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ABSTRACT 
This paper reports computations of three-dimensional, 

unsteady turbulent flows in enclosed rotating cavities of axi-
symmetric geometries, through the numerical solution of the 
unsteady Reynolds-averaged Navier-Stokes (URANS) 
equations. Three cases are computed: a co-rotating cavity 
with a stationary outer shroud of aspect ratio s/R=0.5; and 
two counter-rotating cavities of s/R=0.12, with disc speed 
ratios � of -1 (anti-symmetric) and -0.5 (asymmetric). A 
general-geometry flow solver is employed, with a third-
order bounded discretisation scheme for convective 
transport and the second-order Crank-Nicolson scheme for 
temporal discretisation. Turbulence is modelled through the 
use of the high-Reynolds-number k-� with a three-
dimensional extension of an advanced, analytical wall 
function, used to model the effects of near-wall turbulence. 
In the co-rotating cavity, four pairs of stable structures are 
predicted around the outer part of the cavity, which rotate at 
half the angular speed of the discs, with the inner third in 
solid-body rotation. In the anti-symmetric counter-rotating 
cavity, fewer and more chaotic structures are predicted, with 
low rotational speed, but which reach the cavity centre. In 
the asymmetric case, the three-dimensional structures are 
generated from the surface of the slower disc and travel 
inwards, forming spirals. The resolved unsteady motion 
makes a substantial contribution to the overall turbulent 
kinetic energy. Time-averaged velocity profiles are in close 
agreement with corresponding experimental traverses. 
 
1.  INTRODUCTION 

Flows within cavities formed between rotating discs 
are relevant to geophysical flows, flows between turbine 
discs and also to cooling flows in computer disc drives. 
They have been the subject of many investigations, which 
have been mainly confined to idealized geometries, but have 
included a variety of conditions. Flow conditions depend on 
the combinations of rotating and non- (or counter-) rotating 
surfaces present and also on whether there is flow through 
the cavity. In the absence of through-flow, the enclosed- 
cavity systems that have received the most attention are, 
Figure 1, the rotor-stator system, the co-rotating discs with a 
stationary outer shroud and the counter-rotating system. 
Owen and Rogers (1989) noted that earlier studies had 
assumed flow conditions to remain steady and axi-
symmetric. The axi-symmetric secondary flow paths within 
these cavities are also shown in Figure 1. In the rotor- stator 
system, a single-cell structure is present, with fluid pumped 
outwards by the rotating disk, generating the Ekman layer 
and returning to the cavity centre through the Bödewadt 
layer along the stationary disk. In the co-rotating system, the 
inner region is in solid-body rotation. In the outer region, 
the stationary outer shroud leads to the formation of Ekman 

 
Figure 1. Schematic diagrams of axisymmetric flow 

fields in enclosed cavities 
layers along both disks. The two Ekman layers collide at the 
middle of the outer shroud and form a jet directed towards 
the cavity centre. In counter-rotating systems, Ekman layers 
are again formed along both disks, while in the cavity core 
the fluid, which has nearly zero rotational speed, moves 
inwards. In contrast to the co-rotating system, these counter-
rotating cells extend to the centre of the cavity. When the 
two disks have the same speed (� 	 �1/�2 = -1), Figure 1c, 
the two cells are again symmetric and a stagnation point is 
formed at the middle of the outer shroud. When the two 
disks have unequal speeds, Figure 2d, the stronger Ekman 
layer of the faster disk spills over to the slower disk, moving 
the stagnation point to the outer region of the slower disk. 

