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ABSTRACT

The performance of two ’modified’ eddy viscosity models (EVM)
is assessed in their application to trailing vortex flows. The curvature
correctedv2

− f model Duraisamy and Iaccarino (2005) was specif-
ically derived to account for the effects of rotation and streamline
curvature, and is based on mimicking the behaviour of the equilib-
rium solution of Reynolds stress models (RSM) under homogeneous
conditions. Focus is upon the Stress-Strain Lag (Cas) model, which
was derived to capture the effects of misalignment between mean
strain and turbulent stress fields, particularly for unsteady mean flows
(Revell et al., 2006). In this work the model is coupled with the SST
model to form the SST-Cas model, which is first validated for the
case of an isolated Batchelor vortex.

Secondary to the main objective of the evaluation of EVMs, is to
test an advanced unstructured meshing tool, which has the potential
to offer huge economies in grid meshing. Both these goals serve a
greater common purpose, which is the delivery of practical and eco-
nomic alternatives to industrial users, where time and cost constraints
are paramount.

Both modelling schemes are shown to respond correctly to the
rotational effects of vortex flows, and the decay rates are well pre-
dicted. An unstructured mesh is used to compute the wingtip flow
of Chow et al. (1997), employing∼ 8× less cells than that required
for a grid independent solution on a structured mesh. While results
are encouraging and considerable time economies are made, the same
level of accuracy attained on the structured mesh is not reached, and
further refinement and tuning is required.

INTRODUCTION

The numerical calculation of the vortex trailed from the wingtip
of an aircraft has attracted significant attention in recent years. The
vortex formation process over the wing surface involves cross-flow
separation, and the evolving vortex suppresses turbulent mixing in
the core. Accurate modelling of both of these phenomena is imper-
ative in the successful prediction of trailing vortex flows. Evaluation
of RANS closures for vortex evolution problems is further compli-
cated by the fact that as a result of the stringent mesh requirements,
it is usually difficult to separate numerical diffusion errors from tur-
bulence modelling errors. For instance, the predictive capabilities of
baseline turbulence models in Duraisamy and Iaccarino (2005) and
Craft et al. (2006) are seen to vary largely, while the more complex or
‘modified’ turbulence models appear to improve performance in both
studies.

Typical Reynolds numbers of trailing vortices flow make the
application of Large Eddy Simulation (LES) approaches extremely
challenging and computational intensive, and therefore simpler, more
stable RANS models are favored. However, swirling flows - as with
others characterized by strong streamline curvature - are notoriously
difficult to model accurately within conventional, linear EVM clo-
sures.

The selected turbulence model must be capable of resolving the
complex wing boundary layer as well as the swirling free shear flow
downstream and as such it is perhaps unsurprising that relatively
few CFD studies of this case have been reported. An early attempt
by De Jong et al. (1988) at computing the vortex wake employing
a simplified time-marching approach showed limited success. The
first fully 3D fully-elliptic study of the vortex wake was made by
Dacles-Mariani et al. (1995), who used a structured grid of1.5×106

nodes and a basic one-equation model. In this more recent work the
authors highlighted the need to modify the turbulence model to pre-
vent excessive diffusion, which essentially corresponds to a curvature
correction.

The experimental work of Chow et al. (1997) on this case has pro-
vided reference data for a number of recent numerical studies. In
a European Union collaborative research project involving this test-
case, it was seen that of a large selection of turbulence models, only
the Reynolds stress models were consistently able to reproduce the
correct axial-velocity overshoot (Haaseet al. 2006). A range of nu-
merical grids were used, and a strong grid sensitivity was clearly
observed. The most accurate results were found when the largest
grid (7.3 × 106 cells) was combined with the non-linear Reynolds
stress-transport model of Craft et al. (1996a), the results of which are
reported in the more detailed study of Craft et al. (2006).

