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ABSTRACT

Two transported PDF strategies (joint velocity-scalar and joint
scalar PDF) are investigated for bluff-body stabilised turbulent diffu-
sion flames with variable degree of turbulence - chemistry interaction.
Chemistry is modeled by the novel REDIM technique. The (second-
moment closure) turbulence model and the (modified Curl’s) micro-
mixing model are not varied. Radiative heat loss effects are ignored.
The results for mean velocity and turbulent stresses are very similar for
both methods. They agree well with experimental data. Each of the
two PDF approaches implies a different closure for the velocity-scalar
correlation. This leads to differences in the radial profiles in physical
space of mean scalars and mixture fraction variance (due to different
scalar flux modelling). Differences are visible in mean mixture fraction
and mean temperature, as well as in mixture fraction variance. In gen-
eral, the joint scalar PDF results are in somewhat better agreement with
experimental data. In composition space, where results are reported as
scatter plots, differences between the two PDF strategies are small in
the calculations at hand, with a little more local extinction in the joint
scalar PDF results.

INTRODUCTION

Non-linear interaction between turbulent fluctuations and finite-
rate chemistry is important in nonpremixed turbulent flames and
may lead to local extinction or incomplete combustion. Turbulence-
chemistry interaction modelling is therefore a central issue in non-
premixed turbulent flame simulations. Modelling at the level of the
joint scalar probability density function (PDF) offers an exact treatment
of the chemical reaction source term with a given chemistry model.

In transported PDF methods, based on stochastic Lagrangian mod-
elling as described by Pope (1985), we solve a modelled transport
equation for the mass density function (MDF) by a particle stochastic
method. The three main modelling ingredients are: turbulence model,
chemistry model and micro-mixing model. These sub-models have
been the subject of several recent comparative studies. Ren (2004)
compared three widely used mixing models in stochastic simulations
of partially stirred reactors (PaSR). In the context of transported scalar
PDF modelling, the same mixing models are compared by Merci et al.
(2006a) for the piloted jet diffusion flame Delft flame III, and by Merci

et al. (2006b) for the bluff-body stabilised flames HM1-3. Cao and
Pope (2005) compared seven chemical mechanisms for methane/air
combustion in joint velocity-scalar-turbulence frequency PDF calcu-
lations of the non-premixed piloted jet Sandia flames D, E, and F.

In the present study, the REDIM approach is followed for reduced
chemistry modelling (Bykov and Maas, in press). To the best of the au-
thors’ knowledge, this is the first application of REDIM to a turbulent
non-premixed flame.

Additionally, however, the choice of the PDF description itself has
direct consequences on the modelling of the scalar flux (and higher
order velocity-scalar correlation). With the joint scalar MDF Fφ, the
gradient diffusion assumption to close the conditional fluctuating ve-
locity term in the MDF transport equation, Eq. (4), leads to a simple
algebraic model for the scalar flux. When velocity is included in the
PDF description, the transport equation for the joint velocity-scalar
MDF FUφ, Eq. (5), is modelled and solved using a particle method.
In this case, the combination of the model ai for particle velocity evo-
lution and the mixing model θα implies a modelled transport equation
for the scalar flux (and higher order velocity-scalar correlation).

In the present study, we compare results of joint scalar PDF
(JSPDF) and joint velocity-scalar PDF (JVSPDF) simulations,
using hybrid Finite-Volume / particle methods implemented
in the same in-house computer program ‘PDFD’ as described
by Naud et al. (2006). The same turbulence, chemistry
and micro-mixing models are used in all simulations. The
flames considered are the Sydney bluff-body stabilised flames
HM1 and HM3 (Dally and Masri, 1998; Dally et al., 1998;
http://www.aeromech.usyd.edu.au/thermofluids/main frame.htm).
These are target flames of the International Workshop on Mea-
surement and Computation of Turbulent Nonpremixed Flames
(http://www.ca.sandia.gov/TNF).