Until the mid-1990s it was assumed that since the 
boundary conditions were axisymmetric the flow would be 
too. However, more recent studies have shown that even in 
enclosed cavities with axi-symmetric geometry and 
boundary conditions and steady rotation, unsteady, 3-D 
structures can evolve. In rotor-stator systems, both DNS 
(Serre et al, 2001), and flow visualisation (Czarny et al., 
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2002) studies, reveal unsteady 3-D structures. Videos of the 
latter can be accessed from the Group’s website: 
http://tmgflows.mace.manchester.ac.uk/, 

In co-rotating systems, experimental studies, 
Abramson et al (1991) and numerical laminar flow studies, 
Tucker and Long (1995), have also revealed the presence of 
three-dimensional structures. Inglesias and Humphrey 
(1998), in a numerical study, examined laminar flow in a 
system similar to that of Figure 2b, but with an inner hub. 
They showed that above a certain Reynolds number the 
flow becomes unsteady and three-dimensional. It is 
characterized by the presence of foci of intensified axial 
components of vorticity, distributed periodically in the 
circumferential direction. These foci, whose number was 
found to remain even and to depend on geometry and the 
Reynolds number, were shown to rotate at speeds ranging 
from 0.5 to 0.8 of the angular velocity of the system 

For counter-rotating systems, the University of Bath 
group, Gan et al (1995) and Kilic et al (1996), provides 
LDA traverses, for the time-averaged velocity field. Flow 
visualisation studies, Szeri et al (1983) show that, for 
narrow-cavity counter-rotating systems, spiral patterns are 
present, which are Reynolds-number-dependent.  

Following the strategy of Kenjeres & Hanjali
 (1999) 
the authors’ recent research efforts have focused on the use 
of unsteady RANS methods (URANS) to predict the 3-D 
time-dependent flow structures in turbulent flows in rotor-
stator systems, Craft et al (2008). Turbulence was modelled 
using high-Re models, which, because they do not need fine 
near-wall meshes, allow a better resolution of the cavity 
core. Two alternative wall-functions were tested; the 
conventional, “standard”, approach which assumes a log-
law velocity variation across the near-wall cells and a 3-D 
extension of a more refined approach, Craft et al (2002), in 
which the near-wall velocity variation is obtained through 
the analytical integration of locally 1-D, boundary-layer 
forms of the momentum transport equations. While, with 
the former approach, only weak unsteadiness and simple 
three-dimensional flow structures were reproduced, the 
latter resulted in the computation of strong flow instabilities 
and complex flow structures. The use of high-Re turbulence 
models with these analytical wall functions, was thus found 
to be a promising route for the economical computation of 
3-D unsteady flows in rotating cavities.  

Here the objective is to further assess the same 
computational and turbulence-modelling strategy in 
computations of flows in co-rotating cavities with a 
stationary outer shroud and also in counter-rotating systems. 
 
2. THEORETICAL MODEL 
2.1 High-Reynolds Number k-� Model 

Although modelling at eddy viscosity level within 
RANS is known to inadequately represent the effects of 
streamline curvature on turbulence, it is arguably a useful 
route within URANS, since the resolved unsteady motion 
accounts for the majority of turbulent transport. Evidence is 
provided by the analogous URANS studies of Rayleigh-
Bénard convection by Kenjeres & Hanjalic (1999). 

The unresolved turbulent stresses, are approximated 
through:  

 

 
(1) 

 
 

 
(2) 

 

The turbulent kinetic energy, k, and its dissipation rate, �, 
are obtained from the following transport equations 

 

 
(3) 

 

 
 

 
(4) 

                   

 
(5) 

 

 
(6) 

The E term in the � equation, is active only in flow 
regions with a low local Reynolds number of turbulence, Rt 
[	k2/��] and is not usually included in high-Re k-� models. 
It is added because Craft et al (2002) show that it improves 
predictions when high-Re models coupled to the analytical 
wall function are used in low turbulence flows, where, even 
for large near-wall cells, the normalized wall distance, y* 
(	yk1/2/�) of the near-wall nodes falls below 30. 