A recent LES simulation of the same case was carried out by
Uzun et al. (2006), who computed the flow at the lower Reynolds
number of0.5 × 106 in order to reduce the computational cost to an
acceptable level. Despite this measure, a numerical grid of26.2×106

nodes was required, and the authors report using124 processors for
between23 − 57 days dependent upon the processor speed. In addi-
tion, the reduction of Reynolds number is seen to have a significant
effect on the predicted results. While the scale of this work is impres-
sive it serves to underline the substantial costs associated with using
LES for flows of this nature.

This paper first outlines the two main novel modelling schemes
used, the curvature correctedv2

− f and the stress-strain lag model.
The former has previously been validated in similar flow conditions,
while the latter is validated here. Results are then presented for the
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full wingtip calculation, where those performed on the unstructured
grid form the majority of this work.

Modified v2
− f models

In order to account for frame-rotation effects, a modification was
proposed to thev2

− f model by Pettersson-Reif et al. (1999). This
is based on the behaviour of the equilibrium solution of homogeneous
plane shear flow subject to orthogonal frame rotation. In essence, the
eddy viscosity coefficient,Cµ, is replaced byC∗

µ(η1, η2), where

η1 = T 2
|Sij |

2 and η2 = T 2
˛

˛Ωij + Cωǫjikωk

˛

˛

2
, (1)

T is the turbulent timescale,Cω = 2.25, ǫjik is the cyclic per-
mutation tensor,ωk is the angular frame velocity and the rates of
strain and vorticity are defined asSij = 1/2 (∂vi/∂xj + ∂vj/∂xi)

andΩij = 1/2 (∂vi/∂xj − ∂vj/∂xi) respectively. The final func-
tional form was selected to be:

C∗

µ(η1, η2) =

Cµ

1 + β2|η3| + β3|η3|

1 + β4|η3|

"
s

1 + β5η1

1 + β5η2
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η2

p

|η3| − η3

#−1
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with η3 = η1 − η2, which becomes zero in plane parallel shear
in an intertial frame of reference. The model constants are given as
{β1, β2, β3, β4, β5} = {0.055, 0.5, 0.25, 0.2, 0.025}.

Curvature corrected v2 − f . Curvature sensitivity can be in-
troduced into an EARSM by transforming the anisotropy evolution
equation to alocal coordinate system in which theweak equilib-
rium condition can be approached. As shown in Gatski (2000) and
Hellsten et al. (2002), curvature sensitivity can be incorporated by
obtaining a Galilean invariant measure of the local rotation rate and
including it in the objective vorticity tensor̄ωk in a consistent man-
ner. A similar approach was proposed by Duraisamy and Iaccarino
(2005) for the previously defined frame invariantv2 − f model, with
the invariantη2 now defined as:

η2 = T 2
˛

˛Ωij + Cω

`

ǫjikωk − ǫijkωk

´˛

˛

2
, (3)

where −ǫijkωk is an antisymmetric tensor that results from the
transformation to a local basis, and is computed according to
Wallin and Johansson (2002), as follows:

ω̄i =
Π2

1
δij + 12Π2Sij + 6Π1SikSkj

2Π3
1
− 12Π2

2

SplS
′

lq
ǫpqj , (4)

where,(.)′ denotes a material derivativeD/Dt, Π1 = trace{S2
ij
}

andΠ2 = trace{S3
ij
}. In practice, the contribution of the curvature

correction term is controlled.
Thev2

− f model with curvature correction (CC) was applied to
the Lamb-Oseen vortex; the simplified case of a homogenous line vor-
tex (Duraisamy and Iaccarino, 2005). This analysis clearly indicated
that the curvature correction reduces the effective eddy viscosity co-
efficient, C∗

µ and the increase in production to dissipation ratio with
radius is much more gradual than both the standard and frame invari-
ant versions of thev2

− f model.

The Stress-Strain Lag model
Inspired by work on cyclic piston engines by Hadz̆ić et al. (2001),

the Lag model builds upon existing two equation models with a third
transport equation that is sensitive to the local stress-strain misalign-
ment of mean unsteady turbulent flow (Revell, 2006). An early at-
tempt to account for the stress-strain misalignment was proposed by

Rotta (1979), who proposed a simplified tensorial eddy viscosity for-
mulation to account for these effects in 3D thin-shear boundary layer
flows. A more recent model, proposed by Olsen and Coakley (2001),
couples a standard two equation model with a transport equation for
the eddy viscosity, which enables relaxation effects to be captured,
although it does not directly deal with the issue of misalignment.