PDF APPROACH

Statistical description
The statistical description of the flow is made in terms of the joint

one-point PDF fΦ such that fΦ(Ψ ;x, t) .dΨ is the probability that Φ
is in the interval [Ψ ,Ψ+dΨ [ at point (x, t). When JSPDF is consid-
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ered, Φ is the composition vector φ. For JVSPDF, Φ = (U,φ), with
U the velocity vector. The joint PDF is defined as described by Pope
(1985,2000):

fΦ(Ψ ;x, t) = 〈δ[Φ(x, t) − Ψ ]〉, (1)

where δ[ ] is the Dirac delta function and where the brackets 〈 〉
refer to the expected value. Using the conditional expected value,
〈Q(x, t)|Ψ〉fΦ(Ψ ;x, t) = 〈Q(x, t) .δ[Φ(x, t) − Ψ ]〉, mean val-
ues (or expected values) are defined as:

〈Q(x, t)〉 =

Z
[Ψ ]

〈Q(x, t)|Ψ〉fΦ(Ψ ;x, t) .dΨ . (2)

Fluctuations are defined as: q′(x, t) = Q(x, t) − 〈Q(x, t)〉 .
For variable density flows, it is useful to consider the joint MDF

FΦ(Ψ)=ρ(Ψ) fΦ(Ψ). Density weighted (Favre) averages are:

eQ(x, t) =
〈ρ(x, t)Q(x, t)〉

〈ρ(x, t)〉

=

R
[Ψ ] 〈Q(x, t)|Ψ〉FΦ(Ψ ;x, t) .dΨR

[Ψ ] FΦ(Ψ ;x, t) .dΨ
. (3)

Fluctuations with respect to the Favre average are defined as:
q′′(x, t) = Q(x, t) − eQ(x, t) .

Scalar PDF transport equation
When the joint scalar MDF Fφ is considered, the following trans-

port equation is modelled and solved (Pope, 1985):

∂Fφ
∂t

+
∂ eUjFφ
∂xj

+
∂

∂ψα

ˆ
Sα(ψ)Fφ

˜
(4)

= −
∂

∂xi

ˆ˙
u′′i

˛̨
ψ

¸
Fφ

˜
| {z }

gradient diffusion

−
∂

∂ψα

»
1

ρ(ψ)

fi
−
∂Jαj

∂xj

˛̨̨̨
ψ

fl
| {z }

mixing model: θα

Fφ
–
,

with Sα the reaction source term for scalar φα and Jα its molecular
flux.

Velocity-scalar PDF transport equation
When velocity is included in the PDF description, the transport

equation for the joint velocity-scalar MDF FUφ can be written (ne-
glecting the mean viscous stress tensor gradient ∂〈τij〉/ ∂xj ):

∂FUφ
∂t

+ Vj
∂FUφ
∂xj

(5)

+

„
−

1

〈ρ〉
∂〈p〉
∂xi

+ gi

«
∂FUφ
∂Vi

+
∂

∂ψα

ˆ
Sα(ψ)FUφ

˜
= −

∂

∂Vi
[aiFUφ]−

∂

∂ψα

»
1

ρ(ψ)

fi
−
∂Jαj

∂xj

˛̨̨̨
V ,ψ

fl
| {z }

mixing model: θα

FUφ
–
.

The term ai denotes:

ai =

„
1

〈ρ〉
−

1

ρ(ψ)

«
∂〈p〉
∂xi

+
1

ρ(ψ)

*
−
∂p′

∂xi
+
∂τ ′ij

∂xj

˛̨̨̨
˛V ,ψ

+
(6)

The Langevin model for ai is described in the section on turbulence
modelling. The terms on the left hand side of Eq. (5) appear in closed
form. Compared to Eq. (4), effects of convection and mean pressure
gradient are now exactly accounted for.

HYBRID FINITE-VOLUME / PARTICLE METHOD

Equations (4) and (5) are solved using the consistent hybrid Finite-
Volume / particle method as presented by Naud et al. (2006). Mean
velocity eU, mean pressure gradient ∇〈p〉, Reynolds stresses gu′′i u′′j

and turbulent dissipation rate ε are determined using a standard Finite-
Volume (FV) method, based on a pressure-correction algorithm.

