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ABSTRACT

The evolution of disturbances in turbulent flows is

studied here using direct numerical simulations (DNS)

and experimentally using three dimensional particle

tracking velocimetry (3D-PTV) through a Lagrangian

tracking of pairs of particles. The disturbances are pre-

sented as an evolving differences between the vorticity

vectors of the initially closed particles and also infinites-

imal material lines, attached to the particles. There is a

striking dissimilarity of the evolution of active turbulent

quantities, such as vorticity as compared to the passive

objects such as material lines. The gained insight in

the differences is important for progress in understand-

ing of the mechanisms involved in genuine turbulence

and evolution of passive objects.

INTRODUCTION

The usual premise of studying the evolution of dis-

turbances is that in many cases one is unable to re-

produce precisely the initial (and boundary) conditions.

This approach takes its beginning from the predictabil-

ity problem in meteorology (Holloway and West, 1984;

Lorenz, 1985; Novikov, 1959), but is of more general

importance (Born, 1958; Boffetta et al., 2002 and refer-

ences therein) since turbulence is a state of continuous

instability (Tritton, 1998). In other words, it is of inter-

est to look at the processes of evolution of a disturbance

of some flow realization u in a statistically steady state

and corresponding quantities. Some aspects of this

problem were addressed by Tsinober and Galanti (2003)

in Euler setting. This included comparative study of

disturbances of vorticity and passive vector (magnetic

field). Another aspect of special interest is a compara-

tive study of disturbances of vorticity and material lines.

Such a study is by its very nature has to be performed

in a Lagrangian setting. This is the main concern of the

present report.

METHOD

We used both a DNS of NSE in a box with peri-

odic boundary conditions and experimental approach

enabling to access velocity derivatives. The solution of
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Figure 1: Schematic view of the problem: two initially

closed points (at t = 0), their Lagrangian trajectories,

and the vectors under investigation

the NSE is obtained using a pseudo–spectral method

on a uniform grid. The time marching scheme is a

second order Adams–Bashforth where the linear term

(Laplacian) is computed exactly. The non–linear terms

are computed in the real space while derivatives are

found in the Fourier space. Using the information of

the velocity field the Lagrangian dynamics of a fluid

particle is obtained from the dX/dt = u, where X is

the particle location, and u is the particle velocity. The

time marching scheme is a 4th order Runge–Kutta and

the intermediate values of the velocity field are found

by interpolation using the field found by the Eulerian

computations (Galanti et al., 2006). The experimental

approach is based on the 3D-PTV system enabling ac-

cess to the spatial velocity derivatives (i.e vorticity and

strain), see Lüthi et al. (2005), Liberzon et al. (2006)

and references therein.

Definitions

The emphasis in the present report is given to the

comparison and study of the similarities and differences

in the evolution of disturbances of vorticity and material

lines in the Lagrangian setting. This done by defining
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Figure 2: PDF of the distance between the two parti-

cles L = ‖L‖. Inset: average 〈L〉, normalized with the

Kolmogorov length scale η. In all the Figures the top

panel is DNS results and the bottom panel is 3D-PTV.

an initial disturbance of vorticity

∆ω0 = ω0
2 − ω0

1

for two initially close (compared with Kolmogorov

length scale, η) fluid particles (say 1 and 2) having ’ini-

tial’ vorticity values ω1(t = 0) = ω0
1 and ω2(t = 0) = ω0

2

and following the evolution in time of ∆ω(t) along La-

grangian trajectories of the two particles. We compare

the evolution of vorticity disturbance to those of the

infinitesimal material lines. The infinitesimal material

lines represent a passive vector field that evolves accord-

ing to the following equation:

Dl

Dt
= l · ∇u.

The evolution of passive vector field is compared here to

the evolution of a genuine turbulent quantity of vorticity

that evolves according to:

Dω

Dt
= ω · ∇u + ν∇2ω.

Our definitions are shown schematically in Fig. 1.

We make two (intelligent) choices of material lines

that provide better insight on the comparative behavior

of disturbances. Thus, we select initially randomly ori-

ented material elements and material elements that at

t = 0 coincide with the vorticity vector. In other words

we study ∆l such that ∆l0 = l02 − l01, and i) random

∆l0 and ii) l01,2 = ω0
1,2 (it means that ∆l0 = ∆ω0 with

the proper units).

