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ABSTRACT

Three-dimensional wake behind a tapered circular cylin-

der has been studied at low-Reynolds number (transition

in the wake regime) by performing Direct Numerical Simu-

lation (DNS) and at higher Reynolds numbers (transition

in the shear-layer regime) by Particle Image Velocimetry

(PIV). The taper ratio (75) was constant in both the stud-

ies. In the PIV study it was found that increase in aspect

ratio increases the number of shedding cells along the span,

an effect also reported by Piccirillo and Van Atta (J. Fluid

Mech., 1993). Both mode A and mode B were found to co-

exist in the same geometry (DNS) but only in a small span

of the cylinder. Flow-visualization revealed that the mode

A appeared around Re ≈ 200 and mode B around Re ≈ 250.

Cross-sectional views of mode B in the DNS results revealed

the smaller-scale ‘mushroom’ vortex pair structures, which

is remarkably similar to those found by Williamson (J. Fluid

Mech., 1996). The wavelength of mode B was found to

be λZ/D ≈ 1, which is surprisingly close to the experi-

mental value λZ/D = 0.98 found by Williamson (J. Fluid

Mech., 1996) in the uniform circular cylinder wake. In the

present DNS study it was found that streamwise vorticity

ωx becomes large as vortex dislocation occurs, an effect also

observed by Piccirillo and Van Atta (J. Fluid Mech., 1993).

INTRODUCTION

The flow over cylinders involves complex interactions of

three shear layers: a boundary layer, a separating free shear

layer, and a wake, in the same problem. Depending on

the Reynolds number transition-turbulence may occur ei-

ther in the wake (TrW) or separating free shear layer (TrSL)

or in the boundary layer (TrBL) of a cylinder. However,

non-uniformities in the inflow or in the cylinder diameter

(e.g. tapered cylinders) may produce the above mentioned

regimes to exist side by side in the same geometry.

Three-dimensional instabilities in the laminar unsteady

wake (L3 regime) of tapered circular cylinders were pre-

viously studied by Papangelou (1992), Piccirillo and Van

Atta (1993), Vallés et al. (2002) and more recently by

Narasimhamurthy et al. (2006). However, the TrW regime

for tapered cylinders has had remarkably few investigations

in comparison to uniform circular cylinders. Recently Par-

naudeau et al. (2007) performed Direct Numerical Simu-

lation (DNS) in the TrW regime with a taper ratio, RT =

l/(d2−d1) = 40 (where l is the length of the circular cylinder

and d2 and d1 denote the diameter of its wide and narrow

ends, respectively). The same Reynolds number range was

studied by Narasimhamurthy et al. (2007) but with a dif-

ferent RT = 75 and they found that a change in RT by a

factor of two has only a modest effect on the Strouhal num-

ber. After a literature survey it was noted that the only

available results in the TrSL regime is the hot-wire measure-

ments by Hsiao and Chiang (1998), where they studied the

tapered cylinder wake with different taper ratios and in the

Reynolds number range Rem = 4.0×103 to 1.4×104 (based

on the mean diameter dm).

The present DNS computations is aimed at studying

the wake in the low-Reynolds turbulent regime (as DNS at

higher Reynolds number is beyond the reach of any modern

computational facility). However, Particle Image Velocime-

try (PIV) provides an opportunity to study the turbulent

wake at higher Reynolds number (low Reynolds numbers

could not be reached in our test facility due to practical

issues). The aim of the present study is not to validate

the DNS results with PIV results and vice versa but to
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Figure 1: Tapered cylinder configuration

Table 1: Flow parameters (RT = 75).

Case a d1 dm d2 Re1 Rem Re2

DNS 74 0.34 0.67 1 102 201 300

A1 13 42 46 50 2100 2300 2500

A2 13 42 46 50 4200 4600 5000

A3 13 42 46 50 8400 9200 10000

A4 13 42 46 50 16800 18400 20000

B1 26 19 23 27 950 1150 1350

B2 26 19 23 27 1900 2300 2700

B3 26 19 23 27 3800 4600 5400

investigate the flow physics in two different Reynolds num-

ber ranges with two different techniques (DNS and PIV).

It should be noted that the RT is same in both the cases.

Thereby the effect of Reynolds number alone is investigated

in the present study.