A set of uniformly distributed computational particles evolves ac-
cording to the reported stochastic differential equations. Each par-
ticle has a set of properties {w∗,m∗,X∗,φ∗} (scalar MDF), or
{w∗,m∗,X∗,u∗,φ∗} (velocity-scalar MDF), where w∗ is a numer-
ical weight, m∗ is the mass of the particle, X∗ its position, u∗ its
fluctuating velocity and φ∗ the particle’s composition. The superscript
∗ denotes that the quantity is a stochastic particle property. Particle
mass m∗ is constant in time. The particle joint scalar MDF is:

FPφ (x,ψ; t) =

*X
∗
w∗m∗.δ(X∗(t) − x) .δ(φ∗(t) −ψ)

+
. (7)

Additional properties can be deduced for each stochastic particle from
the primary properties listed above. As an example, the particle density
is obtained as: ρ∗(t) = ρ[φ∗(t)]. Increments of particle position X∗

and composition φ∗ over a small time step dt are given by:

dX∗
i = (U∗

i + [Uci ]
∗) dt, (8)

dφ∗α = θ∗αdt+ Sα(φ∗) dt. (9)

The correction velocityUc results from a position correction algorithm
(Muradoglu et al., 2001), ensuring that the volume represented by the
particles in a computational cell, equals the cell geometric volume.
With the scalar MDF,U∗ results from a random walk model:

U∗
i dt =

» eUi +
1

〈ρ〉
∂ΓT

∂xi

–∗
dt+

"„
2ΓT

〈ρ〉

«1/2
#∗
.dW ∗

i , (10)

where dW ∗
i is an increment over dt of the Wiener process W ∗

i and
where ΓT is the turbulent diffusivity, modelled as ΓT = µT /ScT ,
with µT the eddy viscosity and the turbulent Schmidt number taken as
ScT = 0.7. With the joint velocity-scalar MDF, the equations are:

U∗
i =

h eUii∗ + u∗i , (11)

du∗i =− u∗j

"
∂ eUi
∂xj

#∗
dt+

24 1

〈ρ〉
∂〈ρ〉 gu′′i u′′j
∂xj

35∗

dt+ a∗i dt. (12)

In the above equations, the quantities between brackets [ ]∗ are FV
properties interpolated at the particle location using the bilinear basis
functions presented by Jenny et al. (2001). The model for a∗i is speci-
fied below in the section on the turbulence model.

The method of fractional steps, described by Pope (1985), is used
to integrate the above systems of equations. In order to ensure second-
order accuracy, the ‘midpoint rule’ is used (Muradoglu et al., 2001;
Jenny et al., 2001). A local time-stepping algorithm developed in the
framework of statistically stationary problems is applied (Muradoglu
and Pope, 2002).

Consistency and coupling
The turbulent dissipation rate is not included in the PDF represen-

tation. The transport equation solved for ε in the FV method provides
additional information, required to model the unclosed terms ai and
θα. The other FV equations are consistent with the modelled MDF
transport equation (Naud et al., 2006).

The mean density 〈ρ〉 in the FV method is directly obtained from
the iteration averaged mean density in the particle method (applying
the iteration averaging procedure as presented by Naud et al. (2006)).
We remark that the global convergence of the method is improved in
comparison to the latter reference, where density relaxation was used.

An outer iteration consists of a number of FV iterations and particle
time steps. We use a fixed number of particle time steps (typically 5),
while the FV method is iterated until the residuals of all equations start
decreasing and the global mean pressure correction is below a specified
threshold (with a maximum of 1000 FV iterations per outer iteration).

MODELLING
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Turbulence model
A second-moment closure RANS model is applied. From the com-

parative study presented by Li et al. (2003), the LRR-IPM isotropisa-
tion of production model by Launder et al. (1975) is used with the
modified constant value Cε1 = 1.6, instead of the standard value
Cε1 = 1.44. Consistently, the Lagrangian isotropisation of production
model (LIPM) is used in the velocity-scalar PDF approach to describe
velocity evolution ai (Pope, 1994; Wouters at al., 1996).

Reduced Chemical Model: REDIM
As mentioned, with the transported PDF approach, the chemical

reaction source terms are treated exactly. In order to reduce computing
times, however, reduced chemistry modelling is applied. The reduced
mechanism for the CH4/H2/air system is based on a detailed reaction
mechanism developed by Chevalier and Warnatz (personal communi-
cation), consisting of 34 species and 302 reactions. The concept of
reaction/diffusion manifolds (REDIM) (Bykov and Maas, in press) has
been used to reduce the system to mixture fraction and one reaction
progress variable.

