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ABSTRACT

The effect of rotation on the evolution of turbulence in a
stably stratified shear flow is studied using direct numerical
simulations. The prototypical example of this flow is consid-
ered here with uniform vertical shear, constant system rotation
about the vertical axis, and uniform vertical stable density
stratification. In the absence of rotation, growth of the tur-
bulent kinetic energy is observed for weakly stratified flows.
As the stratification is increased, the growth of the turbu-
lent kinetic energy weakens and decay is observed for strongly
stratified flows. Counter-gradient fluxes are observed in the
strongly stratified cases. For moderate stratification, rotation
leads to a stronger growth of the turbulent kinetic energy. For
strong stratification, however, virtually no effect of rotation
on the evolution of the turbulent kinetic energy was observed
for the range of parameters studied here. The tendency for
counter-gradient fluxes was observed to decrease with increas-
ing rotation for strongly stratified flow.

INTRODUCTION

Direct numerical simulations are performed in order to
study the effects of mean velocity shear and system rotation
on turbulent flow in a stably stratified fluid. The flow consid-
ered here has uniform vertical shear, constant system rotation
about the vertical axis, and uniform vertical stable stratifica-
tion. A schematic of this flow is shown in figure 1. In this
flow, the mean downstream velocity component and the mean
density vary linearly in the vertical direction:

U=Sz

V=W=0 (1)

0=po+Spz
The shear rate S = 9U/dz, the Coriolis parameter f = 2,
and the stratification rate S, = dp/0z are constant.

Due to its geophysical importance (see for example Cald-
well and Moum, 1995), turbulence in a stably stratified fluid
has been studied extensively in the past, both experimentally
(Itsweire, Helland, and Van Atta, 1986; Yoon and Warhaft,
1990; Komori and Nagata, 1996) and numerically (Riley, Met-
calfe and Weissman, 1981; Metais and Herring, 1989; Kimura
and Herring, 1996). Similarly, extensive work has been per-
formed to understand turbulent stratified shear flows. Using
energy considerations, Richardson (1920) and Taylor (1931)
established the Richardson number Ri = N2/S? as the pri-
mary parameter to describe the stability of stratified shear

flow. Here, N = 1/—gS,/po is the Brunt-Viiséla frequency
and S is the shear rate. Miles (1961) and Howard (1961)
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showed that the flow is stable for Ri > 1/4 using linear in-
viscid stability analysis. More recently, stably stratified shear
flow has been studied in great detail, both experimentally (Ko-
mori, Ueda, Ogino, and Mizushina, 1983; Rohr, Itsweire, Hel-
land, and Van Atta, 1988; Piccirillo and Van Atta, 1997), as
well as numerically (Gerz, Schumann, and Elghobashi, 1989;
Holt, Koseff, and Ferziger, 1992; Itsweire, Koseff, Briggs, and
Ferziger, 1993; Jacobitz, Sarkar, and Van Atta, 1997; Jaco-
bitz, 2000). Rotating stratified turbulence has received less
attention (Bartello, 1995; lida and Nagano, 1999). Winters
and MacKinnon (2004) show that instability can exist in a
rotating stably stratified shear flow for Richardson numbers
Ri > 1/4 using linear inviscid stability theory. Rapid distor-
tion results for these flows were obtained by Hanazaki and
Hunt (1996) for stably stratified flow, Hanazaki (2002) for un-
stably stratified flow, and Hanazaki and Hunt (2004) for stably
stratified shear flow.

The goal of this work is to help understand the evolution
of turbulence in a stratified fluid in the presence of shear and
rotation. In the following sections, the numerical approach is
introduced, results from simulations with and without system
rotation are discussed, and the results are summarized.

NUMERICAL APPROACH

In this study the prototypical flow with uniform shear S =
0U/9dz, system rotation about the vertical axis with constant
Coriolis parameter f = 2Q2, and uniform stable stratification
S, = 0p/0z is considered. Both the shear rate S and the
stratification rate S, remain constant as the simulations are
advanced in time. A geostrophic balance for the mean velocity
field and a hydrostatic balance for the mean density field are
assumed.