A further deviation from the conventional version of the 
high-Re k-� is the introduction of a realizability constraint 
for the turbulent viscosity to ensure that (no summation):  

  
(7) 

The condition is rather simplistically applied to three-
dimensional flows through 

 

 
 
(8) 

 
2.2 Analytical Wall-Function (AWF) Strategy 

This approach, documented by Craft et al (2002), is 
based on an assumed eddy viscosity. A simple form is 
adopted in which the turbulent viscosity across the wall-
adjacent cell is zero over the viscous sub-layer of thickness 
yv and beyond this it increases linearly with wall distance. 
 
�t /�   = 0             for  y < yv                    (9) 
�t /� =  c
c� (y*-yv

*)     for  y > yv                  (10) 
 
the value of yv

*, the normalised thickness of the zero �t 
layer, is determined through numerical experiments as 10.8. 

The above assumed �t variation is then used to 
integrate analytically the locally 1-D transport equation of 
the wall-parallel momentum. The resulting velocity 
expression is then used to produce the value of the wall 
shear stress, �W, needed as the wall boundary condition to 
the discretised momentum equations over the near-wall cell. 

The analytical expression for the wall-parallel velocity 
is subsequently differentiated to produce the variation of the 
velocity gradient, which then, combined with the 
expressions for �t and for Pk, produces the average 
generation rate of turbulence over the near-wall control 
volume. The near-wall variation of � is obtained from: 
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� = 2�kP/yd
2   for   y<yd   (11)     �= kP

3/2/c�y  for  y>yd    (12)  
 

The interface value of yd
*=5.1, is different from the 

value of 20 used in conventional wall functions, to ensure 
continuity of the � variation across the two regions.  

Craft et al (2002) developed the above scheme for plane 
flows. Within the near-wall sub-layer of a spinning disc, the 
velocity vector undergoes strong skewing, which such an 
approach is unable to reproduce. Here the AWF is extended 
to general 3-D flows, through the introduction of a second 
transport equation for wall-parallel momentum. As shown 
in Figure 2, in addition to the momentum equation in the 
direction of the resultant velocity at n, Ur, the wall-parallel 
momentum equation direction normal to that of Ur (Ut in 
Figure 2) is also integrated analytically. The boundary 
conditions for the momentum equation in direction Ur are 
the same as in the 2-D AWF. For the normal-velocity 
equation at both the wall, y=0, and the opposite boundary, 
y=yn, Ut is set to zero. 

 
Figure 2.  AWF extension to three-dimensional flows. 

 
3. NUMERICAL ASPECTS 

Computations have been carried out using the in-house 
code STREAM, Lien & Leschziner (1994a), a finite-
volume, general-geometry code with a collocated grid, 
using Cartesian velocity decomposition. The pressure is 
obtained through the SIMPLE algorithm. The bounded 
high-order UMIST scheme, Lien & Leschziner (1994b)  is 
used for the discretisation of convection and the Crank-
Nicolson scheme for temporal discretisation. 

Cylindrical grids have been employed. A total of 200 
planes have been used, in the circumferential direction, with 
72 radial and 38 axial nodes. The number of circumferential 
planes was determined through grid-sensitivity tests, while 
the number of radial and axial nodes was arrived from 
similar tests but for 2-D, axi-symmetric computations. Axi-
symmetric unsteady computations also suggested that a time 
step �t of 0.002t is sufficient, where t is the time needed for 
one disc revolution. 
 
4.    CO-ROTATING DISC FLOW 

Attention is first focused on flow between two co-
rotating discs and a stationary outer shroud, with aspect 
ratio, s/R, of 0.5 and a rotational Reynolds number, Re� 
[	�R2/	], of 1.46x105. Computations have been carried out 
for over 60 revolutions, by which point a developed 3-D 
unsteady field was established.  

Figures 3 and 4 present a snapshot of the predicted 
instantaneous mean and turbulent flow fields, along the 
axial mid-plane of the cavity. The contours of the instant-
aneous vorticity, Figure 3, show that over the inner third of 
the cavity the fluid is practically in solid body rotation, over 
the middle third conditions are close to axi-symmetric, and 

 

Figure 3. Contours of instantaneous, circumferential 
vorticity at the mid-plane (x/s=0.5) of the co-rotating cavity. 
 