The Lag model considered here defines the key parameter,Cas,
representing the dot product of the strain tensorSij , and the turbulent
stress anisotropy tensoraij as follows:

Cas = −
aijSij

‖S‖
, (5)

whereaij = uiuj/k − 2/3δij is the turbulence anisotropy tensor,
uiuj is the Reynolds stress tensor,k = 0.5uiui is the turbulent
kinetic energy,δij the Kronecker delta and the strain invariant‖S‖ =
p

2SijSij .
The quantityCas projects the six equations of the Reynolds stress

transport model onto a single equation. The anisotropy tensor has zero
trace and is dimensionless by definition, whereas the strain rate tensor
is an inverse time scale and has zero trace only in the condition of
incompressibility, which is assumed for this work. An EVM assumes
that these two tensors are aligned.

The alignment for all quasi-2D flows is representable by a single
dimensionless scalar. Three scalar values are necessary to define the
stress-strain misalignment in a fully 3D flow, but in such cases, it
is argued that some benefit will be gained from the scalar measure
described above.

The strategy adopted for this scheme was to develop a transport
equation that could be solved to obtain values for the parameterCas.
The resulting values could then be used in the evaluation of the pro-
duction of turbulence kinetic energyPk, in order to capture some
of the features of stress-strain misalignment, but at a much smaller
computational cost than employing a full stress transport model. For
details on the derivation see Revell (2006). The final implemented
form of the transport equation is given as follows:

DCas

Dt
= α1

ε

k
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1 ‖S‖C2
as +

`
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√
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´
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«
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∂

∂xk

»
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–

, (6)

where ε is the rate of dissipation of turbulent kinetic energy and
the model constants are given as{α1, α∗

1, α3, α∗

3, α4 α5, σc} =

{−0.7,−1.9, 0.267, 0.1625, 0.75, 1.6, 0.5}. Since Equation 6 is
derived directly from an RSM, the constants of the selected pressure-
strain model are retained and so in general, there is no requirement to
calibrate these constants. It should be noted that when Equation 6 is
coupled with the baselinek − ω SST model, it becomes necessary to
useε = 0.09kω in order to obtain an appropriate value forε.

The advection of the rate of strains in Equation 6 is calculated
explicitly as follows, where the superscriptn refers to the calculation
timestep, the size of which is denoted as∆t:

S′

ij
=

Sn

ij
− Sn−1

ij

∆t
+ Uk

∂Sn

ij

∂xk

. (7)

When computing gradients ofSij on unstructured grids it sometimes
becomes necessary to limit values, and this is done based upon neigh-
bouring cells. Equation 6 is not in closed form as a model foraij is
still required. This can be obtained from any existing NLEVM, and in
the present work the model of Craft et al. (1996b) has been selected
for this purpose.
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(a) RSM of Speziale et al. (1991)

(b) Standard SST of Menter (1994)

(c) The Lag model, SST-Cas

Figure 1: Evolution of mean axial velocity,Ux, tangential velocity,Uθ and turbulent kinetic energyk. RANS calculations initialised from DNS
values att/T = 2.0 (thick grey line). Results fort/T = {2.9, 4.8, 8.9}: DNS; RANS models.

The SST-Cas model. The fully implemented SST model re-
quires only small modifications to incorporate theCas model. The
modification was originally intended to be applied to the production
rate of turbulence kinetic energy term only, but it can be applied in
a more coherent manner by means of a simple modification to the
turbulent eddy viscosity as follows:

νt = k min

„

1

ω
;

0.31

‖S‖F2

;
Cas

‖S‖

«

(8)

where ω is the turbulent frequency andF2 is a blending function
which takes a value≈ 1 across most of the boundary layer, drop-
ping to 0 near the top and in the free-stream (see Menter, 1994, for
details). The value ofCas in Equation 8 is limited to±0.31 for the
calculation of the production terms, while when evaluating diffusion
terms, the absolute value,|Cas|, is used. The current version requires
special treatment in the near-wall region as a consequence of the mod-
elling of the pressure-strain terms which are used in the derivation of
Equation 6. For high Reynolds number flows of the kind considered
in the present work, the simplest treatment consists of preventing the
model from acting in regions where viscous effects are expected to be
dominant.