NUMERICAL AND EXPERIMENTAL SETUP

The tapered cylinder configuration was as shown in figure

1. The aspect ratio (a = l/dm) and the Reynolds numbers

Re2, Re1, Rem, based on the uniform inflow velocity (U =

1) and the diameters d2, d1, dm, respectively were as shown

in Table 1. RT = 75 was constant in all the cases.

The Navier-Stokes equations in incompressible form were

solved in 3-D space and time using a parallel Finite Vol-

ume code (Narasimhamurthy et al., 2006; Manhart, 2004).

The code uses staggered Cartesian grid arrangement. Time

marching was carried out using a 3rd order explicit Runge-

Kutta scheme for the momentum equations and an iterative

SIP (Strongly Implicit Procedure) solver for the Poisson

equation. Spatial discretization was carried out using a

2nd order central-differencing scheme. The total number

of grid points used was equal to 15×106. The time step

∆t = 0.003d2/U and the number of Poisson iterations per

time step was equal to 50. A uniform inflow velocity profile

U = 1 was fixed at the inlet without any free-stream per-

turbations1. Free-slip boundary condition was applied at

the ends of the cylinder. The no-slip boundary condition on

the cylinder body was implemented by using a direct forc-

ing Immersed Boundary Method (Narasimhamurthy et al.,

2006; Peller et al., 2006). The total consumption of CPU-

time was approximately equal to 12000 CPU-hours on a SGI

Origin 3800 computer.

In the present experimental study stereoscopic PIV was

used to measure a large area of the flow field in the cylinder

wake with image rates up to 100 Hz. Two different models

1Note that transitional wake is still surrounded by laminar
free-shear layers and thus insensitive to free stream turbulence.

(a) Sampling line 2 dm downstream from axis

(b) Sampling line 12 dm downstream from axis

Figure 2: Time evolution of cross-stream velocity ‘V’ along

the span in the present DNS.

of same length 600 mm and RT = 75 were used. The mean

diameter of the cylinder A is set to 46 mm resulting in an

aspect ratio of 13. The mean diameter of the cylinder B is

23 mm, leading to an aspect ratio of 26 (see Table 1). All

models were equipped with thin circular end-plates with di-

ameters equal to 3d2,A to eliminate disturbances caused by

free ends, an effect which has been reported by several au-

thors. An entirely uniform inflow velocity was achieved by

towing the models and the measurement system through a

still water basin. Each measurement was tailored to observe

the maximum number of shedding cycles by estimating the

shedding frequency and adapting the image rate to match

between 10 and 20 images per cycle. However, the maxi-

mum number of images is defined by the camera memory

to about 1100 while the maximal experiment length is re-

stricted by the tank length at higher towing velocities. The

measurement plane is situated in line with the cylinder axis

and directly at its downstream edge. It covers about 400 mm

in streamwise and about 300 mm in spanwise direction, thus

about half of the cylinder length. To observe the flow along

the whole span, each run was repeated for the top, center

and lower half. The velocity maps obtained from the images

have a resolution of 84 by 72 vectors for all components U ,

V , and W .
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Figure 3: Time evolution of ‘V’ velocity along the span from

PIV data (Sampling line 2 dm downstream from axis).

RESULTS AND DISCUSSION

Figure 2(a),2(b) shows the time evolution of the instan-

taneous V velocity component in the present DNS sampled

along two lines parallel to the axis of the cylinder and lo-

cated 2dm and 12dm downstream the axis in X -direction,

respectively. Similarly, the time evolution from the PIV

measurements is shown in figure 3(a),3(b),3(c). An oblique

and cellular shedding pattern is evident in both TrW (DNS)

and TrSL regime (PIV).

Time traces of the cross-stream velocity (V ) signal ran-

domly picked at different Reynolds numbers from the DNS

results were shown in figure 4(a),4(b). Low-frequency modu-

lation, a typical feature of vortex dislocations or vortex splits

can be seen in figure 4(a). However, random low-frequency

fluctuations, a characteristic feature of TrW state of flow is

only visible in figure 4(b) (for Re > 175). This is because the

transitional eddies are formed laminar but become turbulent

as they are carried downstream.

