for both

temperature (density) and CH4 contains the Arrhenius re-

action rate equation, which is a highly non-linear term. Such

strong non-linearity creates thin flames which cannot be cap-

tured on the grid but at the same time they are dynamically

important in the sense that they affect the flow field (through

temperature rise). Thus this term needs to be evaluated

accurately (using a fine grid which captures the flame com-

pletely) or they should be modelled in such a way that their

effect on the flow field is accounted for correctly. Another

reason could be the dissipation associated with the WENO

scheme which acts as a sub-grid scale model (Garnier et al.,

1999). This allows energy to be transfered to the cut-off

wavenumber thereby preventing accumulation of energy at

the smallest scales represented on the grid but at the same

time have thickened out have the reaction zone. However,

such highly non-linear terms are missing in the transport

equation for mixture fraction and the inherent dissipation

in the WENO scheme is able to correctly account for the

sub-grid scale effects. To account for the sub-grid scale ef-

fects for the Arrhenius reaction rate an alternative approach

would be to include FMDF as a model for the reaction rate

term. The FMDF method had been tested in simulations of

forced homogeneous turbulence beginning with alternating

slabs of fuel and oxidizer as reported previously Chakravorty

& Mathew (2007). It was observed that LES with FMDF on

a 32 × 32 × 32 grid could track the progress of combustion

in step with that of a DNS on a 192 × 192 × 192 grid. In

LES with explicit filtering alone, the progress of reaction was

initially faster, then slower than the DNS, and also did not

achieve the same peak temperature levels. We expect to in-

clude a simulation of the jet flame with FMDF and analysis

in the presentation.

CONCLUSIONS

LES of reacting turbulent round jet was performed using

an explicit filtering method. Results showed that method
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accounted for the sub-grid effects of the velocity accurately.

However, when this method is used for modeling thin flames,

differences arise. The differences were traced to excess com-

bustion in fuel-rich zones. The filtering approach fails to

capture the sub-grid scale effects. We expect to overcome

this deficiency by adopting a probability density function

based closure for the reaction term.
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