Validation case: Isolated vortex. The Stress-Strain Lag
model was derived primarily for mean unsteady flow applications,
and has been shown to offer significant improvement in a variety of
conditions (see Hoarau et al., 2005; Revell et al., 2006, 2007). Before
attempting to compute the wingtip flow, the case of the temporal evo-
lution of an isolated turbulent Batchelor vortex is investigated, since
the idealised axisymmetric field is fairly representative of the mean
flow field of practical trailing vortices.

Recently, Duraisamy and Lele (2006) performed Direct Numer-
ical Simulation (DNS) of Batchelor vortex flows in order to gain a
clearer understanding of the evolution of vortices which are normal

mode unstable (i.e. swirl number,q < 1.5). They examined the
complex evolution of helical instabilities, noting that these cases are
characterised by a steep initial growth of the turbulent kinetic energy,
followed by saturation and eventual decay. The initial base flow con-
dition for tangential velocity,Uθ and axial velocity,Ux, are given
by:

Uθ = −
Uo

r
√

α

“

1 − e−αr
2
”

, Ux = −
Uo

q
e−αr

2

, (9)

whereα = 1.256 so that the initial vortex core-radius isrco = 1.
Time is non-dimensionalised by the ‘turnover time’T = 2πU0/rco,
and the Reynolds number (defined as2πU0/

√
α/ν) is set to8250

(corresponding toq = 0.5). They used a domain of width15rco

and a mesh size of18.87 × 106 cells. It is beyond the ability and
requirements of a turbulence model to correctly compute the com-
plex interactions of the helical structures described by the DNS, and
so the focus of this validation work is upon the decay phase of the
vortex evolution. It is indeed the decay phase which dictates the per-
formance of turbulence models in the wingtip vortex case, where cost
constraints require the use of RANS.

The time evolution of an isolated vortex is calculated using a 2D
circular grid of8000 cells, with a spanwise extent of20rco. Sev-
eral grid refinements were carried out to arrive at a grid-independent
solution. Periodic boundary conditions were used in the axial flow di-
rection and symmetry conditions were used in the directions normal
to the axial flow.

Results are displayed in Figure 1 for the three RANS models:a)
the SSG Reynolds stress model,b) the standard SST model andc)
the SST-Cas model. In each case the calculations were initialised
using DNS data from the results forq = 0.5 at t/T = 2.0, at which
point the instabilities are seen to be saturated, and the mean flow is
subsequently seen to revert back to equilibrium.

It is seen from Figure 1a that the Reynolds stress model does a
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reasonable job of predicting the decay rate of both the axial and tan-
gential velocity components. Predicted levels ofk = 0.5uiui are
in reasonable agreement with the DNS, although there is no peak ob-
served between1 < r/rco < 2.

The predictions from the standard SST model in Figure 1b are
considerably worse than the RSM, as the vortex is predicted to decay
at a much greater rate. It is also seen from the plots ofUθ that the
angular momentum spreads out further than indicated by the DNS,
which is an indicator of excessive diffusion. In corroboration with
this observation, the levels of turbulent kinetic energy predicted by
the SST are higher than the DNS levels, which would lead to overpre-
dictions of both productionPk and the turbulent diffusion. Despite
being overpredicted, the levels ofk returned by the SST model are
closer to DNS values by accident; as a consequence of the erroneous
flattening of theUx profiles, since if the correct profile were forced,
larger gradients would generate even higher values ofk via the pro-
duction term.