The direct numerical simulations are based on the con-
tinuity equation for an incompressible fluid, the unsteady
three-dimensional Navier-Stokes equation in the Boussinesq
approximation, and an advection-diffusion equation for the
density. In the direct numerical approach, all dynamically im-
portant scales of the velocity and density fields are resolved.
The equations are solved in a frame of reference moving with
the mean flow (Rogallo, 1981). This approach allows the use
of periodic boundary conditions for the fluctuating compo-
nents of the velocity and density fields. A spectral collocation
method is used for the spatial discretization and the solution
is advanced in time with a fourth-order Runge-Kutta scheme.
The simulations are performed on a parallel computer using a
grid with up to 256 x 256 X 256 points.



Figure 1: Schematic of the flow considered here.

RESULTS

In the following, the results from three series of simulations
are presented. In the first series, non-rotating stratified shear
flow is considered and the Richardson number is varied from
Ri = 0, corresponding to unstratified shear flow, to Ri = 1,
corresponding to strongly stratified shear flow. In the sec-
ond and third series of simulations, the Richardson number
is fixed to a value Ri = 0.2 and Ri = 1, respectively, and
the strength of the rotation is varied from f/S = 0, corre-
sponding to no rotation, to f/S = 2, corresponding to strong
rotation. All simulations are initialized with isotropic turbu-
lence fields without density fluctuations. The initial Taylor
microscale Reynolds number Rey = 35 and the initial shear
number SK/e = 2 are matched in all cases. The Reynolds
number reaches values as high as Re) = 100 and the shear
number assumes a value SK/e¢ = 6 in the simulations. The
molecular Prandtl number of the density field is Pr = 0.7.

Non-rotating Stratified Shear Flow

In this section, results from a series of simulations of
non-rotating stably stratified shear flow are presented. The
Richardson number is varied from Ri = 0 to Ri = 1. Fig-
ure 2 shows the evolution of the turbulent kinetic energy
K = uyu;/2 with non-dimensional time St. Initially, the
turbulent kinetic energy decays due to the isotropic initial
conditions until the shear production of turbulence develops
at about St = 2. For strongly stratified cases with Richardson
numbers Ri > 0.1, the turbulent kinetic energy continues to
decay. For cases with Ri < 0.1, the turbulent kinetic energy
eventually grows as the simulations advance. Note that the
value of the critical Richardson number observed here is some-
what smaller than the value of one quarter determined from
linear inviscid stability theory by Miles (1961) and Howard
(1961).

The transport equation for the turbulent kinetic energy
equation can be written in the following non-dimensional form:

1 dK P B e

Here P = —Suw is the production rate, B = gwp/po is the
buoyancy flux, and ¢ is the viscous dissipation rate. Figure 3
shows the evolution of the normalized production rate P/SK,
buoyancy flux B/SK, and dissipation rate ¢/SK for two sim-
ulations with Ri = 0.1 (solid lines) and Ri = 0.5 (dashed
lines). As the Richardson number is increased, the normal-
ized production rate P/SK and the normalized buoyancy flux
B/SK decrease strongly, resulting in decay of the turbulent
kinetic energy. In the weakly stratified case with Ri = 0.1,
both P/SK and B/SK are positive, indicating down-gradient
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fluxes. Both P/SK and B/SK are negative in the strongly
stratified case with Ri = 0.5 and the fluxes are counter-
gradient. The fluctuations of P/SK and B/SK point to the
presence of internal waves in the Ri = 0.5 case. A more ex-
tensive discussion of the energetics of stably stratified shear
flow can be found in Jacobitz et al. (1997).

Figure 4 shows the evolution of the eddy viscosity vy =
—uw/S as computed from the direct numerical data. As the
Richardson number is increased, the eddy viscosity decreases,
indicating in a strong suppression of turbulent mixing with
increasing density stratification.

Figure 5 shows the final values of the components of the
shear stress anisotropy tensor b;; at non-dimensional time
St = 10. The diagonal components (full symbols) describe the
distribution of the turbulent kinetic energy. As shear produc-
tion adds energy to the downstream component and buoyancy
extracts energy from the vertical component, the components
are ordered bj; > ba2 > bsz or downstream > spanwise >
vertical. The magnitude of the off-diagonal component b;3 is
a measure of turbulence production. For strongly stratified
cases, it switches sign, indicating a counter-gradient transport
(Komori et al., 1983). The maximum anisotropy is found for
the cases in which b13 has changed sign in agreement with
Holt et al. (1992).