Figure 4. Contours of instantaneous, modelled turbulent 
kinetic energy at the mid-plane of the co-rotating cavity 

over the outer third, there are four pairs of equi-spaced lobes 
of positive vorticity regions, surrounded by a negative-
vorticity outer region. Within each pair, the leading vortex  
is longer than the trailing one. Flow animations, from 
http://tmgflows.mace.manchester.ac.uk/, show that these 
lobes rotate at about half the angular speed of the rotating 
discs. The corresponding instantaneous k contours of Figure 
4 show that the inner region is a region of very low 
turbulence, whereas the outer 3-D structures are lobes of 
high turbulence.   

The instantaneous flow behaviour within the radial 
cross-section is shown in the velocity vectors within two 
radial slices 45o apart, in Figure 5. They suggest that the 
rotating lobes in the axial plane, are caused by oscillations 
of the colliding wall jets (an extension of the two Ekman 
layers) formed around the centre-line of the outer shroud. 
These oscillations are repeated every 90o. 

Post processing of the instantaneous field provided the 
time-averaged mean flow field, the resolved Reynolds 
stresses and also the calculation of frequency spectra at 
selected locations, through use of fast Fourier transforms. 
Figure 6 shows the power spectrum of axial velocity 
fluctuations, at the disc mid-plane, x/s=0.5. The frequency is 
non-dimensionalised through the Strouhal number, defined 
as St 	 ƒt, where ƒ is the frequency. In the outer region, the 
dominant frequency of the axial velocity fluctuations is at a 
Strouhal number of just over 2. This is consistent with the 
observed flapping of the plane jet, along the outer shroud, 
which goes through a complete period over an angle of 90o,  
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Figure 5. Vector plots of the instantaneous velocity within 

radial slices at 45o intervals, for the co-rotating cavity. 
while rotating at about half the angular speed of the discs. 
Further, smaller peaks on either side of the dominant 
frequency suggest the presence of unsteady flow structures 
with a range of scales. Over the inner half of the cavity (not 
included), the higher frequency components disappear, 
leaving the dominant frequency at St near 0.9. 

The influence of flow unsteadiness on turbulence, is 
examined through the profiles of the time-averaged 
turbulence intensity, in Figure 7, and the contribution made 
by the modelled and resolved components. The former is 
the time-averaged value of  k, obtained from the solution of 
the k equation and represents the contribution of the small-
scale fluctuations, not resolved with URANS. The latter, is 
obtained by statistically post-processing the instantaneous 
velocity field and represents the contribution of the large-
scale motion resolved by URANS. The profiles show that 
near the outer shroud, r/R=0.85, both components make 
sizeable contributions to the overall k, though close to the 
discs the modelled levels are higher. In the middle part of 
the cavity, r/R=0.55, the two components have similar 
magnitudes near the discs, but the resolved component 
gradually drops to very low levels in the core, while the 
modelled contribution reaches a plateau. Thus the overall 
turbulence level, which is what is recorded in experiments, 
can be higher, by a factor of 2 in places, than the modelled 
component, returned by steady RANS simulations. 
 

Figure 6. Power spectrum of axial velocity fluctuations, at 
the disc mid-plane, x/s=0.5, for co-rotating cavity 

 
5, COUNTER-ROTATING DISC FLOWS 

Here two cases of flow between counter-rotating disks 
are examined, for which Gan et al (1995) provide traverses 
of the time-averaged velocity. In both cases the aspect ratio 

 
Figure 7. Time-averaged turbulence intensity across the 
cavity, for co-rotating case. ------- : modelled component,  
__ __ __ : resolved component   ____ : resultant component 

s/R, is 0.12 and the rotational Reynolds number, based on 
the angular velocity of the faster disc, is 105. There is no 
inner hub and the outer shroud is divided into two equal 
halves, each attached to one of the discs. In the first, the 
anti-symmetric, case, the two discs rotate at equal and 
opposite speeds. The dimensionless ratio, � (	�1/�2), is 
thus -1. The second case is non-symmetric, with the slower 
disc rotating at half the speed of the other, �=-0.5.  