The REDIM concept is based on a relaxation process, where an
initial guess for a low-dimensional manifold evolves in such a man-
ner that an invariant slow reaction/diffusion manifold is obtained. The
evolution equation for the parametric manifold representation, is:

∂Ψc (θ)

∂t
=

“
I − Ψc,θ (θ)Ψ+

c,θ (θ)
”
·„

F (Ψc) −
1

ρ
DΨc,θθ ◦ grad (θ) ◦ grad (θ)

«
, (13)

where θ denotes the m-dimensional vector of reduced coordinates,
corresponding to the composition vector Ψc. In the present model,
m=2 and the coordinates are the mass fractions of N2 and CO2. Fur-
thermore, t denotes time and D is the diffusion coefficient. Note
that equal diffusivities and unity Lewis number have been assumed.
The state vector Ψc is the (n = ns + 2)-dimensional vector Ψc =“
h, p, Y1

W1
, ...,

Yns
Wns

”T
, where h denotes specific enthalpy, p is pres-

sure, Y1, ..., Yns the ns species mass fractions and W1, ...,Wns the
molar masses. F (Ψ) is the n-dimensional thermo-chemical source
term vector, Ψc,θ the matrix of partial derivatives of the thermokinetic
state with respect to the parameterizing variables and Ψ+

c,θ its Moore-
Penrose pseudo-inverse. The term Ψc,θθ ◦ grad (θ) ◦ grad (θ) is:`

Ψc,θθ ◦ grad (θ) ◦ grad (θ)
´
i
=

mX
j=1

mX
k=1

∂2ψc,i

∂θj∂θk
grad (θj) grad (θk) . (14)

According to Bykov and Maas (in press) the gradients are estimated.
In this work we use gradients obtained from typical one-dimensional
counterflow diffusion flame calculations:

grad (θ) = θψc gradψc. (15)

It is shown by Bykov and Maas (in press) that the results do not depend
very crucially on this assumption.

The initial guess for the evolution equation is a manifold obtained
via an interpolation of flamelet solutions, the pure mixing line, and
the curve of complete reaction to CO2 and H2O. A fine mesh has
been chosen in order to resolve the steep gradients. The relaxation to
the reaction/diffusion manifold is then performed via a semi-implicit
relaxation method. Fig. 1 shows as an example the reaction rates on
the manifold for the specific mole numbers of CO2. The REDIM is
then mapped onto a rectangular domain and reaction increments are
determined via a pre-integration of the table.

Mixture fraction ξ is defined by Bilger et al.’s (1990) formula:

ξ =

2(ZC−ZC,o)
WC

+
ZH−ZH,o

2WH
− ZO−ZO,o

WO

2(ZC,f−ZC,o)
WC

+
ZH,f−ZH,o

2WH
− ZO,f−ZO,o

WO

. (16)
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Figure 1: Rates of reaction progress (in mol/(kg s))) for the 2D-REDIM
as a function of N2 and CO2 (specific mole numbers in units of
kg/mol). Upper figure: entire tabulation domain; bottom: zoom of
the domain around stoichiometry to visualize the mesh.

whereZβ is the total mass fraction of element β (conserved scalar) and
Wβ is the atomic mass of element β. The subscripts “f” and “o” refer
to the fuel and oxidant streams.

In equations (4) and (5), φ = (ξ, YCO2 ), and the chemical source
term SCO2 (φ) is given by the REDIM reduced chemistry.

Mixing model
As mixing model θα, the modified Curl’s coalescence dispersion

(CD) model is used, with Cφ = 2.0. The CD micromixing model
prescribes the evolution of particle composition as a series of pairwise
mixing events. The particles participating in mixing are chosen at ran-
dom from the set of particles present in a finite volume cell and their
compositions change in the direction of the mixing partner. The degree
of mixing in a pair is determined by a random variable, uniformly dis-
tributed between 0 (no mixing) and 1 (complete mixing) (Janicka et al.,
1979; Wouters et al., 2002).