Rotating Stratified Shear Flow

This section compares the effect of rotation on the evolu-
tion of turbulence in a stably stratified shear flow at the two
Richardson numbers Ri = 0.2 and Ri = 0.5. The initial con-
ditions are identical to the non-rotating cases discussed in the
previous section.

Moderate Stratification with Ri = 0.2.

Figure 6 shows the evolution of the turbulent kinetic energy
K for a series of simulations in which the ratio f/S is varied
from f/S = 0, corresponding to non-rotating flow, to f/S = 2,
corresponding to strongly rotating flow. The Richardson num-
ber Ri = 0.2 is fixed in theses cases. The case with no rotation
(f/S = 0) shows decay of the turbulent kinetic energy. The
weakly rotating cases with f/S = 0.1 and f/S = 0.2 show a
higher level of the turbulent kinetic energy, but K continues to
decay. The strongly rotating cases with f/S = 0.5, f/S =1,
and f/S = 2 show eventual growth of the turbulent kinetic
energy K. Initially, an increasing ratio f/S leads to a stronger
decay of the turbulent kinetic energy K. Also, independent
of the ratio f/S, a non-dimensional time St = 7 is required
for growth of K to be obtained in the strongly rotating sim-
ulations. This compares to a non-dimensional time of St = 2
for shear production of turbulence to result in growth of K in
weakly stratified non-rotating cases.

Figure 7 shows the evolution of the normalized production
rate P/SK, buoyancy flux B/SK, and dissipation rate ¢/SK
for two simulations with f/S = 0.1 (solid lines) and f/S =1
(dashed lines). Rotation affects the normalized dissipation
rate ¢/SK only slightly, but strongly increases both the nor-
malized production rate P/SK and the normalized buoyancy
flux B/SK. Note that in the strongly rotating cases P/SK
and B/SK do not reach statistically steady values as observed
in the non-rotating cases, but rather increase to the end of the
simulations.

The evolution of the eddy viscosity v is presented in figure
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Figure 2: Evolution of the turbulent kinetic energy for a series
of simulations in which the Richardson number is varied from
Ri =0 to Ri = 1. There is no rotation and f/S = 0.
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Figure 3: Evolution of the normalized production rate P/SK,
buoyancy flux B/SK, and dissipation rate ¢/SK for simu-
lations with Richardson numbers Ri = 0.1 (solid lines) and
Ri = 0.5 (dashed lines). There is no rotation and f/S = 0.

8. Rotation decreases the eddy viscosity initially and increases
the eddy viscosity later on in the simulations compared to the
non-rotating case. The impact increases with increasing ratio
f/S. The eddy viscosity v+ remains positive for all cases and
for all times St throughout the simulations.

Figure 9 shows the final values of b;; at St 10 for
this series of simulations. As the ratio f/S is increased, the
vertical component b3z increases and for f/S = 1 the compo-
nents bog and b33 are approximately equal. The magnitude
of the off-diagonal component bi3 increases with increasing
f/S. The corresponding turbulence production results in
eventual growth of the turbulent kinetic energy in the cases
with f/S = 0.5, f/S = 1, and f/S = 2. The remaining
two off-diagonal components b12 and bas are nonzero in the
presence of rotation.

Strong Stratification with Ri = 1.
This section repeats the analysis of the previous section
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Figure 4: Evolution of the eddy viscosity v; for a series of
simulations in which the Richardson number is varied from
Ri =0 to Ri = 1. There is no rotation and f/S = 0.
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Figure 5: Final values of the shear stress anisotropy b;; at non-
dimensional time St = 10 for a series of simulations in which
the Richardson number is varied from Ri = 0 to Ri = 1. There
is no rotation and f/S = 0.

for strongly stratified flow at a Richardson number Ri = 1.
Figure 10 shows the evolution of the turbulent kinetic energy
K. Astheratio f/S is increased from f/S = 0to f/S = 2, the
turbulent kinetic energy shows virtually no effect. Decay of K
is obtained for all cases studied here, including the strongly
rotating case with f/S = 2.