Time traces of U, V, W velocity components inside a dis-

location region from the PIV data is shown in figure 5. The

U component indicates a frequency modulation and decrease

in amplitude similar to the DNS results (figure 4(a)) each

time a dislocation occurs. Furthermore, the spanwise W

component shows an increased amplitude shortly after. Fig-

ure 6 shows the instantaneous flow field of the same case

under the vortex split. With the cross-stream V component

plotted as background, the vortex centerlines can be found

just at the boundary between dark and bright regions. It is

obvious that the greatest spanwise velocity appears right in

the split zone, while the parallel shedding is dominated by

horizontal flow.

Qualitative investigations of the frequency spectra were

carried out by the spectral analysis of cross-stream veloc-

ity component. The local Strouhal number (Stlocal =

fdlocal/U ; dlocal is the local diameter) versus local Reynolds

number (Relocal = Udlocal/ν) curve is shown in figure 7.
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(b) Sampled 12 dm downstream from axis

Figure 4: Time traces of ‘V’ velocity (DNS)
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Figure 5: Time traces of U,V,W velocity components along

the line marked in figure 3(c). (PIV data)

Piccirillo and Van Atta’s (1993) curve-fit (St = 0.195 −
5.0/Re) and the numerical results by Narasimhamurthy et

al.(2006) for the L3 regime together with the present DNS re-

sults (TrW) and the PIV measurements (TrSL) were plotted

against the Fey et al. (1998) curve-fit for the uniform cir-

cular cylinder. The two discontinuities in the Stlocal versus

Relocal curve in figure 7 for the uniform circular cylinder cor-

respond to change over of eddy-shedding mode from laminar-

mode A and mode A-mode B, respectively (Williamson,

1996). In contrast, these vortex dislocations occur sponta-

neously along the whole span for tapered circular cylinders.

The Stlocal versus Relocal curve for Rem > 2300 from the

model B cylinder(PIV) matches the Fey et al. (1998) curve-

fit for uniform circular cylinder.

The Stlocal distribution along the span reveals vortex
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Figure 6: Instantaneous flow field at t=73s for case A2 (PIV)
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Figure 7: Stlocal versus Relocal

dislocations as changes in the local shedding frequency (fig-

ure 8(a),8(b)). Large jumps in the curve indicate a split

region with a fixed spanwise position. If the shedding cell

boundaries are more evenly distributed over the span, the

St curve shows a greater number of small changes in the

shedding frequency. The Stlocal magnitude gets smaller and

smaller with increasing Rem for all the experiments. It is

generally lower for the cylinder A. Due to its low aspect ra-

tio, the vortices were hardly dislocated in the model A case.

Long time series reveal the presence of two cells with con-

stant shedding frequency for Reynolds numbers up to 4600

(see the single dislocation in figure 3(a)). In the A3 and A4

models a third cell appears temporarily at Rem > 9200. Fig-

ure 3(c) shows the two splits between the three cells being

fixed in spanwise position for case A4. Increasing numbers

of cells with rising Rem have been reported by Hsiao et al.

(1998) as well. Piccirillo and Van Atta (1993) found that

increase in aspect ratio increases the number of shedding

cells along the span in L3 regime. It is interesting to see a

similar effect in the TrSL regime of the present PIV study

(see model B results in figure 8(b)). For the B model are

the cell boundaries only in the lower half distinct and consis-

tent over multiple experiments. The upper half shows less

well defined cell boundaries which is also visible in figure

3(b). This might indicate a stronger end effect on the upper

cylinder end.

In order to identify the topology and the geometry of

the vortex cores correctly the λ2-definition by Jeong and

Hussain (1995) was used in the present DNS study. λ2 corre-

sponds to the second largest eigenvalue of the symmetric ten-
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Figure 8: Stlocal along the span (PIV data)

sor SijSij + ΩijΩij , where Sij and Ωij are respectively the

symmetric and antisymmetric parts of the velocity gradient

tensor. Figure 9 shows the iso-surfaces of negative λ2, vor-

ticity magnitude or enstrophy | ω |, streamwise vorticity ωx

and the spanwise vorticity ωz evaluated at the same instant

in time. The vortex dislocations at Z ≈ 12.5, 22, 40 and

the small-scale streamwise structures (mode A and mode B)