Implications for modelled equations for mean scalar, scalar
variance and scalar flux

From Eq. (4) or (5), integration over the sample space yields the
same mean scalar and scalar variance transport equations:

∂〈ρ〉fφα
∂t

+
∂〈ρ〉eUj fφα

∂xj
= −

∂〈ρ〉 gu′′j φ′′α
∂xj

+ 〈ρ〉fSα + 〈ρθα〉| {z }
= 0

, (17)

∂〈ρ〉gφ′′2α
∂t

+
∂〈ρ〉eUjgφ′′2α

∂xj
+ 2〈ρ〉 gu′′j φ′′α ∂fφα

∂xj

= −
∂

D
ρu′′j φ

′′2
α

E
∂xj

− 2〈ρ〉 gφ′′αSα − 2
˙
ρφ′′αθα

¸
. (18)

There is no implicit summation over index α. The observation that the
final term in Eq. (17) equals zero is a direct consequence of the mixing
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model applied. In Eq. (18), the modelling of the scalar dissipation rate
and molecular diffusion results from the mixing model θα. It is the
same in both PDF approaches.

With the modelled joint scalar MDF, the gradient diffusion assump-
tion, in accordance to the random walk model in the particle method,
implies algebraic models for velocity-scalar correlations:

˙
ρu′′j φ

′′
α

¸
= −ΓT

∂fφα
∂xj

and
˙
ρu′′j φ

′′2
α

¸
= −ΓT

∂gφ′′2α
∂xj

. (19)

When the joint velocity-scalar MDF is considered, a differential scalar
flux model is implied, depending on the Langevin model ai and the
mixing model θα. For instance, the modelled scalar flux transport
equation takes the form:

∂〈ρ〉 gu′′i φ′′α
∂t

+
∂〈ρ〉eUj gu′′i φ′′α

∂xj
+ 〈ρ〉 gu′′j φ′′α ∂ eUi

∂xj
+ 〈ρ〉 gu′′i u′′j ∂eφα

∂xj

= −

D
ρu′′j u

′′
i φ

′′
α

E
∂xj

+ 〈ρ〉 gu′′i Sα +
˙
ρaiφ

′′
α

¸
+

˙
ρu′′i θα

¸
. (20)

Thus, there is a difference in modelling of the scalar flux and higher
order velocity-scalar fluctuation correlations.

TEST CASE
The fuel (50% H2 and 50% CH4 by volume) is injected in the

centre of the bluff-body burner through an injector of diameter Dj =

3.6mm. The bluff body of diameter Db = 50mm is surrounded by an
unconfined coflowing air stream. Fuel and air are mixed in the recircu-
lation zone behind the bluff body where chemical reaction can occur.
The resulting hot products stabilise the flame.

In HM1 the jet and coflow bulk velocities were respectively 118m/s
and 40m/s, while for HM3, the fuel jet velocity is 214m/s (Dally and
Masri, 1998; Dally et al., 1998). The numerical settings are similar
to the calculations of flame HM1e presented by Naud et al. (2006).
A 6Db-long and 3Db-wide 2D computational domain is used. Free-
slip boundary conditions are prescribed on the bluff-body surface and
on the lateral boundary. A convective outlet boundary condition, as
presented by Sohankar et al. (1998), is used in order to avoid reflecting
waves. Inlet boundary conditions are specified at cell centres in the
same way as done by Muradoglu et al. (2003). Results are obtained on
a 160×128 cartesian grid stretched both in axial and radial directions.

An average of 100 particles per cell is used. Iteration averages
are made over 500 iterations. Converged results, obtained with an
assumed-shape PDF method, are used as initial conditions. About
1000 outer iterations (5000 particle time steps) are enough to reach
a stationary solution. Results obtained after 15000 particle time steps
are now discussed.

RESULTS

Mean velocity and Reynolds stresses
The results for mean velocities and velocity fluctuations are very

similar to the results of Naud et al. (2006) or Muradoglu et al. (2003)
or Liu et al. (2005) for HM1 (not here shown due to space lim-
itations). Good agreement with experimental data is found within
the recirculation zone. The agreement deteriorates in the neck zone
and the jet-like zone (from about x = 1.8Db). Similar findings are
observed for HM3. The downstream discrepancies have been ob-
served in the different RANS calculations presented at the TNF work-
shops (http://www.ca.sandia.gov/TNF). An important observation for
the present study is that the very small differences between scalar PDF
and velocity-scalar PDF results (due to some differences in mean den-
sity) are negligible, even for flame HM3.