 
5.1 Anti-symmetric case, � = -1 

As shown in Figure 1, as in the co-rotating case, the 
two Ekman layers meet along the outer shroud, where they 
collide and form a radial jet directing fluid towards the 
cavity centre. These similarities suggest that for the anti-
symmetric case, it would be reasonable to expect that flow 
instabilities will originate along the outer shroud. The plots 
of the instantaneous turbulence intensity fields within axial 
planes, shown in Figure 8, do confirm this feature. The high 
turbulence regions suggest that a number of vortices are 
present along the cavity outer region. Moreover, closer to 
the disc surfaces, x/s=0.95, these vortices become stronger 
than in the cavity mid-plane, x/s=0.5. These unsteady 
structures are, however, neither as large, nor as regular as in 
the co-rotating cavity, shown in Figures 3 and 4 and, as 
already pointed out, the fluid in the cavity core has very low 
angular velocity, so these structures do not rotate around the 
cavity. Plots of the instantaneous flow field within radial 
sections, Figure 9, provide further evidence of the irregular 
nature of the three-dimensional flow structures in this 
counter-rotating system. The vorticity plots of Figure 9 
show a flapping motion along the outer shroud, with 
structures shed and carried to the cavity centre. 
Corresponding contours of the instantaneous turbulence 
intensity (not included), show that turbulence is generated 
along the outer shroud, where the Ekman layers collide. 
Figure 10 shows the power spectrum of the axial velocity 
fluctuations, at the disc mid-plane, x/s=0.5. In the outer 
region, r/R=0.9, most fluctuations are confined to Strouhal 
numbers less than 1, with the primary peaks at St<0.5. 
These frequencies are lower than those observed in the co-
rotating cavity. This is consistent with the fact that in the 
co-rotating case more structures are formed around the 
perimeter and that these structures also rotate at about half 
the discs angular velocity. In the counter-rotating case there 
are fewer structures and their rotational speed is very low. 
Closer to the centre of the cavity, (not included here) while 
the frequency spectrum remains the same, there is a 
considerable reduction in the peak levels. 
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Figure 8. Contour plots of instantaneous modelled 
turbulence intensity field, in axial planes, for counter-

rotating disc cavity, at � = -1. 
 
5.1 Asymmetric case, � = - 0.5. 

As shown in Figure 1, the imbalance between the two 
Ekman layers, moves, their point of collision to the outer 
region of the slower disc. Since, in the previous cases this 
stagnation point has been the source of instabilities, it is to 
be expected that the origin of such instabilities will now be 
displaced to the surface of the slower disc. The contours of 
instantaneous vorticity over two different axial slices, 
Figure 11, confirm this. Close to the slower disc, x/s=0.75, a 
number of spiral structures are present, which originate 

 
Figure 9. Contours of instantaneous vorticit in radial planes, 
at 45o intervals, for counter-rotating disc cavity, at � = -1. 

 
from a ring close to the outer shroud and extend towards the 
cavity centre. The strength of these spiral structures is 
progressively reduced across the cavity, from the slower to 
the faster disc. Corresponding turbulent kinetic energy 
contours, (not included) also show spiral structures along 
the slower disc and indicate that turbulence levels along the 
slower disc are higher than those along the faster surface. 
The contour plots of instantaneous vorticity within radial  

 

Figure 10. Power spectrum of axial velocity fluctuations, at 
the disc mid-plane, for counter-rotating cavity, �=-0.5. 
 

cross-sections, Figure 12, provide further evidence that flow 
instabilities originate along the slower disc, for r /R � 0.9, 
which is where the two Ekman layers collide. These contour 
plots also show that the structures shed from the stagnation 
point travel towards the centre of the cavity.  Because they 
also have a rotational component in their motion, this gives 
rise to the spiral traces observed in Figure 11. 