The results returned from the SST-Cas model shown in Figure 1c
are broadly in agreement with the RSM predictions, although the level
of turbulence at the vortex core is seen to fall lower than it should.
This explains why the axial velocity at the vortex centre itself are
higher than the DNS values. In general, it appears that an improved
modelling ofPk via the influence of theCas term leads to a more
accurate prediction of the levels ofk and thus the mean velocities.

WINGTIP CASE SETUP

The experiment conducted by Chow et al. (1997) corresponds to
a rounded tip NACA 0012 wing of 4 ft. chord and 3 ft. span in a
32 × 48in. wind tunnel section. The chord based Reynolds number
is 4.35 × 106 and the angle of attack is10o. The flow is tripped at
the leading edge so that the flow can be considered fully turbulent.

The structured grid. A multiblock structured grid consist-
ing of 9.3 × 106 mesh points and 62 blocks was used for the
computation. A sample streamwise section of the grid is shown in
Figure 3a. As seen in the figure, the mesh points are very finely
clustered in the region of vortex formation. All computations on
this grid were performed using the Stanford Multi-Block structured
mesh solver SUmB, which is a scalable compressible RANS code
(van der Weide et al., 2005). Calculations were run using a third or-
der accurate convection scheme and results were computed for each
of the three differentv2

− f based models, described above.

The unstructured grid. The unstructured grid was created us-
ing an in-house mesh-generator and for the calculations presented
here, the grid contained around≈ 1.2 × 106 cells; almost a factor
of 10 less than the structured grid, (see Figure 3b). The approximate
path of the trailing vortex was extracted from a precursor calculation
and used to build the present mesh, with particular attention paid to
the regions around the wingtip and the wing leading-edge.

Calculations on the unstructured grid were performed us-
ing Code Saturne, an unstructured finite-volume code fromEDF,
which uses a collocated discretisation for cells of any shape
(Archambeau et al., 2004). It solves turbulent Navier-Stokes
equations for Newtonian incompressible flows with a fractional
step method based on a prediction-correction algorithm for pres-
sure/velocity coupling (SIMPLEC) and a momentum interpolation to
avoid pressure oscillations.

Transition was tripped atx/c = 0.04 for the SST based calcu-
lations, while the high Reynolds number version of the RSM (SSG)
was used with a standard wall function treatment. The SST model
was computed first and its results were used to initialise the RSM and
SST-Cas calculations. In order to assist convergence, the values of
S′

ij
were limited in the SST-Cas model calculations.

RESULTS

Figure 5 shows the normalised turbulent viscosity contours,νt/ν,
at a downstream location ofx/c = 0.246 (the trailing edge is at
x/c = 0). The modifiedv2 − f (CC) and SST-Cas models are com-
pared to their respective baseline models, which are shown to predict
maximum levels ofνt/ν near centre of the vortex core, which is un-
physical in light of the stabilising effects of solid body rotation. Both
modified models predict much lower values of turbulent viscosity in
the vortex core region, which corresponds to lower levels of turbu-
lence kinetic energy and thus a slower decay of the trailing vortex.
The results on unstructured grid, from the standard SST and the SST-
Cas, display larger values ofνt/ν in the wake region of the wing.
This is a due to the very large cell sizes in this region and the sub-
sequent poor resolution of the flow. The fact that the standard SST
model reports low levels of turbulent viscosity in the centre of the
vortex core is somewhat surprising since the model has no inherent
ability to account for frame rotation effects, however this could be
due to the viscosity limiter in the model. It is possible that an unphys-
ical flow feature is being introduced into the calculation as an adverse
effect of the unstructured mesh and so further refinement studies are
required to investigate this.

Figure 4 shows the axial component of velocity along a horizon-
tal line passing through the core of vortex atx/c = 0.456 . Figure
4a shows the results from the different variants of thev2

− f models
on the structured grid. A small improvement over the baseline model
is reported from the frame-rotation version, which at least predicts
a peak of axial velocity in the correct region. Clearly, the inclusion
of the Curvature Correction drastically improves the prediction, re-
turning a value ofUx ∼ 1.65 compared to an experimental value of
Ux ∼ 1.75. Accurate computation of the axial velocity is critical
to the correct prediction of the swirl velocity because of the radial
transport of angular momentum that is associated with the presence
of strong gradients of axial velocity.