along the span are clearly visible. The development of heli-

cal twisting of vortex tubes is visible in the vicinity of the

vortex dislocations. Williamson concluded that these helical

twistings are the fundamental cause for the rapid spanwise

spreading of dislocations, and indeed for the large-scale dis-

tortion and break-up to turbulence in a natural transition

wake. In uniform circular cylinder wakes the Reynolds num-

ber will be constant along the whole span and therefore

the individual modes of 3-dimensionality (either mode A or

mode B) exist along the entire span of the cylinder. However,

in the present tapered cylinder case (DNS) the Relocal varies

along the span and both mode A and mode B co-exists in the

same geometry. Thereby, only a small span of the cylinder

is available for each of the modes to develop (especially for

mode A) and it is hard to pin-point the exact Reynolds num-

ber at which these modes start to appear. Flow-visualization

revealed that the mode A appeared around Relocal ≈ 200

and mode B around Relocal ≈ 250.

In figure 10(b),10(c) cross-sectional views of mode-B
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Figure 9: 3-dimensional vortical structures from the present

DNS taken at the same instant in time as vortex dislocation

occurs (at Z ≈ 12.5, 22, 40) along the span. The flow direc-

tion is from bottom to top. (a)Negative λ2; (b)Enstrophy

| ω |; (c)streamwise vorticity ωx; (d)cross-stream vorticity

ωz. The surfaces colored white and black mark a particular

value of positive and negative vorticity, respectively.

SECTION PLANE

Z

(a) Y − Z section plane (dotted line)

(b) mode B ’mushroom’ structures at Z ≈ 3 − 6

(c) mode B ’mushroom’ structures at Z ≈ 0 − 3

Figure 10: Cross-sectional views of mode B showing ’mush-

room’ vortex pair structures in the present DNS. (note that

section plane is parallel to the axis and at an angle to the

vortex lines and thereby structures are visible only in some

parts of the plane)

streamwise vortex structure from the DNS results were

shown. We can see clearly the smaller-scale ‘mushroom’

vortex pair structures of mode-B vortex shedding. There is

a remarkable similarity between this vortex array and that

found by Williamson (1996). However, note that the section

plane is parallel to the axis and at an angle to the vortex

lines (see figure 10(a)) and thereby structures are visible only

in some parts of the plane. The wavelength of mode B was

found to be λZ/d2 ≈ 1, which is surprisingly close to the ex-

perimental value λZ/D = 0.98 found by Williamson (1996)

in the uniform circular cylinder wake.

Piccirillo and Van Atta (1993) reported that the vortex

splitting in L3 regime occurs when the streamwise vorticity

ωx becomes too large. It is fascinating to see the sharp con-

trast between the normal vortex shedding pattern and the

vortex split in figure 11(a),11(c) and 11(b),11(d), respec-

tively. Note the increase in ωx in figure 11(b) and 11(d) by

an order of magnitude 10 as vortex splits.
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(a) Z=12.5; Relocal = 250 (before split)

(b) Z=12.5; Relocal = 250 (vortex split)

(c) Z=22; Relocal = 212 (before split)

(d) Z=22; Relocal = 212 (vortex split)

Figure 11: Streamwise vorticity (ωx) as vortex splits (DNS

results). (note that (a),(b) and (c),(d) were taken at the

same spanwise location, respectively)

CONCLUSIONS

Oblique and cellular shedding pattern was observed in

both TrW (DNS) and TrSL regime (PIV). In the present PIV

study it was found that increase in aspect ratio increases the

number of shedding cells along the span, an effect also re-

ported by Piccirillo and Van Atta (1993) in their L3 regime

case. Both mode A and mode B were found to co-exist in the

same geometry (DNS) but only in a small span of the cylin-

der. Flow-visualization revealed that the mode A appeared

around Relocal ≈ 200 and mode B around Relocal ≈ 250.

Cross-sectional views of mode B in the DNS results revealed

the smaller-scale ‘mushroom’ vortex pair structures, which is

remarkably similar to that found by Williamson (1996). The

wavelength of mode B was found to be λZ/d2 ≈ 1, which

is surprisingly close to the experimental value λZ/D = 0.98

found by Williamson (1996) in the uniform circular cylinder

wake. In the present DNS study it was found that stream-

wise vorticity ωx becomes large (increases by an order of

magnitude 10) as vortex dislocation occurs, an effect also

observed by Piccirillo and Van Atta (1993).
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