Even a simulation at a more moderate Richardson number
Ri = 0.3 and strong rotation f/S = 2 (not shown here) results
in a decay of the turbulent kinetic energy, suggesting that the
Ri > 1/4 criterion for stability in stratified shear flow derived
by Miles (1961) and Howard (1961) holds in the presence of
rotation for the range of parameters studied here. This is
in contrast to a stability analysis of rotating stably stratified
shear flow (Winters and MacKinnon, 2004) that allows for
instability at Richardson numbers larger than a quarter.

Figure 11 shows the evolution of the normalized production
rate P/SK, buoyancy flux B/SK, and ¢/SK for two simula-
tions with f/S = 0.1 and f/S = 1. Again, only a slight
effect of rotation on the normalized dissipation rate €/SK
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Figure 6: Evolution of the turbulent kinetic energy for a series
of simulations in which the ratio f/S is varied from f/S =0
to f/S = 2. The Richardson number Ri = 0.2 is fixed.
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Figure 7: Evolution of the normalized production rate P/SK,
buoyancy flux B/SK, and dissipation rate ¢/SK for simula-
tions with f/S = 0.1 (solid lines) and f/S = 1 (dashed lines).
The Richardson number Ri = 0.2 is fixed.

is observed. Strong rotation does increase the normalized
production rate P/SK and buoyancy flux B/SK sufficiently
to decrease the occurrence of counter-gradient fluxes in this
strongly stratified case.

The evolution of the eddy viscosity v+ with non-dimensional
time St is shown in figure 12. Rotation initially affects the
values for the eddy viscosity observed in the simulations, again
reducing the occurrence of counter-gradient fluxes. In the later
evolution of the flow, almost no effect of rotation on the eddy
viscosity is obtained.

Figure 13 shows the final values of b;; at non-dimensional
time St = 10. Almost no impact of a variation of f/S on the
components of b;; is observed. All off-diagonal components of
b;; remain small in the presence of strong stratification.

SUMMARY

Direct numerical simulations of the evolution of turbulence
in a rotating stably stratified shear flow have been performed.
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Figure 8: Evolution of the eddy viscosity v; for a series of
simulations in which the ratio f/S is varied from f/S =0 to
f/S = 2. The Richardson number Ri = 0.2 is fixed.
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Figure 9: Final values of the shear stress anisotropy b;; at
non-dimensional time St = 10 for a series of simulations in
which the ratio f/S is varied from f/S =0 to f/S = 2. The
Richardson number Ri = 0.2 is fixed.

The simulations consider rotating stratified shear flow with
uniform vertical shear, constant system rotation about the
vertical axis, and uniform vertical stable density stratification.
A series of non-rotating simulations was performed in which
the Richardson number was varied from Ri = 0 to Ri = 1.
As the Richardson number is increased, the growth of the
turbulent kinetic energy K weakens and decay is observed for
strongly stratified cases. In the high Richardson number cases,
counter-gradient fluxes are observed. Two series of rotating
simulations were performed with moderate stratification at a
Richardson number of Ri = 0.2 and with strong stratification
at a Richardson number Ri = 1. In both series, the ratio f/S
was varied from f/S =0 to f/S = 2. In the Ri = 0.2 series,
the evolution of the turbulent kinetic energy changes from de-
cay to growth as the ratio f/S is increased. Normalized terms
in the transport equation for the turbulent kinetic energy are
not statistically steady in those cases. In the Ri = 1 series,
the evolution of the turbulent kinetic energy shows almost no
influence as the ratio f/S is varied. The fluxes, however, re-
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Figure 10: Evolution of the turbulent kinetic energy for a
series of simulations in which the ratio f/S is varied from
f/S =0 to f/S = 2. The Richardson number Ri = 1.0 is
fixed.
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Figure 11: Evolution of the normalized production rate P/SK,
buoyancy flux B/SK, and dissipation rate ¢/SK for simula-
tions with f/S = 0.1 (solid lines) and f/S =1 (dashed lines).
The Richardson number Ri = 1 is fixed.

main mostly down-gradient in the presence of strong rotation.
It appears that, for the range of parameters studied here, the
Ri > 1/4 criterion for stability in stably stratified shear flow
holds in the presence of rotation.
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