Mean composition
Figs. 2 and 3 show mean radial profiles for mean mixture frac-

tion and temperature for flame HM1. Significant differences between
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Figure 2: Radial profiles of mean mixture fraction (HM1).
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Figure 3: Radial profiles of mean temperature (HM1).

JSPDF and JVSPDF results are observed. Within the recirculation
region, the quality of the JVSPDF results is better than the JSPDF
results. In the neck zone, mean mixture fraction is in general under-
predicted with the JVSPDF approach, though. As the convective terms
in the modelled transport equations are very similar and the turbulence
level is practically the same, too, the differences between JVSPDF and
JSPDF must be due to differences in the scalar fluxes. This requires
further investigation. We also note that the mean temperatures are in
general somewhat lower in the JSPDF simulations. As the level of local
extinction is comparable to the JVSPDF results (see scatter plots be-
low), the mean temperature differences are due to differences in mean
mixture fraction.

Figs. 4 and 5 show that the observations are very similar for the
computational results of flame HM3. The temperatures obtained for
HM3 are somewhat lower than for HM1, due to the occurrence of more
local extinction (see below). There is no excellent agreement with ex-
perimental data, though. Note that Merci et al. (2006b) report that, in
contrast to experimental observations, no stationary solution could be
obtained for JSPDF results with the CD mixing model for flame HM3.
In the present study, the limit cycle, reported in that reference, is not
found, possibly due to the application of the REDIM chemistry model
instead of aC1 skeletal mechanism. Better agreement with experimen-
tal data can also most probably be obtained by applying more detailed
chemistry mechanisms. This requires further investigation.

Mixture fraction variance
In Figs. 6 and 7, differences are observed for radial profiles of

mixture fraction variance. In general, the JSPDF results are in bet-
ter correspondence with the experimental data. The results are slightly
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Figure 4: Radial profiles of mean mixture fraction (HM3).

T (K)

r/
R

b

500 1000 1500 20000

0.4

0.8

1.2

exp
JVSPDF
JSPDF

x = 13mm

T (K)

r/
R

b

500 1000 1500 20000

0.4

0.8

1.2
x = 30mm

T (K)

r/
R

b

500 1000 1500 20000

0.4

0.8

1.2
x = 65mm

T (K)

r/
R

b

500 1000 1500 20000

0.4

0.8

1.2
x = 120mm

Figure 5: Radial profiles of mean temperature (HM3).
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Figure 6: Radial profiles of mixture fraction variance (HM1).

better than reported by Merci et al. (2006b).
It is clear that the observed differences between JVSPDF and

JSPDF are related to differences in mean mixture fraction, as well as
to the modelling of velocity-scalar correlations: the scalar flux gu′′j ξ′′
appearing in the production term and the triple correlation gu′′j ξ

′′ξ′′ ap-
pearing in the turbulent diffusion term in Eq. (18).

Results in composition space: scatter plots
Figs. 8 and 9 reveal that, in composition space, differences between
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Figure 7: Radial profiles of mixture fraction variance (HM3).

Figure 8: Scatter plots for temperature (HM1).

JSPDF and JVSPDF results are small, with the turbulence, chemistry
and micro-mixing models applied. There is slightly more local extinc-
tion with JSPDF. The level of scatter in the present results, obtained
with the CD mixing model, is in better correspondence with the ex-
perimental data than in the results of Liu et al. (2005), obtained with
the EMST mixing model. This is the reason for using the CD mixing
model in the present study.

CONCLUSIONS

A fair comparison of scalar PDF and velocity-scalar PDF mod-
elling has been conducted for the bluff-body flames HM1 and HM3.
Differences in the predicted turbulent flow fields are negligible. Sig-
nificant differences are observed in results for mean mixture fraction
and temperature and mixture fraction variance. These are attributed
to implied modelling differences in the scalar fluxes (and higher order
correlations). In general, joint velocity-scalar PDF results (implying
a differential scalar flux model) are not better than joint scalar PDF
results (based on gradient diffusion assumption), for the turbulence
(LRR-IPM), chemistry (REDIM) and micro-mixing (CD) model ap-
plied. The impact of the choice JSPDF vs. JVSPDF on scatter plots is
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Figure 9: Scatter plots for temperature (HM3).

small for the test cases under study, with a slightly higher level of local
extinction in the JSPDF results. The scatter plots are in good agreement
with experimental data.
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