Figure 4b reports corresponding results from the RSM, the SST
and the SST-Cas model on the unstructured mesh. As expected, the
full Reynolds stress model returns the highest value ofUx, reaching a
peak value of∼ 1.52, while the standard SST model performs poorly.
The SST-Cas model predicts a peak value ofUx ∼ 1.41 which is a
substantial improvement over the baseline model.

Figure 6 shows a comparison of mean flow quantities at a loca-
tion of x/c = 0.456 downstream of the trailing edge. While the
peak axial velocities,Ux, have already been compared in Figure 4,
more information about the mean flow structure can be ascertained
from Figures 6a and 6b. From the contours of tangential velocity, the
numerical predictions from both the RSM and the SST-Cas predict
two peak values either side of the vortex core, while the experiment
reveals only one. In addition, the gradients of tangential velocity near
the vortex core are lower in the numerical results than in the experi-
ment, indicating excessive diffusion of angular momentum. Further
work is required to ascertain the extent of detrimental grid-induced
flow features.

In Figure 6c, it can be seen that the levels of turbulence kinetic
energy, predicted by both the RSM and the SST-Cas model are far
lower than indicated in the experiment, while those from the standard
SST are larger. Erroneously low levels ofCas may well be respon-
sible for this reduction in turbulence, although similar findings were
reported in the work by Craft et al. (2006) for RSM predictions, and
the source of this problem remains unclear.

CONCLUSIONS

This study has reported the performance of two modified turbu-
lence models in predicting the development of trailing vortices. In
general, the models are seen to be sensitive to the effects of flow ro-
tation via the reduction ofνt and thus the production ofk. Levels of
Ux are well predicted downstream of the trailing edge, but levels of
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Figure 2: Layout of Wingtip Expt.

(a) YZ plane in structured grid of9.3×
106 cells

(b) YZ plane in unstructured grid of
1.2 × 106 cells

Figure 3: Comparison of the Grids
used in the wingtip calculations.

(a) Results from structured grid. Expt. (•);
Standardv2 − f ( ) ; Frame rotation
v2−f ( ); Curvature Correctedv2−f

( )

(b) Results from unstructured grid. Expt.
(•); Standard SST ( ) ; RSM ( );
Lag model, SST-Cas ( )

Figure 4: Axial velocity,Ux, along a line passing through the vortex core atx/c = 0.456, for a
selection of different RANS models on both the structured and unstructured grids.

Figure 5: Contours of normalised turbulent viscosity,νt/ν, at x/c = 0.246; modified models
compared to baseline models.

k are seen to drop away too drastically. Further work is required to
improve the predictive capabilities of these models to return a more
accurate turbulence decay rate.

Results for the curvature correctedv2
− f on the structured mesh

are very encouraging and yielded drastic improvements over the base-
line v2 − f model. Solutions from the unstructured mesh were not in
quite as good an agreement with experimental values, but may well
improve with further mesh refinement, whilst maintaining significant
economies.

The abrupt transition from small to large cell volumes can lead to
numerical errors, or unphysical flow features. To avoid this, one either
has to ensure a more gradual cell volume transition, thus necessitating
more cells and offsetting economic benefit, or alternatively, one has
to be certain that numerical errors arising from coarse cells do not
adversely effect the rest of the domain. In this work, the resolution of
the wake downstream of the trailing edge is seen to be under-resolved
and could be a potential source of error.

The main advantage of structured meshes lies in the ability to em-
ploy high-order-accurate numerical schemes, which is currently not
an option within most unstructured codes. Further work is required

to assess the limit to which the current unstructured solutions can be
improved by mesh refinement alone. Regardless, this study helps to
demonstrate that unstructured meshing has a lot of potential to bring
more complex calculations closer into the practical reach of everyday
CFD useage, particularly for industry.
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