Subsequent following the evolution of ∆ω and

∆l along particle trajectories 1 and 2 (as well a num-

ber of related quantities relevant for the evolution of

disturbances entering the corresponding equations for

their evolution) provides the information which forms

the basis for the main goal of this work as mentioned

above.
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Figure 3: Typical time evolution of the infinitesimal

material lines attached to a single particle shown as

PDFs at different time instants. Inset shows the average

growth of the material lines.

RESULTS

Distance between the particles

We would like to stress out that we study the evolu-

tion of disturbances comparing the respective quantities

along the trajectories of two, initially close particles

(otherwise called ’pairs’). At first, we emphasize that

even at relatively low Reynolds numbers (Reλ = 50

both in experiment and simulation) the genuine disper-

sive nature of turbulent flows is present, as it is shown in

Fig. 2 in which the distance between the two particles is

shown as probability density function (PDF) at different

time instances and as an average (over all pairs) versus

time. It is noteworthy that after short time of ∼ 5τη

(τη is the Kolmogorov time scale) the particles that ini-

tially distant 1÷ 2η (note the PDF at ∼ 0τη) separate

to distances of tens of Kolmogorov length scales (with

non-negligible probability) and on average to ∼ 7η.

Evolution of infinitesimal material lines

Here we want to emphasize that in a stationary

turbulent flow (in Eulerian sense, of course) the La-

grangian quantities, e.g. vorticity, rate-of-strain, are

also stationary. This is not true for the two-point statis-

tics, even for the short time interval under investigation
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Figure 4: Time evolution of mean cos(ω1, ω2) (solid

line) and cos(l1, l2)‖ω (dashed).

(e.g. Fig. 2). Another example is the evolution of

single-particle quantity shown in the following Fig. 3,

in which the length of the vector l1 is presented as PDF

and an average in the inset (the two overlapping lines

emphasize that the definitions of l1 and l2 are inter-

changeable).

Relative evolution of quantities

The real reason of relative evolution being impor-

tant will probably be seen in the following, but even a

simple question of how long the two vectors (belonging

to the initially two close fluid particles) are similar (or

different from) each other deserves our curiosity. For

example, we have learnt (e.g. Guala et al. 2005, among

others) how different the material lines and vorticity in

respect to their alignments (self- and related to other lo-

cal vector fields such as strain eigenvectors). Of similar

interest we are looking at the cosine of the angle be-

tween two vorticity vectors ω1 and ω2 used in our study

of disturbances. This result is shown in Fig. 4. A note-

worthy feature is the qualitative difference in the time

evolution of the alignment between ω1 and ω2 and cor-

responding material lines which initially coincide with

ω1(t = 0) and ω2(t = 0).

Evolution of disturbances

This, among other things, includes the comparative

study of evolution of (∆ω)2 and (∆l)2 (and (∆sij)
2 ≡

∆sij∆sij) and a variety of quantities contributing es-
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Figure 5: Time evolution of the disturbance ∆l‖ω of

the infinitesimal material lines, initially parallel to the

vorticity vector.

sentially to their production and dissipation, alignments

and other characteristics related to geometrical statis-

tics. An example of first qualitatively similar results

both from DNS and PTV experiments on evolution of

disturbances of vorticity, strain and material lines with

two choices of material elements mentioned above is

shown in Fig. 6. Here too a noteworthy feature is the

qualitative difference in the time evolution of the dis-

turbances of ∆ω (and strain rate, ∆s) as compared to

the disturbance of not only for for random choice of

material lines ∆l but especially for the material lines

∆l‖ω(t = 0). The qualitative difference shown in Fig. 4

and Fig. 6 (among others that are not addressed here)

in time evolution of ∆ω and ∆l - both randomly chosen

and more important even ∆l‖ω - comprises the main

message of this initial stage of a larger project.
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Figure 6: Time evolution of the mean square distur-

bance 〈(∆X)2〉 of various quantities (X stands for ω,

sij , randomly oriented infinitesimal material lines l and

initially parallel to vorticity vector, l ‖ ω), normalized

with the ’initial disturbance’ at t = 0. Left panel - DNS,

right panel - 3D-PTV. Inset in the left panel is a zoom

on the interval of 5τη .
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