 
Figure 11. Contours of the instantaneous, circumferential 
vorticity along the axial planes of the counter-rotating 
cavity, for �=0.5, with x/s=0 the surface of the faster disc. 

  
Finally, it is also instructive to compare profiles of the 

time-averaged velocity produced by the 3-D URANS, with 
measurements and those of 2-D RANS. Figure 13, 
compares measurements by Gan et al (1995) with predicted 
profiles of the time-averaged radial velocity. The present 
computations (Fig.12a) are in reasonably close agreement 
with the experimental data at all locations, including 
r/R=0.85 and r/R=0.8, which are close to the stagnation 
point along the slower disc. The thickness of the boundary 
layers and the peak levels of the near-wall radial velocity  
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Figure 12. Contours of instantaneous vorticity, within radial 
planes, at 45o intervals. Counter-rotating cavity, at � = - 0.5. 
  
are well reproduced. The 2-D RANS predictions of 
Iacovides at al (1996), on the other hand, show marked 
differences between the low-Re k-� computations and the 
measurements, especially in the outer region of the cavity. 
Along the faster disc, the peak value of the radial velocity is 
under-estimated. Along the slower disc, the negative values 
of the near-wall radial velocity indicates that, 2-D RANS 
computations, predict the stagnation point at r/R < 0.8, 
while the experimental data and also the 3-D URANS, 
suggest that the stagnation point is located at r/R>0.85.  
 

a)   Present 3-D URANS b)  2-D RANS Iacovides et    
      al (1996) 

Figure 13. Time-averaged radial velocity in a counter-
rotating cavity, � =  - 0.5, U  Computations:  o o o : Expt. 
Gan et al (1995) 

 
6. CONCLUDING REMARKS 

The 3-D URANS approach has been used to compute 
flow in three different types of enclosed rotating cavities, in 
which the time-averaged flow field involves a two-cell 
structure within the radial cross-section with Ekman layers 
on both discs. Flow instabilities originate at the point of 
collision of the two Ekman layers. The 3-D URANS 
approach, with a modelling strategy involving, high-Re 
turbulence models and a 3-D form of an analytical wall 
function, provides an effective and economical numerical 
tool for the simulation of large-scale flow instabilities. 

In the co-rotating disc case, in common with earlier 
laminar flow studies, the 3-D URANS return solid-body 
rotation near the cavity centre, nearly axi-symmetric flow at 
the middle and four pairs of regularly spaced vortical 
structures around the outer third, which rotate at about half 
the speed of the discs. In the anti-symmetrically counter-
rotating cavities, flow instabilities are also generated along 
the outer shroud, but the 3-D structures are fewer and more 
chaotic than in the co-rotating case, have very low angular 

speed and reach the centre of the cavity. In the 
asymmetrically counter-rotating cavity, flow instabilities 
originate along the slower disc and form a set of spirals.  

Comparisons show that, in certain regions, the resolved 
fluctuations make similar contributions to the overall 
turbulent kinetic energy as their modelled counterpart. 
Frequency analysis of the resolved fluctuations suggests that 
in the co-rotating cavities, where the 3-D structures are 
regular and repeatable, most of the energy of the resolved 
unsteady motion is concentrated at a few distinct 
frequencies. In the counter-rotating cases, where the 3-D 
structures are more chaotic, the energy of the resolved 
motion is more evenly spread over a range of frequencies 

The time-averaged flow obtained by post-processing 
the 3-D URANS data, is in close agreement with 
experimental data. For the asymmetric counter-rotating 
case, velocity profiles from 3-D URANS are closer to the 
measurements than those of 2-D simulations. This suggests 
that large-scale 3-D structures have a strong enough effect 
on the flow to influence the time-averaged behaviour. 
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